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PREFACE. 



In this edition, as in tho last, many addition^ have been made 
to every part of the subject. This has necessarily enlarged the 
size of the book. If this be considered an evil I can only reply 
that the subject of Rigid Dynamics is so vast and has so many 
applications that a small book can only be made by omitting 
or treating imperfectly some of its details. I have therefore 
attempted to supply some information at least on all the chief 
points of the subject, preferring that the reader should select 
those parts which he may wish to study rather than that he 
should find some important theory altogether unnoticed. 

In order to render the book less bulky for the student, it 
has been divided into two parts. In the first volume there will be 
found all the elements of the subject together with some methods 
which are intended for the more advanced student. In the second 
part the higher applications will be given. In order that the 
plan of the book may be understood a short summary of the 
subjects to be treated of in the second volume has been added 
to the table of contents. 

The subject of Rigid Dynamics has always been found a 
difficult one by the student and is seldom properly understood 
at the first reading. One great advantage of this division of 
the work into two volumes is that space for greater fulness of 
explanation has been found. It is hoped therefore that this 
edition will be found easier than any of the precediug. There is 
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also the advantage that the student who wishes to confine his 
reading to the more elementary portions will take a more distinct 
view of those portions when they are separated from the rest. 

As in the former editions, each chapter has been made as 
far as possible complete in itself, so that all that relates to any 
one part of the subject may be found in the same place. This 
arrangement will be found convenient for those who are already 
acquainted witk dynamics, as it will enable them to direct 
their attention to those parts in which they may feel most in- 
terested. It will also enable the student to select his own order 
of reading.. The student who is just beginning dynamics may 
not wish to be delayed by a long chapter of preliminary analysis 
before he enters on the real subject of the book. He may 
therefore begin at D'Alembert's Principle and only read those 
parts of Chapter I. to which reference is made. Others may 
also wish to pass on as soon as possible to the great principles 
of Angular Momentum and Vis Viva. Though a different order 
will be found advisable for different readers, I bave ventured to 
indicate a list of Articles to which those who are just beginning 
dynamics should first turn their attention. 

It will be observed that a chapter has been devoted to the 
discussion of Motion in Two Dimensions. This course has been 
adopted because it seemed expedient to separate the difKculties 
of dynamics from those of solid geometry. 

A slight historical notice of each result has been attempted 
whenever it could be briefly done. This course, if not carried 
too far, will it is believed be found to add greatly to the interest 
of the subject. But the success of this attempt is far from com- 
plete. In the earlier history there was the guidance of Montucla, 
and further on there was Prof. Cayley^s Report to the British 
Association. With the help of these the task became compara- 
tively easy; but in some other portions the number of memoirs 
which have been written is so vast, that anything but the slightest 
notice has been rendered impossible. A useful theorem is many 



times discovered, aiid pr&bably each time witb some variations. 
It is thus often difficult to ascertain who is the first author. It 
has therefore been found necessary to correct some of the refer- 
ences given in the last two editiona, and to add references where 
there were none before. It has not however been thought neces- 
I aary to refer to the author's own additions to the subject. 

Throughout each chapter thei'e will be found numerous ex- 
amples, many very easy and others which are intended for the 
more advanced student. In wrder to obtain as great a variety 
i of problems as possible, a further collection h^a been added at 
the end of each chapter, taken from the Examination Papers 
which have been set in the University and in the Colleges. 
It is hoped that this selection of problems by so many different 
examiners may present so great a variety of illustrations of 
I dynamical principles that the student may be led to acquire an 
I equal faciUty in solving all kinds of problems. 

In constnictiog tiie examples in each chapter my first care 
¥ has been to follow closely the principle which each example has 
[ been intended to illustrate. But such instruments or applications 
t of principles have been sought for as have been found useful in 
' practice. Whenever some useful instrument has been found, 
which did not rei^uire so lengthy a description as to unfit it for 
an illustration, it has been preferred as an example to a merely 
, curious and artificial constructi>^n. 

I cannot conclude without ex|H:essing how much I am indebted 
I to Mr A. N. Whitehead and Mr E. G. GaUop of Trinity CoUege for 
I (heir assistance in correcting many of the proof sheets. It is 
I hoped that the work, having had the advantage of their revision, 
I will be found clear of serious errors. 



EDWjVRD J. ROUTH. 



SoKtmbcr i. 1*12. 



CONTENTS. 



CHAPTER I. 



ON MOMENTS OF INERTIA. 
ABT8. 

1 — 11. On finding Moments of Inertia by integration 

12 — 18. Other methods of finding Moments of Inertia 

19—33. The Ellipsoids of Inertia .... 

34 — 17. On Eqoimomental Bodies and on Inversion 

48 — 65. On Prinoipal Axes 



PAOBS 

1—10 
10—16 
17—24 
26—34 
35—49 



CHAPTER II. 
d'alembert's principle, &c, 

66—83. D'Alembert's Prinoiple and the Equations of Motion 
84 — 87. Impulsive Forces 



50—66 
66—70 



CHAPTER III. 



motion about a fixed axis. 



8&— 91. 

92—97. 

98—108. 

109. 

110-119. 

120. 
121—125. 
126—129. 



Equations of Motion 71 — 73 

The Pendulum 74—82 

Length of the seconds pendulum 82 — 89 

Oscillation of a watch-balance 90 — 92 

Pressures on the fixed axis 92 — 101 

The Centre of Percussion 101—102 

The Ballistic Pendulum 102—108 

The Anemometer 108—110 



CONTENTS. 



CHAPTER IV. 



AAT8. 

180—149. 
160—152. 
158—167. 
168—198. 
199—202. 
203—213. 



MOTION IN TWO DIMENSIONS. 

PAGES 

General Methods and Examples 111—134 

The Stress at any point of a rod 134—137 

On Friction and Bigidity of cords 138 — 148 

On Impulsive Forces 1*^8 — 172 

On Initial Motions 172—176 

On Belative Motion and Moving Axes .... 177—185 

Examples 185—190 



CHAPTER V. 



MOTION IN THREE DIMENSIONS. 



214 — 228. Translation and Rotation 

229 — 247. Composition of Rotations and Screws 

248->260. Eoler's Equations 

231 — 268. Expressions for Angular Momentum 

269—281. Finite Rotations 



191—197 
197—210 
210—219 
219—223 
223—229 



CHAPTER VI. 



ON MOMENTUM. 



282—287. 
288—300. 
801—305. 
806—814. 
815—831. 



On Momentum, with examples 230 — 285 

Sudden changes of motion 235 — 242 

The Invariable Plane 242—245 

Impulsive forces in three dimensions 246—250 

Impact of rough elastic bodies 250 — 260 

Examples 260—263 



CHAPTER VIL 



VIS VIVA. 



882—349. 
850—366. 
367—374. 
375—376. 
877-394. 



Force Function and Work 

Conservation of Vis Viva and Energy' . 

Newton's Principle of Similitude 

Clausius' theorem of stationary motion 

Camot*s, Bertrand's, Thomson and Gauss* theorems 

Examples 



264—275 
276—286 
286—290 
290—292 
292-300 
300—303 



CONTENTS. XI 



CHAPTER VIII. 

LAGRANGE'S EQUATIONS. 

ABTfl. PAOB8 

395 — 406. Lagrange's equations 804—312 

409—417. Theory of Keciprocation and Sir W. Hamilton's Equations 312—317 

41S— 425. The modified Lagrangian Function 318—323 

426 — 427. Nonconservative Forces 823—324 

438—431. Indeterminate MultiplierB 824—328 

Examples 828—829 



CHAPTER IX. 

SMALL OSCILLATION& 

433 — 438. Oscillations with one degree of freedom .... 830 — 334 

489 — 448. First method of forming the equations of motion 384—342 

44&— 452. Second method 343—347 

453—462. Lagrange's method 347—354 

463—466. Initial motions 354—356 

467—469. The Energy test of stability 356-359 

470—476. The Cavendish Experiment 359—364 

Examples 864 — 366 



CHAPTER X. 

ON SOME SPECIAL PROBLEMS. 

477 — 482. Oscillations of a rocking body in three dimensions 367 — 370 

488 — 487. Oscillations of Cones in three dimensions .... 370 — 372 

488 — 499. Large Tautochronous motions .... 873 — 379 

500 — 510. Oscillations of cylinders and cones to the second order 379 — 385 



The following subjects will bo treated of in the second volume. 

Theory of small oscillations with several degrees of freedom both about a 
position of equilibrium and a state of steady motion. 
Theory of forced oscillations. 

Theory of moving axes and of motion relative to the earth. 
Principles of Least Action and Varying Action. 
The motion of a body under no forces. 
The motion of a body under any forces. 
Precession and Notation. 
The motion of a string or chain. 



Xll CONTENTS. 

The stndent to whom this sabjoot is entirely new, is advised to read firti the 
following articles: Obap. I. 1—25, 36, 48—52. Chap. II. 66—87. Chap. m. 
88-98, 98—104, 110. 112—118. Chap. IV. 130—164, 168—176, 179—186, 199. 
Chap. V. 214—245, 248—266. 261—268. Chap. VI. 282—286, 288—296, 800— 
809. Chap. VIL 882—874. Chap. Vm. 896—409, 428—430. Chap. IX. 482— 
468. 467—476. Chap. X. 488—494. 



EBBATA. 

Page 316, line 11, for equation read equations. 
„ ., ., 21, „ function „ equation. 
„ 328 „ 88, „ horizontal plane read Tertioal. 



CHAPTER I. 



r FINDINQ MOMENTS OF INERTIA BY INTEOHATION. 



. In the subsequent pages of this work it will be found 
that certain integrals continually recur. It is therefore convenient 
to collect these into a preliminary chapter for refemnce. Though 
the bearing of these on Dynamics may not be obvious beforehand, 
yet the student may be assured that it is as useful to be able to 
write down moments of inertia with facility as it is to be able 
to quote the centres of gravity of the elementary bodies. 

In addition however to these necessary propositions there are 
many others which are useful as giving a more complete view of 
the arrangement of the axes of inertia in a body. These also 
have been included in this chapter though they are not of the 
8ame importance as the former. 

2. All the integrals used in Dynamics as well as those used 
in Statics and some other branches of Mixed Mathematics are 
U&cludcd in the one form 



ijj3rt/^z''di>:di/dz, 



where (a, j3, y) have particular values. In Statics two of these 
three exponents are usuaUy zero, and the third is either unity 
or zero, according as we wish to find the numerator or denomi- 
nator of a co-ordinate of the centre of gravity. In Dynamics 
of the three exponents one is zero, and the sum of the other two 
b usually equal to 2. The integral iu all its generality has not 
yet been fully discussed, probably because only certain cases have 
any real utility. In the case in which the body considered is 
a homogeneous ellipsoid the value of the general integral has 
been found in gamma functions by Lejeune Dirichlet in Vol. iv. 
of Liouville's Journal. His results were afterwards extended by 
Liouville in the same volume to the case of a heterogeneous 
ellipsoid in which the strata of uniform density are similar 
ellipsoids. 

In this treatise, it is intended to restrict ourselves tji the con- 
sideration of moments and products of inertia, as being tho only 

a of the integral which are useful in Dynamics. 
p, B.D. 1 



2 MOMENTS OF INERTIA. 

3. Deflnittoni. If the mass of every partide of a material 
system be multiplied by the square of its distance from a straight 
Ime, the sum of the products so formed is called the moment of 
inertia of the system about that line. 

If if be the mass of a system and k be such a quantity that 
Mlf is its moment of inertia about a given straight line, then k 
is called the radius of gyration of the system about that line. 

The term '' moment of inertia " was introduced by Euler, and 
has now got into general use wherever Rigid Dynamics is studied. 
It will be convenient for us to use the following additional terms. 

If the mass of ever^ particle of a material system be multi- 
plied by the square of its distance from a given plane or from a 
given point, the sum of the products so formed is called the 
moment of inertia of the system with reference to that plane or 
that point. 

If two straight lines Ox, Oy be taken as axes, and if the mass 
of every partide of the system be multiplied by its two co- 
ordinates X, y, the sum of the products so formed is called the 
product of inertia of the system about those two axes. 

This might, perhaps more conveniently, be called the product 
of inertia of the system with reference to the two co-ordinate 
planes ws, yz. 

The term moment of inertia with regard to apUau aeenui to haye been first used 
by M. Binet in the Jcumal Pclyttcknique^ 1818. 

4. Let a body be referred to any rectangular axes Ox, Oy, 
Oz meeting in a point 0, and let x,y,zhe the co-ordinates of any 
partide m, then according to these definitions the moments A 
mertia about the axes of x, y, z respectively will be 

The moments of inertia with regard to the planes yz, zx, xy, 
respectively, will be 

A'^^tma?, B^tmy\ 0' ^tm^. 

The products of inertia with regard to the axes yz^ zx, xy, 
will be 

D = Xmyz, E = ^mzx, F^ Xmxy. 

Lastly, the moment of inertia with regard to the origin will be 

£■= 2m (a^ + y* + ^) = 2mr^, 
where r is the distance of the particle m from the origin. 

5. Elementary Propoiitioiii. The following propositions 
may be established without diflficulty, and will serve as illustrations 
of the preceding definitions. 
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(1) The three momenta of inertia A, B, C about three 
rectangular axes are such that the sum of any two of them is 
greater than the third. 

(2) The sum of the momenta of inertia about any three 
rectangular axes meeting at a given point is always the same ; 
and is equal to twice the moment of inertia with respect to thai 
point. 

For ^+B + C=22ni(^ + jf' + t') = 22mr', and ia therefore independent of the 
directiooB of the axes. 

(3) The sum of the moments of inertia of a system with 
[ reference to any plane through a given point and its normal at 
I that point is constant and equal to the moment of inertia of the 

■ystem with reference to that point. 

3 of ry, then 

leni oi lae uireuuuns ui lae axes. 

Hence we infer that 
A'=^(B+G-A), B'=^(G+A-B), and C' = ^{A + B-C). 

(4) Any product of inertia as JO cannot numerically be 
M> great as ^A. 

(5) If A, B, F ha the moments and product of inertia of a 
[■ lamina about two rectangular axes in its plane, then AB is greater 
[ than J^. 

( bo »ny qnaotity we bsTe j(['+2Fi+B=2iii(jft+z)'=a positive quantity. 
enoe the roots of the qnadratie AC' + 2Fl + D=0 bio imaginar;, and tWofora 

(6) Prove that for any body 

{A-^B-'C){B+C-A)>iE\ 
(A+B-C){B+C~A)(C + A~B)> SDEF. 

(7) Prove that the moment of inertia of the surface of a 
mispbere of radius a and mass M about the diameter perpen- 

Bdicular to the base is M^a'. 



6. It is clear that the process of finding momenta and products 
[ inertia is merely that of integration. We may illustrate this 
f the following example. 

To find the moment of inertia of a uniform tnangular plat« 
tout an axis in its plane passing through one angular point. 

Let ABC be the triangle, Ay the axis about which the 
loment is required. Draw Ax perpendicular to Ay and produce 
BC to meet Ay in D. The given triangle ABC may be regarded 
B the difference of the triangles ABD, ACD. Let us then first 

1—2 



4 
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find the moment of inertia of ABD. Let PQFQ' be an ele- 
mentary area whose sides PQ, PQ' are parallel to the base AD^ 




and let PQ cut Ax in M. Let /3 be the distance of the angular 
point B from the axis Ay^ AM^x and AD = I. 

fl — flj 
Then the elementary area PQP'i^ is clearly I ^'Z ^» ^^^ 

its moment of inertia about Ay is fd ^^ c2a; . a;*, where /Li is the 

mass per unit of area. Hence the moment of inertia of the 
triangle ABD 

.^i;i(i-l)»-4.-^g. 

Similarly if 7 be the distance of the angular point C from the 
axis Ay, the moment of inertia of the triangle ACD is /iZ ^. 
Hence the moment of inertia of the given triangle ABG is 

/* To 08* "" 7^)' ^^^ 2 ^^ ^^^ ah ^^ t^® ^reas of the triangles 

ABD, A CD. Hence if M be the mass of the triangle ABC, the 
moment of inertia of the triangle about the axis Ay is 

f(/3'+/87 + 7»). 

Ex. If eftoh element of the mass of the triangle be multiplied by the nth power 
of its distance firom the straight line throngh the angle At then it may be proved 
in the same way that the sum of the products is 

2M /5»+i - 7»*+i 
(n+l)(n+2) p-7 ' 
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7. When the body is a lamina the moJiient of inertia about an 
cutis perpendicular to its plane is equal to the sum of the moments 
of inertia about any two rectangular axes in its plane dra/wn from 
t/ie point where the former axis meets the plane. 

For let the axis of z bo taken as the normal to the plane, then, 
if ^, B, O be the moments of inertia about the axes, we have, 

A^trnf, B = tmA C=tm 
and therefore C—A + B, 

We may apply this theorem to the case of the triangle. Let 
ff, 7*, be the distances of the points B, C from the axis Ax. Then 
the moment of inertia of the triangle about a normal to the plane 
of the triangle through the point A is 

8. Reftreoce Table. The following moments of inertia 
occur BO frequently that they have been collected together for 
reference. The reader is advised to commit to memory the follow- 
ing table: 

The moment of inertia of 
(1) A rectangle whose sides are 2a and 26 
about an axis through it-s centre in its plane perO 
pendicular to the side 2a 



I about an axis perpendicular to its planet _ a' + 6* 

through the centre J " ™^ ~i~ 

In the particular case of a circle of radius a, tho moment of 
inertia about a diameter is mass j , and about a perpendicular to 

I plane through the centre mass -^ . 
(3) An ellipsoid semi-axes a, b, c 



about an axis through its centre perpendicuO 
lar to its plane 

(2) An ellipse semi-axes a and b 

about the major axis a = mass ^ 

minor axis 6 = mass - 

about an axis perpendicular to its plane) 
through the centre 



about the axis a = mass - 



C WJUBB OP mznjL 



Ix TW pBtnLhr cue cf a sfsbes^ <t x^dins a tbe moment of 



4 A n^x 9o£ad vboeie aies &k £0^ ±K. 2f 

These resmhs mij Ve jlH izftrZoiei in coe role, vhich the 
scxLcr bms long naed as &n jksss^uii^e !•:• xLe z^emoiT. 

Manent of ineruml t«im cf ajxuj^ of pspendicobur 

aboQi m axis ^^ ^.^ aenii-^es* 

x- ^ I «mM$ 5; — z . 

of svmmeUT 1 ^ 4 or o 

Tbe denamiBftU-^ is to W S. 4 or 5, ftocoriing ms tlie body is 
recungnlar, elliptical ct eIIipsv>idaL 

Thus, if we wanuJ the OK^neiit of inertia ct a ciide of radios 
a abc^m a diameter, we notm tLat tLe peipe-Aiicalar semi-axis in 
ite plane is tbe ndias a. and tbe sesm-axis perpendicular to its 

fxlaAe is K-i>x tbe moment <S in^rda re^nired is tberefoie M -j • 

if Jf be the mass. If we wanted the m:m>ent aloTrr a perpendi- 
calar to its plane throuA the centre, we ncidoe that the peipendi- 
colar iiemi-axes are eadi equal to a and the moment required is 
tbei>efore 

9. As tbe |irMy«$ for dousminiD^ tih<w iDOBMStf of iacrtia it tot seu^ the 
ice aL tbcAt OMKHs it irul K loiSrinit to (oin«id(r ob^t rvo insttnees. 



Tt aetirmivf the nmarvf f*' inrtis e** a« rT^ittM ahtmi ike m/anr miis. 

Lea the <sputiitttothr <tlUpf«c Wy» ^«*-V. T&k«^ aaj ckaacBtAxy area PQ 



}> r' 



^viiflrr 4i is tbe xdm> of a imit of anta. 
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To intoeimie this, pal «aa dn^, then the integral beoomee 

.-. the moment of uuactitk^/iwab -j smass -j . 
To determine the moment of inertia of an elUpeoid about a principal diameter. 
Let the equation to the eUipsoid be-i+ti + :3sl. Take any elementary area 

CI' o* c" 

Pi^Q parallel to the plane of ys. Itsarea is eyidentlyrPJ^.QN. Now PiV^ is the 




Taloe of fl when y sO, and QN the Talne of y when i=0, as obtained from the eqoa- 
iion to the eUipaoid; .\ PN^^^Ji?::!?; C^'=-^/^^; 

.*. the area of the element == —. (a* - x*). 
Let M be the mass of the unit of volome, then the whole moment of inertia 









4 . 6»+c» 



'mass 



6»+c» 



Ex. 1. The moment of inertia of an arc of a circle whose radios is a and which 
subtends an angle 2a at the centre 

(a) about an axis through its centre perpendicular to its planer 3f a', 
{b) about an axis through its middle point perpendicular to its plane 

{e) about the diameter which bisects the arc = 3f ( 1 n— ) \ • 
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Ex. 2. The moment of inertia of the part of the area of a parabola oat off by 

3 
any ordinate at a distance x from the vertex is If = x* about the tangent at the 

■ 

Tertex, and M %- about the principal diameter, where y is the ordinate cone- 

o 

sponding to x, 

Ex. 8. The moment of inertia of the area of the lemniscate 7^=0' cos 29 about 
a line through the origin in its plane and perpendicular to its axis is M a\ 

Ex. 4. A lamina is bounded by four rectangular hyperbolas, two of them bave 
the axes of co-ordinates for asymptotes, and the other two have the axes for 
principal diameters. Prove that the sum of the moments of inertia of the lamina 
about the co-ordinate axes is 

J(«»-«'»)03«-^, 

where aa\ ppf are the semi-major axes of the hyperbolas. 

Take the equations xy=Uf a^-y'av, then the two moments of inertia are 

A = JTx^Jdudv and JB= ffy^Jdudv, where j is the Jaoobian of uv with regard 

to xy. This gives at once A + B=\Jfdudv, where the limits are clearly u=^ 
tOy , v=/S« to t?=/y«. 



Ex. 5. A lamina is bounded on two sides by two similar ellipses, the ratio of 
the axes in each being m, and on the other two sides by two similar hyperbolas, the 
ratio of the axes in each being n. TheRC four curves have their principal diameters 
along the co-ordinate axes. Prove that the product of inertia about the co-ordinate 

axes is ^ — -. ;-i — a,— , where 00', Bff are the semi-major axes of the curves. 

Ex. 6. If cto- be an element of the surface of a sphere referred to any rect- 

ar'^Jo-ss r-r**+*, where r is the 

radius of the sphere and n is integral. 

Ex. 7. Taking the same axes as in the last example, prove that 

^ *^ 211 + 1*^ L{n) • 

where n=f+g + h and L (/) stands for the quotient of the product of all the natural 
numbers up to 2/ by the product of the same numbers up to/, both included. 

To prove this, we notice that by the last example we have 

Expand both sides and equate the coefficients of X*/x^^*. 

If we multiply the result by Bdr we have the value of the integral for any 
homogeneous shell of density J) and thickness dr. Regarding D as a function of r, 
and integrating with regard to r, we can find the value of the integral for any 
heterogeneous sphere in which the strata of equal density are concentric spheres. 
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Ex. 8. If ^ be an element ot tbe Eurfaoe of an ellipsoid rderred to its prinatpil 
di&meleis, and if ji be tbo perpendicular from the centre on the tangent plane, prove 

2n + l Z,(nj 

vbcto a, b, e are the BCmi-axea and the rest of the notation ia the si 



_/>!f*I*p(l7=, 



-' a»'"6*+'e**', 



Tbis result follows at once from the e 
le mtthod ofprqjectvmi. 



e for 



s bcfoie. 
1 spherical shell by 



Ei. 9. Show that the sarfaee S, the volume V, and the moment of inertia I 
with regard to the plane perpendicular to the cO'Ordiuate z,, of tlie apbero in apace 
of n dimensions, whose equation isa;,"+ij'-t-.,.+!E,' = r^, are given by 

These resalts follow easily &om Dirichtet's theorem. See alaa Art. 5 (3). 

10. Method of Differentiation. Many moments of inertia 
may be deduced from those giveu in Art. 8 by the method of differen- 
tiatioD. Thus the moment of inertia of a solid ellipsoid of uniform 

density p about the axis of a is known to be ^ trabcp — ^ — . Let 

the ellipsoid increase indefinitely little in size, then the moment 
of inertia of the enclosed shell is 

This differentiation can be effected as soon as the law according 
to which the ellipsoid alters ia given. Suppose the bounding 
ellipsoids to be similar, and let the ratio of the ajces in each be 

=P. -=?■ Then 



moment of Inertia of solid ellipsoid = 5 -jr/^q 



.; moment of inertia of shell = ^ '"'ppq (p* + ^) o'da. 

In the same way 

4 
8 of solid ellipsoid = ^ trppqa'; 




!i±if. 



,*, mass of shell = i^ppqa^da. 
Hence the moment of inertia of an indefinitely thin ellipsoidal 
bounded by similar ellipsoids is M — = — . 

By reference to Art. 8, it will be seen that this is the same as 
3 moment of inertia of the circurascribing right solid of equal 
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mass. These two bodies therefore have equal moments of inertia 
about their axes of symmetry at the centre of gravity. 

11. The moments of inertia of a heterogeneous body whose 
boundary is a surface of uniform density may sometimes oe found 
by the method of differentiation. Suppose the moment of inertia 
of a homogeneous body of density i), bounded by any surface of 
uniform density, to be known. Let this when expressed in terms 
of some parameter a be ^ (a) D. Then the moment of inertia of a 
stratum of density D will be ^' (a) Dda. Beplacing D by the 
variable density p, the moment of inertia required will be 



\pif> (a) da. 



Ex. 1. Show that the moment of inertia of a heterogeneous ellipsoid about the 
major axis, the strata of uniform density being similar concentric ellipeoids, and 
the density along the major axis vaiying as the distance firom the centre, is 

Ex. 2. The moment of inertia of a heterogeneous ellipse about the minor axis, 
the strata of uniform density being oonfocal ellipses and the density along the minor 

axis varying as the distance from the centre, is -=r^ tt-i — ^ — o-^« • 



Oiher methods of finding moments of inertia, 

12. The moments of inertia given in the table in Art 8 are 
only a few of those in continual use. The moments of inertia of an 
ellipse, for example, about its principal axes are there given, but 
we shall also frequently want its momente of inertia about other 
axes. It is of course possible to find these in each separate case 
by integration. But this is a tedious process, and it may be often 
avoided by the use of the two following propositions. 

The moments of inertia of a body about certain axes through 
its centre of gravity, which we may take as axes of reference, are 
regarded as given in the table. In order to find the moment of 
inertia of that body about any other axis we shall investigate, 

(1) A method of comparing the required moment of inertia 
with that about a parallel axis through the centre of gravity. This 
is the theorem of parallel axes. 

(2) A method of determining the moment of inertia about 
this parallel axis in terms of the given moments of inertia about 
the axes of reference. This is the theorem of the six constants of 
a body. 



OTHER METHODS. 



11 



13. Tbeorem of Parallel Axes. Given the momenta and 

Cdttcti of inertia about all aa-es through Oie centre of gravttt/ of a 
y, to deduce the moinents and products about ail other parallel 
axes. 

The moment of inertia of a body or system of bodies about 
any axis is equal to tlie moment of inertia about a parallel axis 
through the centre of gravity plus the moment of inertia of the 
whole mass collected at the centre of gravity about the original 



The product of inertia about any two axes is equal to the 
product of inertia about two parallel axes through the centre of 
gravity plus the product of inertia of the whole mass collected at 
the centre of gravity about the original axes. 

Firstly, take the axis about which the moment of inertia is 
required as the axis of z. Let m be the mass of any particle of 
the body, which generally will be any small element. Let x, y, t 
be the co-ordinates of m, x, y, z those of the centre of gravity 
Q of the whole system of bodies, s! , y', z those of m referred to 
a system of parallel axes through the centre of gravity. 



Then since 



- are the co-ordinates of the 



I 



'S.nix Smy Sffir 

^;^' ~%rri' 'Y^i 
centre of gravity of the system referred to the centre of gravity 
as the origin, it follows that Smar'= 0, 2my'= 0, Swi3' = 0. 

The moment of inertia of the system about the axis of z is 
= tm{x^+y\ 
= %m\{x + ;oJ+ {y + y'Y], 
= 2m (S* + 2?*) + Sm (j;" + y") + 25 . Sinas' + 21/ . 2m/. 

Now 27«(5*-Hi/^ is the moment of inertia of a mass 2m 
collected at the centre of gravity, and Imix^ + y'^) is the moment 
of inertia of the system about an axis through Q, also Smx = 0, 
■ 2my = 0; whence the proposition is proved. 

Secondly, take the axes of a-, y as the axes about which the 
' product of inertia is required. The product required is 

= 'S.mxy = ^m(x:-i-x)(>/ + y'), 
= xy . Xvt + Xvix'^' + xXmj/' + y^mx 
= xySm + "S-mxy. 
Now xy.Sm is the product of inertia of a mass Sm collected 
I ftt and Xmx'y' is the product of the whole system about axes 
through 6 ; whence the proposition is proved. 

lict there be two parallel axes A and B at distances a and 6 
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from the centre of gravity of the body. Then, if if be the mass 
of the material system, 

moment of inertia) _ ;|/ s _ fmoment of inertia ^,, 
about A ) ~ I about B 

Hence when the moment of inertia of a body about one axis 
is known, that about any other parallel axis may be found. It is 
obvious that a similar proposition holds with regard to the pro- 
ducts of inertia. 

14. The preceding proposition may be generalized as follows. 
Let any system be in motion, and let x, y, z be the co-ordinates 

at time i of any particle of mass tn, then -ji* "ji* ji ^^t® *^© 

velocities, and -^^ , JL^ -ja ^^ accelerations of the particle 
resolved parallel to the axes. Suppose 

to be a given function depending on the structure and motion of 
the system, the summation extending throughout the system. 
Also let ^ be an algebraic function of the first or second order. 
Thus <f> may consist of such terms as 

dy 



dt 



°{%h^y' 



Ax^ + Bx-^^ 01 jj] +Eyz + Fx-\- 



where A, B, C, &c. are some constants. Then the following 
general principle will hold. 

The value of V for any system of co-ordinates is equal to the 
value of V obtained for a parallel system of co-ordinates tuith the 
centre of gravity for origin plus the value of Yfor the whole mass 
collected at the centre of gravity vnih reference to the first system 
of co-ordinates. 

For let x, y, z, be the co-ordinates of the centre of gravity, 

' 1 1 . — /A dx d^ dx A 

and let x — x + x, &c. •*• ^ =-;j: + ^ > ^c- 

Now since ^ is an algebraic function of the second order of 

dx o/x 
a?, -TT , -T3f ; y, &c. it is evident that on making the above sub- 
stitution and expanding, the process of squaring &c. will lead to 
three sets of terms, those containing only «, -^, -ts% &c., those 
containing the products of S, x* &c., and lastly those containing 
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only a;', -j- , &c. The first of these will on the whole make up 



K-f ■*"■)• 



Hence we have 






where A, B, C, &c. are 8 



Now the term Xm 



(^w) 



' is the same as xXm -77 , and this 

at 



I 



laxly all the other terms in the second line vaniah. 

Hence the value of V is reduced to two terms. But the first 
of these is the value of V at the origin for the whole mass col- 
lected at the centre of gravity, and the second of these the value 
of V for the whole system referred to the centre of gravity as 
origin. Hence the proposition is proved. 

The proposition would obviously be true if ts ■ t3 t -53 , 

or any higher differential coefficients were also present in the 
(unction V. 

15. Theorem of the six constants of a body. Given the 
momeiits and products of inertia about three straight tijies at right 
angles meeting in a point, to deduce tJie moments and products of 
inertia about all other axes meeting in tliat point 

Take these three straight lines as the axes of co-ordinates. 
Let A, B, C be the moments of inertia about the axes of x, y, z; 
D, E, F the products of inertia about the axes of yz, zx, xy. Let 
a, ^, 7 be the direction-cosines of any straight line through the 
origin, then the moment of inertia / of the body about that line 
will be given by the equation 

/= ^a' + £^* + Cy - 2-0^7 - 2£'7ii - SJ'a^. 

Let P be any point of the body at which a mass m is situated, 
I snd let iT, y, 2 be the co-ordinates of P. Let ON be the hne 
r vhose direction-cosines are a, ^, 7, draw P^ perpendicular to OiT. 
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Since ON is the projection of OP, it is clearly 
also OP' = aj^+y"+^, and l = a' + i8' + 7*. 




The moment of inertia I about ON^ %mPN* 
= tm{a^ + i^ + z'-{ax + l3y + yzy} 
= 2m{(a/*+y" + ^)(a* + /8' + 7')-(aa? + ^y + 7«)'} 

— 2Xmyz , fiy - 2!%mzx . 7a — 22r?wy . a^ 

= ^a» + 5^ + CV - 22>^7 - 2i?7a - 2Fa^. 

It may be shown in exactly the same manner that if A'RC 
be the moments of inertia with regard to the planes yz, ex, ay, ^^( . 
then the moment of inertia with regard to the plane whose direc- 
tion-cosines are a, ^, 7 is 

r = ^ V + £'/8' + C V + 2D/3y + 2£'72 + 2Fal3. 

It should be remarked that this formula differs from the 
moment about a straight line in the signs of the three last 
terms. 

16. When three straight lines at right angles and meeting in 
a given point are such that if they be taken as axes of co-ordi- 
nates the products Xmxy, %myz, f,mzx all vanish, these are said 
to be Principal Axes at the given point. 

The three planes through any two principal axes are called 
the Principal Planes at the given point. 

The moments of inertia about the principal axes at any point 
are called the Principal moments of Inertia at that point 

17. The fundamental formula in Art. 15 may be much sim- 
plified if the axes of co-ordinates can be chosen so as to be 
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principal axes at the origin, 
the simple form 



Id this case the expressioa takes 



I 



A method will presently be given by which we can always 
fiad these axes, but in some simpler cases we may determine 
their position by inspection. Let the body be symmetrical about 
the pliuie of xy. Then for every element vi on one side of the 
plane whose co-ordinates are (a, y, z) there is another element of 

2ual mass on the other side whose co-ordinates are (x, y, —z). 
ence for such a body Xmxz = and Smja = 0. If the body be 
a lamina in the plane of acy, then the 2 of every element is zero, 
and wo have again %mxz = 0, ^myz = 0. 

Recurring to the table in Art. 8, we see that in every case the 
axes, about which the moments of inertia are given, are principal 
axes. Thus in the case of the ellipsoid, the three principal 
sections are all planes of Byrametry, and therefore, by what has 
just been said, the principal diameters are principal axes of 
inertia. In applying the fundamental formula of Art. 15 to any 
body mentioned in the table, we may therefore always use the 
modified form given in this article. 

16. Let DB now consider bow the two imporUnt propoaitiona of Arts. 13 and 15 
«n to bo applied in pritctico. 

■^ Ex. 1. Suppose wo wont tlie moment o( inertia or an cUiptto ares of maaa U 
■ad semiues a and b aboat a diameter making an angle 8 with the major axis. I^ > 
momenta of tneitia abont the aica of a and 6 reapectiTelj are M -j and "S-^: 
Thenb; Art. IT tha moment of inertia about tbediametei iB JIf -jCoa'P + itf — sln*?. 
n r be the length of tho diamotcT thia ia knowu &om the equation to the ellipse tO 
be the Buna aa -r — ^ . wltich is a very convenient form in practice. 

''^ Ex. 2. Suppose we want the moment of inertia ol the same ellipM aboat 
k tangent. "Let p be the perpendicalar from the centre on the tangent, then by 
Art. 18, the required moment ia equal to the moment of inortia about a pamlld 
»iia through the centre together with J(p*=-7- —j +ifp'= -j-p'. since pr =06. 

Ei. 3. As on eiampte of a difforent kind, let us find the moment of inortia of 
an ellipsoid of omss M and aemiaxes (a, b, c) with regard to a diametral plane whose 
, diroction-coaiaca referred to the principal planes are (a, p. •>■). ByArt. 8, the moments 
t of inertia with legoid to tha principal axes are M — ^ — , Jf — 5 — ■ , ^— « — • 
I Heooe bj Art. 5. the momenta of inertia with regard to the principal pUinti axe 
g. 3f^. Hence the required moment of inertia ia y {a'a' + i'^ + cV)- 
I It p be the poipcndicular on the parallel tangent plane, we know b; solid goometr; 
It is the same as if V ' 
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Ex. 4. The moment of inertia of a rectangle whose sides are 2a, 26 abont a 
diagonal is 

Ex. 5. If ftx, ifc, be the radii of gyration of an elliptic lamina about two oon- 
jogate diameters, then — + — =4 f -^ + ^ j . 

Ex. 6. The sum of the moments of inertia of an elliptic area abont any two 
tangents at right angles is always the same. 



Ex. 7. If i/* be the mass of a right cone, a its altitade and h the radios of the 

3 
base, then the moment of inertia abont the axis is JUj^b'^; that abont a straight 

line through the vertex perpendicular to the axis isif^fa^+jj, that about a slant 

aide M s^r ^ . ^ ; that abont a perpendicular to the axis through the centre of 

gravity is if ^(a«+4J»). 

Ex. 8. If a be the altitude of a right cylinder, h the radius of the base, then 
the moment of inertia about the axis is if ^ and that about a straight line throngfa 

the centre of gravity perpendicular to the axis ^ "t ( o + ^' ) • 

Ex. 9. The moment of inertia of a body of mass M about a straight line whose 
equation is ?^ = ?^^=!?-I— referred to any rectangular axes meeting at the 
centre of gravity is 

AP-¥Bm*'¥Cn*'2Dmn-2Enl-2Flm-{-M{f^'\-Si»+h*'{fl+gm-¥hn)^, 
where (I, m, n) are the direction-cosines of the straight line. 

Ex. 10. The moment of inertia of an elliptic disc whose equation is 

aj;*+2&cy+cy'+2(l«+2<fy + l=0, 

about a diameter parallel to the axis of a;, is -7 . . ^^rz , where if is the mass and 

4 {ac - o'^y 

H is the determinant oc - (^ + 2hed - o^* - cd?^ usually called the discriminant. 

Ex. 11. The moment of inertia of the elliptic disc whose equation in areal 
co-ordinates is ^ (xyz)raO about a diameter parallel to the side a is 

where A is the area, H the discriminant and K the bordered discriminant. 
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The Ellipsoida of Inertia. 

19. The expression which has been found in Art. 15 for the 
moment of inertia / about a straight line whose direction-cosinea 
are (o, /9, y), 

1= Aa* + B0'+C'/~ 2D0y - 2^3 - 2Fa$, 
admits of a very useful geometrical interpretation. 

Let a radius vector OQ move in any manner about the given 
point 0, and be of such length that the moment of inertia about 
OQ may be proportional to the inverse stjuare of the length. 
Then if R represent the length of the radius vector whose direc- 
tion-cosines are {a, /S, 7), we have / = -™-. where e is some 

constant introduced to keep the dimensions correct, and M is the 
mass. Hence the polar equation to the locus of Q is 

~i = Aa' + S0'+C'/- 2Z)^Y - 2Ey:L - 2Fifi. 
Transforming to Cartesian co-ordinates, we have 

Me' = AX' + BY'+CZ*-2DYZ-2EZX-2FXY, 
which is the equation to a quadric. Thus to every point of a 
material body there is a corresponding quadric which possesses 
the property that the moment of inertia about any radius vector 
is represented by the inverse square of that radius vector. The 
convenience of this construction is, that the relations which exist 
between the moments of inertia about straight lines meeting at 
any given point may be discovered by help of the known proper- 
ties of a quadric. 

Since a moment of inertia is essentially positive, being by 
definition the sum of a number of squares, it is clear that every 
radius vector R must be real. Hence the quadric is always an 
ellipsoid. It is called the mojnental ellipsoid, and was first used 
by Caiichy, Exercises de Math. Vol. 11. 

So much has however been written on the ellipsoids of inertia 
that it is difficult to determine what is really due to each of 
the various authors. The reader will find much information on 
these points in Prof. Cayley's report to the British Association on 
the SpedaX problems of Dynamics, 1862. 

20. The InTarianti. The momental ellipsoid is defined by 
a geometrical property, viz. that any radius vector is equal to eotne 

constant divided hy the square root of the moment of inertia 
about that radius vector. Hence whatever co-ordinate axes are 
taken, we must always arrive at the same ellipsoid. If therefore 
the momental ellipsoid be referred to any set of rectangular axes, 
R.D. 2 
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the coefficients of JP, P, J^, - 2 YZ, - 2ZZ, - 2ZF in its equa- 
tion will still represent the moments and products of inertia about 
the axes of co-ordinatea 

Since the discriminating cubic determines the lengths of the 
axes of the ellipsoid, it also follows that its coefficients are un- 
altered by a transformation of axes. But these coefficients are 

AB + BC + CA^U^'-E'-r, 

ABC-2DEF''Aiy''BE'^CP. 

Hence for all rectangular axes having the same origin, these are 
invariable and all greater than zero. 

21. It should be noticed that the constant e is arbitiaiy, 
though when once chosen it cannot be altered. Thus we have a 
series of similar and similarly situated ellipsoids, any one of 
which tnay be used as a momental ellipsoid. 

When the body is a plane lamina, a section of the ellipsoid 
corresponding to any point in the lamina by the plane of the 
lamina, is calle^ a momental ellipse of that point. 

22. If principal axes at any point of a body be taken as 
axes of co-ordinates, the emiation to the momental ellipsoid takes 
the simple form -4Z*-f £1 ' + (7Z' = Afc*, where M is the mass 
and €^ any constant Let us now apply this to some simple cases. 

S. Ex. 1. To find the momental ellipsoid at the centre of a material elliptio due. 
Taking the same notation as before, we have A=M -j ^ B=M-t, C=:M — j— . 

4 4 4 

Henoe the ellipsoid is 

4 4 4 

8inoe e is any constant, this may be written 

When ZsO, this becomes an ellipse similar to the boxmdary of given disc. Henoe 
we infer that the momental ellipse at the centre of an elliptic area is any gimilf ^y 
and similarly situated ellipse. This also follows from Art. 18, Ex. 1. 

IV Ex. 2. To find the momental ellipsoid at any point of a material straight rod 
AB of mass M and length 2a. Let the straight line OAB be the axis of «, the 
origin, G the middle point of AB, 00 =e. If the material line can be regarded 

as indefinitely thin, ii=0, B=3f T^ +«» j=a, hence the momental ellipsoid is 

F'+Z^sic^, where ^ is any constant. The momental ellipsoid is therefore an 
elongated spheroid, which becomes a right cylinder having the straight line for 
axis, when the rod becomes indefinitely thin. 
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Ex. 3. Tlie momental ellipeoid at the oentre of a material ellipsoid ta 

where t ie kdj conitiuit. It ehanld be noticed that the longest and shortest ases of 
the momcctal cUipsoiJ ooineide in direotion with the longest and shortest axes 
reepectively of the material ellipsoid. 

23. Elementary Froperties of Principal Axes. By a 

con ai deration of some simple properties of ellipsoids, the following 
propositions are evident : 

I. Of the moments of inertia of a body about axes meeting at 
a given point, tlie moment of inertia about one of the principal 
axes is greatest and about another least. 

For, in the momenta! ellipsoid, the moment of inertia about 
any radius vector from the centre is least when that radius vector 
ia greatest and vice versd. And it is evident that the greatest and 
least radii vectores are two of tlie principal diameters. 

It follows by Art. 5 that of the moments of inertia with 
regard to all planes passing through a given point, that with 
regard to one principal plane is greatest and with regard to 
another is least. 

n. If the three principal moments at any point be equal 
to each other, the ellipsoid becomes a sphere. Every diameter is 
then a principal diameter, and the radii vectores are all equal. 
Hence every straight line through is a principal axis at 0, and 
the moments of inertia about them are all equal. 

For example, the perpendiculars from the centre of gravity of 
a cube on the three faces are principal axes ; for, the body being 
referred to them as axes, we clearly have Snww = 0, Smi/e = 0, 
Swutj; = 0. Also the three moments of inertia about them are by 
symmetry equal Hence eveiy axis through the centre of gravity 
of a cube is a principal axis, and the momenta of inertia about 
them are all equal. 

Next suppose the body to be a regular solid, Consider two 
planes drawn through the centre of gravity each parallel to a face 
of the solid. The relations of these two planes to the solid are 
in all respects the same. Hence also the momental ellipsoid at 
the centre of gravity must be similarly situated with regard to 
each of these planes, and the same is true for planes parallel to all 
the faces. Hence the ellipsoid must be a sphere and the moment 
of inertia will be the same about every axis. 

24. At every point of a material system there are always three 
principal axes at Hght angles to each other. 

Construct the momental ellipsoid at the given point. Then it 
has been shown that the products of inertia about the axes are 

2—2 
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half the coefficients of — XF, — FZ, — ZX in the equation to the 
momental ellipsoid referred to these straight lines as axes of co- 
ordinates. Now if an ellipsoid be referred to its principal dia- 
meters as axes, these coefficients vanish* Hence the principal 
diameters of the ellipsoid are the principal axes of the system. 
But every ellipsoid has at least three prmcipal diameters, hence 
every material system has at least three principal axes. 

2ff. Ex. 1. The prindpal axes at the oentre of graiity being the azas of nto- 
•DOe, prore that the momental ellipsoid the point (i>, 9, r) is 

- «er rz - afyzz-2Mxr=f«, 

irtien lefiBRed to its oentre as origin. 

Ex. 2. Show that the eabio equation to find the three principal momflnts of 
inertia at anj point (i>, 9, r) may be written in the form of a determinant 






0. 



M -^- -»*-p^ ^ 

,r '^-^-^ 

If (I, m, n) be proportional to the direotion-oosines of the axes oonrespondiDg to 
anj one of the yalnee of /, their values may be found from the equations 

(/- U + Mg* + 3f»«)) I + 3f/)g» + Mriw = 0. 
3fpgZ+|I-(B+lfi* + Mp»))m+3fgni=0, 
lff|)l+ Afgm+ {/- (a+ Afp' + Af9^}n=0. 

Ex. 8. If JSfasO be the equation to the momental ellipsoid at the centra of 
gravity referred to any rectangular axes written in the form given in Art 19, 
then the momental ellipsoid at the point P whose co-ordinates axe (p, q, r) is 

5+3f(p>+g«+r»)(Z«+r«+Z«)-M(pZ+«r+rZ)«=0. 

Henoe show (1) that the conjugate planes of the straight line OP in the momflnlal 
elli p soids at and P are parallel and (2) that the sections perpendioolar to OP 
have their axes parallel 

26. Ellipiold of Oirratioii. The reciprocal surface of the 
momental ellipsoid is another ellipsoid, which has also been em- 
ployed to represent, geometrically, the positions of the principal 
axes and the moment of inertia about any line. 

We shall require the following elementary proposition. The redprooal aoriSMW 
of the eUipsoid ^ + ^ +^«1 ^ the ellipsoid ah^+b^*-{-<^:=t*. 

Let ON be the perpendicular from the origin on the tangent plane at any 
point P of the first ellipsoid, and let I, m, n be the direction-cosmes of ON^ Umd 
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OW» = a'P+i«m' + Ai». Prodnoe OJV to Q so that 0Q==^. then Q is a point on 

the redpiocftl anrboe. Let 0<i=R; .: ^=tfP+b^'+i^^. Changing this to 
reotangdat oo-ordinatea. we get t*=aiV+6*^'+ A*. 

To each point of a material body there corresponds a series 
of similar momontal ellipsoids. If we reciprocate these we get 
another series of similar ellipsoids coaxial with the first, and 
such that the moment of inertia of the body about the perpen- 
diculars on the tangent planea to any one ellipsoid are propor- 
tional to the squares of those perpendiculars. It is, however, con- i 
yenient to call that parti cular ellipsoid the eUipsoid of gyration \ 
which makes Vte moment of inertia about a perpendicular on a I 
tangent plane equal to tJie product of the mass into the square \ 
of that perpendicular. If ilf be the mass of the body and A, B, G 
uie principal moments, the equation to the eUipsoid of gyration is 

It is clear that the constant on the right-hand aide must be 
jf, for when ¥ and Z are put equal to zero, X* must by 



definition be 



M- 



27. Conversely, the series of momental ellipsoids at any point 
of a body may be regarded as the reciprocals, with differeot 
constants, of the ellipsoid of gyration at that point. They are 
all of au opposite shape to the ellipsoid of gyration, having their 
longest axes in the direction of the shortest axis and their shortest 
axes ia the direction of the longest axis of the ellipsoid of gy- 
ration. The momental ellipsoids however resemble the general 
shape of the body more nearly than the ellipsoid of gyration, 
They are protuberant where tho body ia protuberant and com- 
pressed where the body is compressed. The exact reverse of this 
IS the case in the ellipsoid of gyration. See Art. 22, Ex. 3. 

28. Ei. 1. To find the ellipsoid of gTration 
diao, Taluog the valasa of A, B, C given in 

ellipat^ of gTration ia -q- + -3- + ■ / - n = 3 . 

Gi. 2. The ellipsoid ol gTration at any point of a material rod Ah it 
-^ + ,— 1 — i + T-; — i = li taking (ha same notation BBinArl. 23, Ei, 2. This is 
a very flat ellipsoid which when the rod ia indefinitely thin becomes a circular area 
whose oentre la at 0, whose radiaa ia J\ti' + e" and whose plane ia perpendicular 
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Ex. 8. It nuy be shown that the general equation to the eUqMoid of gjzituD 
referred to any eet of xeetangnlar axee meeting at the giren point of the hodj ia 
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orwhoi expanded 

(BC''EP)X^^(CA'E^) Y^-^-iAB-F^Z^-^-^iAD^EF) YZ 
+2 (Bjy+Pi>) ZX+ 2 {CF+DS) XY 

= 1 (ABO" AIP-BE^^CF*- %DKF). 

The right-hand dde, when multiplied by Jlf , is the discriminant obtained Iqr 
leaying out the last row and the last colnmn, and the ooeffioientB of X*, 7*, Z*t 
2ZX, 2XY, 3 rz are the minors of this discriminant. 

^ 29. The U80 of the ellipsoid whose equation referred to the 
principal axes at the centre of gravity is 

Imaf 2my* %mi^ M* 

has been suggested by Legendre in his Fonctions EUipUqtus. 
This ellipsoid is to be regarded as a homogeneous solid of such 
density that its mass is equal to that of the body. By Art 8, 
"Ex. 3, it possesses the property that its moments of inertia 
with regard to its principal axes, and therefore by Art. 15 its 
moments of inertia with regard to all planes and axes, are the 
same as those of the body. We may call this ellipsoid the equir 
momentai ellipsoid or Legendre's ellipsoid. 

Ex. If a plane move so that the moment of inertia with regard to it ia alwaji 
proportional to the sqnare of the perpendicular from the centre of graiity oo the 
plane, then this plane enyelopes an ellipsoid similar to Legendre's ellipeoid. 

80. There is another ellipsoid which is sometimes used. By Art. 15 the mament 
of inertia with reference to a plane whose direction-cosines are (a, /i, 7) is 

Hence, as in Art. 19, we may constmet the ellipsoid 

Zmx*.X9+2my'. Y^+i:nu*,Z^ + 2Zmyz, rZ4-22iiua;.ZX+22m«y.Xra=lfi*. 

Then the moment of inertia with regard to any plane through the centre of the 
ellipsoid is represented by the inverse square of the radius vector peipendionlar to 
that plane. 

If we compare the equation of the momentai ellipsoid with that of this eUipeoid, 
we see that one may be obtained from the other by subtracting the same quantify 
from each of the coefficients of X\ Y*i Z^. Hence the two ellipsoids have their 
circular sections coincident in direction. 

This ellipsoid may also be used to find the moments of inertia about any 
straight line through the origin. For we may deduce from Art. 5 that the moment 
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of inertia bbont an; ntdtns vootor is ropreBented bj the difference between the 
iuTerse square of tbat rodina vector and the Biim of tho iuverge squares of the 
lemi-aies. Tbia ellipsoid is a reciprocal of Iiegcndre's ellipsoid. All these ellipsoids 
have tbeii pnncipal diameters coincident iu direction, and an; one of them ma; be 
used lo determine the direetionB of the principal axes at anj point. 

91. When the bod; considered is a lamina, the section of the eUipsoid of 
e;ntion at an; point of the lamina b; the plane of the lamina ia called the tUipie 
of e;Tation. If the plane of the lamina be the plane of xy, -xe have £m^=0. 
The section of the fourth ellipsoid ia then olearl; the same as an ellipse of g;ration 
at the point. It an; momenCal ellipse be tnmed round its centre through a right 
angle it evidentl; becomes similar and simitar!; situated to the ellipse of e;ration. 
So that, in the case of a lamina, an; one of these eUipses ma; be easily obanged 
into the others. 



32. Equlmomental Cone. A straight line passes through a 
Jixed point and moves about it in such a inanner that the moment 
of inertia ahout t/ie line is always the same and equal to a given 
quantity I. To find the equation to tlie cone generated by tite 
straight line. 

Let tbe principal axes at be taken as the axes of co-ordi- 
nates, and let (a, B, 7) bo the direction-cosines of tlie straight line 
in any position. Then by Art. 17 we have Aa' + B^ + Of = /. 

F Hence the equation to the locus is 
iA-I)<i* + {B-I)ff + lC-T)'/ = 0. 
or> transforming to Cartesian co-ordinates, 

(A-I)a!* + {B-I)y'+iC-I)t^ = 0. 

It appears from this equation that the principal diameters of 
the cone are the principal axes of the body at the given point. 

The given quantity / must be less than the greatest and 
greater tban the least of tbe moments A, B, C. Let A, B, C he 
arranged in descending order of magnitude ; then if 7 be less 
than B, the cone has its concavity turned towards tbe axis C, if / 
be greater than B the concavity is turned towards the axis A, if 
I = B the cone becomes two planes which are coincident with the 
central circular sections of the momental ellipsoid at the point 0. 

The geometrical peculiarity of this cone is that its circular 
sections in all cases are coincident in direction with the circular 
sections of the moraental ellipsoid at the vertex. 

This cone is called an eqitimomental cone at the point at which 
its vertex is situated. 



about diffecenl sets of axes 
Tba loUoving theorems will b 



The properties of prodoots of inertia of a l 
re not eo ascfal as to require a 
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Ex. 1. If any point be given and any plane drawn Haoioffi it* then two 
siraight lines at right angles Ox, Oy can always be found sobh thai the prodnet of 
inertia about these lines is zero. 

These are the axes of the section of the momental ellipioid at the point 
formed by the given plane. 

Ex. 2. If two other straight lines at right angles M,0^he taken in the same 
plane making an angle $ measured in the positive direction with Ox, Oy respeottvdyi 
then the product of inertia F' about Oa^, Oy' is given by the equation 

where il, ^ are the moments of inertia about Ox, Oy. 

Ex. 8. If / be the moment of inertia about any line in this plane making an 
angle $ with Ox, then 

For the section of the momental ellipsoid by the plane is the ellipee whosa 
equation is Ax^+By^ssM^, whence the property follows at once. 

Ex. 4. Let (X/ir) (Xy/) be the direction-cosines of two straight lines Ox', Oy' 
at right angles passing through the origin and referred to the principal axes at 
as axes of co-ordinates. Then the product of the inertia about these lines is 

F' = XX'ZmoB* + fjLfi'^my^ + wp'1m»\ 

For let (^y'Z) be the co-ordinates of any point (xyz) referred to 04^, Oy* and a 
third line Ch^ as new axes of co-ordinates. Then 

g^^TiX+pLy-^t^t ft^d y'^X'x-^fi'y-^i^M, 

Hence, since F't^Zmafy', the theorem follows by simple multiplication. 

Since XX'+Mfi'+rr'=0, we have 



Ex. 5. If (\tijr) be the direotion-ooBines of an axis Oaf, then the 
cosines (XVV ) of another axis Oy' at right angles such that the product of inertia 
about Oaf, Ojf is zero, are given by the equations 

V _ /i' _ • 
(^-C)/ir"(0-il)A"U-^)X/** 

For by (4) the equations to find X'/iV are 

ilXX'+B/t/*'+Crr'=0,J 
XX'+/«^ + iy=0,J 

whence the theorem follows by cross multiplication. 

By (1) this is equivalent to the geometrical theorem. Given a radius Teotor 
Oaf of an ellipsoid, find another radius vector 0\f such that Oaf^ Oy' are principal 
diameters of the section afOy^, 

Ex. 6. Let {Imn) be the direction-cosines of any given straight line Oaf, and let 
ly, E' be the products of inertia about Oz', Oy'; Oif, Osi, where Oaf, 0)f are any 
two straight lines at right angles. Then as Oaf, O}/ turn round Ox", D^+^ is 
constant, and 

D'«-|.^'«=(^-B)aym)a+(B-C)«(mn)«+(C-.il)*M'. 
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For by {4). - D' = Al\ + Bmpi+ Cnr, -F = JrX' + B»v'+(W; 

But Xi+X'"=l-P=ni'+«'J 

whence 1^ subttitation the tbeoiem follows at once. 

Ex. 7. It A', B' be the momenta of msrtia about Oz', Oy', then a 
tmn round Oi', (he valne of A'B' ~F^U constant, and 

A'ff - F''^BCP + CAni' + ABnK 



I 



On Equimomental Bodies. 

34. Two bodies or systems of bodies are said to be equi- 
momental when their moments of inertia about all straight lines 
are equal each to each. 

35. If two systems have the same centre of gravity, the same 
mass, the same principal axes and principal moments at the centre 
of gravity, it follows from the two fundamental propositions of 
Arte. 13 and 15 that their moments of inertia about all straight 
lines are equal, each to each. 

That tha converse theorem is also true may be shown thua 
We know by Art. 13 that of all straight lines having a given 
direction in a body, that straight line has the least moment of 
inertia which passes through the centre of gravity. It is clear that " 
these least momenta of inertia could not be equal in two bodies 
for all directions unless they had a common centre of gravity. 
Of all straight lines through the centre of gravity those which 
have the greatest and least moments of inertia are two of the 
principal axes, hence these and therefore also the third principal 
axis must be coincident in direction if the two bodies are equi- 
momental. The principal moments of inertia must then be equal, 
because all moments are equal. Lastly, by Art. 13, the two 
systems could not have equal moments about two parallel axes, 
each to each, unless their masses were equal. 

bit is easy to see that two equlmomental systems must have 
e same momental ellipsoid, and therefore the same princij^ 
es at eveiy point. 

36. Case of a Triangle. To find the moinents and products 
of inertia of a triangle about any axes whatever. 

If ^ and 7 be the distances of the angular points B, C, of a 
triangle ABC from any straight Une AX through the angle A, in 
the plane of the triangle, it is known that the moment of inertia 




26 MOMENTS OF INERTIA. 

of the triangle about AX is-^ {l3^ + fiy + 'f)> where M is the mass 
of the triangle. 

Let three equal particles, the mass of each being -^ , be placed 

at the middle points of the three sides. Then it is easily seen, 
that the moment of inertia of the three particles about AX is 



fm-(i)'-(f)}. 



which is the same as that of the triangle. The three particles 
treated as one system, and the triangle, ha?e the same centre of 
gravity. Let this point be called 0. I>raw any straight line OX' 
through the common centre of gravity parallel to AX, then it 
is evident that the moments of inertia of the two systems about 
OX' are also equal 

Since this equality exists for all straight lines through in 
the plane of the triangle, it will be true for two straight lines OX', 
OY At right angles, and therefore also for a straight line' 0^^' 
perpendicular to the plane of the triangle. 

One of the principal axes at of the triangle, and of the 
system of three particles, is normal to the plane, and therefore the 
same for the two systems. The principal axes at in the plane, 
are those two straight lines about which the moments of inertia 
are greatest and least, and therefore by what precedes these axes 
are the same for the two systems. If at any point two systems 
have the same principal axes and principal moments, they have 
also the same moments of inertia about all axes through that 
point, and the same products of inertia about any two straight 
lines meeting in that point And if this point be the centre of 
gravity of both systems, the same thing will also be true for any 
other point 

If then a particle whose mass is one-third that of the triangle 
he placed at me middle point of each side, the moment of inertia 
of the triangle about any straight line, is the same as that of the 
system of particles, and the product of inertia ahoui any two 
straight lines meeting one another, is the same ae that of the 
system of particles about the same straight lines. 

^^ 37. Three points D, E, F can always be found such that the 
products and moments of inertia of three equal particles placed 
at D, E, F, may be the same as the products and moments of 
inertia of any plane area. For let be the centre of gravity of 
the area. Ox, Oy the principal axes at in the plane of the area, 
and Mof and Mff be the moments of inertia about these axes. 



I 
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Let (pey), {afy'), {x"y") be the co-ordinates of D, E, F, m the 
mass of a particle, so that M= 3m. 

Then we must have m{t^ + x* + x") = M^, 
mii/' + j/' + y"*) = Ma.\ 
xy + aiy' + d'y" = 0. 

Also, since the two systems miist have the same centre of 
gravity, x + x' +ai' = 0, y + y' +y" = 0. 

ElinuDatiiig a'y, x"y" from these equations, we get 

which is the equation to a momental ellipse It also follows, that 
D may be taken any where on this ellipse, and E and F are at 
the opposite extremities of that chord which is bisected in some 
point N by the produced radius DO, so that OiV = J OD. 

3S. A momental ellipsoid at the centre of gravity of any tri- 
angle may be found as follows. 

Let an ellipse be inscribed iu the triangle touching two of the 
sides AB, BC in their middle points F, D. Then, by Caraot's 
Theorem, it touches the third side CA ia its middle point E. 
Since DF is parallel to CA the tangent at E, the straight line 
joining E to the middle point N of DF passes through the centre, 
and therefore the centre of the conic is the centre of gravity of 
the triangle. 

This conic may be shown to be a momental ellipse of the 
triangle at 0. To prove this, let lis find the moment of inertia of 
the triangle about OE. Let 0E= r, and let the semi-conjugate 
diameter be /, and a the angle between r and r. Now ON = \r, 
and hence from the equation to the ellipse FN* = \r'*, - 

therefore moment of) » >,»/*■ . ^ A" 

inertk aboat O^r *" ' *' ™ "' " 2 ' ^ ' 
where A' is the area of the ellipse, so that the momenta of inertia 
of the system about OE, OF, OD are proportional inversely to 
0E\ OF*, 0D\ If we take a momental ellipse of the right 
dimensions, it will cut the inscribed conic in E, F, and D, and 
therefore also at the opposite ends of these diameters. But two 
conies cannot cut each other in six pointa unless they are identical. 
Hence this conic ia a momental ellipse at of the triangle. 

A normal at to the plane of the triangle is a principal axis 
of the triangle (Art. 17). Hence a momental ellipsoid of the 
triangle has the inscribed conic for one principal section. If a 
and b be the lengths of the axes of this conic, c that of the axis 
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of the ellipsoid which is perpendicular to the plane of the lamina^ 
we have by Arts. 7 and 19 

If the triangle be an equilateral triangle, the momental ellip- 
soid becomes a spheroid, and every axis through the centre of 
gravity in the plane of the triangle is a principal axis. 

Since any similar and similarly situated ellipse is also a 
momental ellipse, we might take the ellipse circumscribing the 
triangle, and naving its centre at the centre of gravity, as the 
momental ellipse of the triangle. ^ 

89. Ex. 1. A momental ellipse at an angnlar point of a triangnlar azea toadies 
the opposite side at its middle point and bisects the adjaoent sides. 

Ex. 2. The principal radii of gyration at the centre of gravity of a triansjfl 
are the roots of the equation 

a«4-y-fc« A'_Q 

where A is the area of the triangle. 

Ex. 8. The direction of the principal axes at the centre of graiity O of a tri- 
angle may be constructed thus. Draw at the middle point D of any side BO 

Sj^ 6Jk^ 

lengths DHs — , D£F'= — along the perpendicular, where |> is the perpendknilar 

from A on BC and k^^ k"^ are the principal radii of gyration found by the laat ex- 
ample. Then OH, OH' are the directions of the principal axes at 0, whose 
moments of inertia are respectively Mh^ and Mkf^. 

Ex. 4. The directions of the principal axes and the principal moments at the 

centre of gravity may also be constructed thus. Draw at the middle point D of 

BC 
any side BC a, perpendicular DK= — ^ . Describe a circle on OK as diameter 

2 i^8 
and join D to the middle point of OK cutting the cirole in R and S, then OR, OS 
are the directions of the principal axes, and the moments of inertia about them are 

xespeotiYely M—^ » '^^ ^ "^ • 

Ex. 5. Let four particles each one-sixth of the mass of the area of a parallelo- 
gram be placed at the middle points of the sides and a fifth particle one-third of the 
same mass be placed at the centre of gravity, then these five particles and the area 
of the parallelogram are equimomental systems. 

Ex. 6. Let four particles each one-twelfth of the mass of the area of a quadri- 
lateral be placed at each comer and let a negative mass also one-twelfth be placed 
at the intersection of the diagonals and a sixth particle three-quarters of the same 
mass be placed at the centre of gravity, then these six particles and the area of the 
quadrilateral are equimomental systems. 

Ex. 7. Let three particles each one-sixth of the mass of an elliptic area be placed 
one at one extremity of the major axis and the other two at the extremities of the 
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ordiiiBte vMoh bisecto the semi-aiia major, and let a fourth partiele wfaoae n 
oa&hAlf that of the area be pkaed at the oeatre of gravity. Then the momentB 
and prodncta of inertia of the Bystera of fonr particles and of the elliptio i 
the saiae for all axes whatever. 



Ei. 8. An; sphere of radiDi 
four partiolee each of mass - I 






a M ia eqaimomental to a Rj^tem of 
a that their diatanceB from the oentre 



make equal angles with each other end are each eqnal to r and a fifth partiole equal 
to the remaindor of the mass of the sphere placed al 

40. Case of a Tetrahedron. To find the moments andpro- 
ducts of inertia of a tetrahedron about any axes vjliatever. 

Let ABCD be the tetraliedroa. Through one angular point 
D draw any plane and let it be taken aa the piano of xy. Let D 
be the area of the base ABC; a, /9, 7 the distances of its angular 
points from the plane of xy, and p the length of the perpendicular 
from D on the base ABC. 

Let PQR be any section parallel to the base ABC and of 
thickness du, where u is the perpendicular from D on PQR. The 
moment of inertia of the triangle PQR with respect to the plane 
of xy is the same as that of three equal particles, each one-third 
its mass, placed at the middle points of its sides. The volume of 

The ordinates of the middle pointa 

i respectively ^i^, '~^. ''-^ ■ 

Hence, by similar triangles, the ordinates of the middle points of 
a + j9 u + y u T+ji u 
p' 2 p' 2 



the element PQR=-, Ddu. 
P 

of the aides AB, BG, CA i 



PQ, ^ii,fl Pare also 



The moment of inertia of the triangle PQR with regard to the 
plane xy is therefore 



Integrating from w = to 
I inertia of the tetrahedron with r 




^t2»' 



h^t> 



+ ^ + i' + 0y + -Y2+a^] 



If particles each one-twentieth of the mass of the tetrahedron 
[ were placed at each of the angular pointa and the rest of the 
f mass, viz. four-fifths, were collected at the centre of gravity, the 
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moment of inertia of these five particles with regard to the plane 
of xy would be 

= ^6l i ; +20*+20^+20'^' 

which is the same as that of the tetrahedron. 

The centre of gravity of these five particles is the centre (^ 
gravity of the tetiahedron, and they together make up the mass 
of the tetrahedron. Hence, by Art. 13, the moments of inertia of 
the two systems with regard to any plane through the centre of 
gravity are the same, and by the same article this equality will 
exist for all planes whatever. It follows by Art. 5, that the mo- 
ments of inertia about any straight line are also equal. The two 
systems are therefore equimomental*. 

41. Theory of Projectioiii. If the distance of every point 
in a given figure in space from some fixed plane be increased in a 
fixed ratio, tne figure thus altered is called the projection of the 
given figure. By projecting a figure from three planes as base 
planes at right angles in succession, the figure may be often much 
simplified. Thus an ellipsoid can always be projected into a 
sphere, and any tetrahedron into a regular tetrahedron. 

It is clear that if the base plane from which the figure is 
projected be moved parallel to itself into a position distant D 
from its former position, no change of form is produced in the 
projected figure. If n be the fixed ratio of projection the pro- 
jected figure has merely been moved through a space nD perpen- 
dicular to the base plane. We may therefore suppose the base 
plane to pass through any given point which may be convenient. 

42. If two bodies are equimomental, their projections are cUao 
equim<miental. 

Let the origin be the common centre of gravity, then the' 
two bodies are such that Xm=^Xm; 2wia? = 0, 2mV = 0, &c., 
l,ma?^XmW\ "Emyz^Xm'y'z', &c., unaccented letters referring 
to one body and accented letters to the other. Let both the 
bodies be projected from the plane of xy in the fixed ratio 1 : n. 
Then any point whose co-ordmates are {w, y, z) is transferred to 
(a?, y, nz) and [x\ y\ z') to {x\y\ nz). Also the elements of mass 
771, tri become nm and rtm'. It is evident that the above equalities 
are not affected by these changes, and that therefore the projected 
bodies are equimomental. 

The prmection of a momental ellipse of a plane area is a 
momenial eUvpse of ihe projection, 

* This result was proposed as a problem in the Mathematical Tripos in an 
interval of the publication of the preceding and foUowing results, thus anticipating 
the author by a short time. 
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Xjet the figure be projected from the axis of x as base line, 
80 that any point (x, y) is transferred to {x, y) where y = ny, 
and any element of area m becomes in' where m = nm. Then 



The momenta! ellipses of the primitive and the projection a 

tmfT - ZtinxyX F+ Sww^ Y* = A 

tmyX" - ^tin'xiX-T' + 2mVF'' = Jtf'e". 

To project the former we put X'=X, Y' = nY. Its equation 
becomes identical with the latter by virtue of the above equalities 
when we put e' = e*n'. 

43. El. 1. A momental ollipso of the area of a sqaare at its eeotre of gravit; 
JB easil; Boeii to be the macribed cirola. Bj projecting tbese Grst with one Bide aa 
base line, and secondly with a diagonal as baBe, the sq^uue buDomcB Bncooasiveljr a 
netaogle and then a parallelogram. Hence a momental ellipse at the centre of 
gravit; of a parallelogram la the inacribod conio toaohing at the middle points of 
the aidea. 

Ex. 2. B7 projecting an equilateral triangle into an; triangle, ^e may infer the 
tMnlta of some of the prerioua artiolea, bat the method nill be beat explained hy ita 
application to a tetrahedron. 

Ex. S. Since any ellipsoid may be obtained by projecting a iphere, ve infer by 
Alt. 39, Ex. 8, that any solid elUpaoid of mass M ia eqnimomcntal to a system of 



IT paitioles each ol n 



I 



IB gjT- -J plaoBd on a similar ellipsoid whose linear dimen- 
BiouB are n times aa great as those of the material ellipsoid, so that the eoc^ntrio 
liiwa of the partidea make equal angles with each other, and a Gfth particle eqnal to 
Ibe remainder of the mass of the ellipsoid placed at the centre o[ gravity. 

If this material ellipsoid be the Legondre's ellipaoid of any given body, we 
Me that any body whaterec is eqnimomental to a syatem of five partidea placed aa 
above described on an ellipsoid similar to the Legendre's ellipsoid of the body. 

Ex. 4. Sbon tliat a solid obliqne cone on an elliptic base of mass M is eqoimo- 
menlal to a ayatem of thiee parlicleB each — M placed on the circumference of (ha 



that the differences of their 



plaoed at the middle point of the Btraif;ht line joining the vertex to tlie centra of 
I gravity of the base, and a fifth parUcIo to make up the maaa of the cone placed at 
^ tiie centre of gravity of the volume. 

To ji~iid the equimomenUil ellipsoid of any tetraliedron. 




.ngles are eqoal, a foorth partide -r-. 



The moments of inertia of a regular tetrahedron with regard 
to all planes through the centre of gravity are equal by Art. 23. 
If r be the radiu.s of the inscribed sphere, the moment with 
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regard to a plane parallel to one hce is easily seen by Art. 40 

to be if -=- . If then we describe a sphere of radios p « ^or, 

with its centre at the centre of gravity, and its mass equal to 
that of the tetrahedron ; this sphere and the tetrahedron will be 
equimomentaL Since the centre of gravity of any face projects 
into the centre of gravity of the projected face, we infer that 
the ellipsoid to which any tetrahedron is equimomental, is similar 
and similarly situated to that inscribed in the tetrahedron and 
touching each face in its centre of gravity, but has its linear 
dimensions greater in the ratio 1 : ^/3. It may also be easily 
seen that the sphere whose radius is p = 4i/3r, touches each edge 
of the regular tetrahedron at its middle point Hence we inmr 
that the equimomental ellipsoid of any tetrahedron touches each 
edge at its middle point ana has its centre at the centre of gravi^ 
of the volume. 

These results may also be deduced from Art 25, E!z. 2, with- 
out the use of projections. 

45. Ex. 1. If £* be the sum of the aqnares of the edges of a tetrahedron, F* 

the Bom of the squares of the areas of the faces and V the Yolome, show that tiit 

semi-axes of the ellipsoid inscribed in the tetrahedron, tooohing each £aoe in tiit 

centre of gravity and having its centre at the centre of gravity of the tetrahedron, 

are the roots of 

E* F^ V^ 

and if the roots be ^kpi^/^^p^, then the moments of inertia with regard to tiit 
principal planes of the tetrahedron are ^-^ • ^-^t ^ -^ • 

Ex. 2. If a perpendicular EP be drawn at the centre of gravity E of any 
face = -^ , where p is the perpendicular from the opposite comer of the tetra- 
hedron on that lace, then P is a point on the principal plane corresponding to the 
root p of the cubic. 

46. Theory of IxiTersion. To explain how the theory of in- 
version can be applied to find moments of inertia. 

Let a radius vector drawn from some fixed origin to any point P of a fignxe 
be produced to P' where the rectangle OP . OP^i^ where k is some given quantity. 
Then as P travels all over the given figure, P traces out another which is called 
the inverse of the given figure. 

Let (x, y, i) be the co-ordinates of P, (a^, y\ i!) those of P'; r, f' the radii Teotoree, 
dv, dvf corresponding polar elements of volume ; p, p', dm, dm' their respeefctve 
densities and masses. Let dw be the solid angle subtended at by either dv 
or dv'. Then 
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and linoo — = - we hara *^d[>'= j - ) x'de. Vov dm = pdv, dm' = p'dv'. If tl 
we lake - = ( ^ I nelmve Zx'*dm'=Z^dm, with duulu equalities in the cone of 
ftll tha otber momeDta anil ptodnclB of inertia. 

When the hoAy is an area or an arc the ratio of dv' to dv is different. Wo hnva 
in IheM cases respectively ,-= (-) or (-1 . Similar roanit* hovrever follow 
which ma; be all enmrned np in the fottowing theorem. 

Thiob. L Let any bodi/ be changfd inta another by I'nrertion vith regnrd to 
ony point O. // the deiuHiet at eorropandinff poind be denoted bg p, p and their 
dittanetf from by r, r'; Itt p'=p { -,\ . Then thete two bodiei have the tamt 
momenti of inertia vilh regard to all itraight linei through 0. Here n = 10, 8 
according as the body is a volume, an area or an are. 

It al»o fbtlowB that the two bodies have the same pri 
and the eame ellipHoids of gj'ratton. 

We maj aUo obtain the (olloiriag theorem by the ase of Bir W. TliomRon'a 
method of finding the potentials of attracting bodies by InverBion. 

Thbob. II, Let any body be ehang/d into another body by inrerilon with regard 
lo any point 0. If the deniiliet at earretponding pointtV, V be denoted by p, p*. 
and their diilanet$ from O fcy r, r', let p'—p \zj] • Then the nwriwnt of inertia of 
thf itcond body icith regard to any point C it equal to that of the firit body tcith 
regard to Ike correiponding point multiplied by either of the ejual que 

Here n = 8, 6 or 1 according as the body is a volume, area or ore. 

To prove this, consider the case in whiah the body it a Tolnme. By aiinilar 
tnugles CP.t' = CP . OC, Hence proceeding as before, we find 



\ocy OC ■ 



This being true 1 



ir evofy element the theure 



«-dv'{(TF)\ 
L foUons at 01 



Ex. Thcdcnailyof a solid sphere vftries invernoly as the tenth power of [ha 
distance from an eilemal point 0. Prove that its moment of inertia about an; 
tttaiiubt line through O a the same ae if the sphere wore homogeneons and eqnal 
in density to that of the heterogeneoas sphere at a point where the tangent from O 
meets the sphero. Proie that it the deneit; had varied invorsely as the siith power 
of the distance from 0, the maases of the two spheres would have been eqnal. What 
is the condition they should have a common centre of gravity F Math. Tripos. 

47. Ceatre of PreBsure, Ttic theory of equimomental par- 
ticles IB of considerable use in finding the centre of pressure of 
any area vertically immersed in a homogeneous fluid under the 
action of gravity. It may be proved from hydtostatical principles 
■ that if the axis of x be in the effective surface, and the axis of y 
R.D. 3 
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vertically downwards, the co-ordinates of the centre of pressure are 

Product of inertia about the axes 



X = 



moment of area about Ox 



y,^ Moment of inertia about Ox 
"" moment of area about Ox 

We see therefore that two equimomental areas have the same 
centre of pressure. 

Let the given area be equimomental to particles whose masses 
are m,, m^ &c. and let (ar^ yj, (x,, yj, &c. be the co-ordinates of 
these particles. Then 

But these are the formulae to find the centre of gravity of particles 
whose masses are proportional to m,y,, m^^ &c. having the same 
co-ordinates as before. Hence this rule. 

If any area be equimomental to a series of particles, the centre 
of pressure of Hie area is tlie centre of gravity of the same particles 
with tlieir masses increased in the ratio of their depths. 

For example the centre of pressure of a triangle wholly immersed is the oentie 
of gravity of three weights placed at the middle points of the sides and each pco- 
portional to the depth of the point at which it is placed. 

Ex. 1. U Pt q,r be the depths of the comers of a triangular area vhoSy 
immersed in a fluid, prove that the areal co-ordinates of its centre of pii e ssaie 

referred to the sides of the triangle itself arcj^l+'^j, ifl+jt z(^ + ~)« 

where #=p+g+r. 

This may be proved by replacing the triangle by three weights situated at the 
middle points of the sides proportional to their depths, and taking momenta about 
the si'les in succession to find their centre of gravity. 

Ex. 2. Let any vertical area be referred to Cartesian rectangular axes Ox, Oy, 
with the origin at the centre of gravity. Let the depth of the centre of gimvity 
be h, and let the intersection of the area with the surface of the fluid make an 
angle with the axis of x, and let this intersection in the standard case ent the 
positive side of the axis of y. Let A^ B and F be the moments and product of 
inertia of the area about the axes. Then by taking moments about Ox, (>y we see 
that the co-ordinates of the centre of pressure are 

„ ^sin^-Fcos^ ^^ Fsine-A cosg 

^"^ ha • ^- Va • 

where a is the area. 

Ex. 8. If the area turn round its centre of gravity in its own plane the locoi 
of its centre of pressure in the area is an ellipse and in ipace is a circle. Thi& 
ellipse has its principal diameters coincident in direction with the principal axes 
of the area at the centre of gravity. The circle has its centre in the vertioal through 
the centre of gravity. 
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On tlie positions of the Principal Axes of a system. 

48. Prop. A straight line being given it is required tojind at 
what point in its length it is a principal oiris of the system, and if 
any such point exist to fnd Vie other two principal axes at that 
point. 

Take tlie straight line as axis of z, and any point in it as 
origin. Let C be the point at which it is a principal axis, and let 
Cx , Cy' be the other two principal axes. 

Let CO = A, B = angle between Cx and Ox. Then 



«'= acos^ + yainfi] 
p' = — a; sin 6 + y COB fi ^ . 
^=z-h J 



Hence ^mxz = cos 6%mxz + sin ^Sniyz) _ _ ... 

~h{zos.e%mx-\-%\a.e\my)\ * '' 

Smy'z' = — Bin ff^maz + cos 0Xmi/z\ _ . ,^. 

-h {-sin e%mx + cos 6Smy)j~^ '■"■'' 

2nii'y = Sffi(y'-«') — ^"- + Snwi/ COS 25 = (3). 

The last equation shows that 

-^"■s^^k w 

_ 2F 
B-A' 
according to the previous notation. 

The equations (1) and (2) must be satisfied bj the same value 
of k. Eliminating h we get %mxz %7ny = %viyz ^mx as the con- 
dition that the axis of z should be a principal axis at some point 
in its lengtlL Substituting in (1) we hiave 

, Sm.yz "S-mxz ... 

tmy Smx 
The equation (.5) expresses the condition that the axis of z,, 
should be a principal axis at some p<jint in its length ; and U 
the value of h gives the position of this point. The positions 
of the other two principal axes may then be found by equa- 
tion (4). 

If ^mTzs=o and tmT/z = 0, the equations (1) and (2) are 
both satietitjd by h = 0. These arc therefore the sufficient and 

3—2 

»■ 
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necessary conditions that the axis of z should be a principal axis 
at the origin. 

If the system be a plane lamina and the aids of « be a nonnal 
to the plane at any pomt, we have jb = 0. Hence the conditioBi 
Sm2rz = and l,myz=iO are satisfied. Therefore one of tke 
principal axes at any point of a lamina is a normal to the plane 
at that point. 

In the case of a surface of revolution bounded by planes per- 
pendicular to the axis, the axis is a principal axis at any point gf 

its length. 

Again equation (4) enables us, when one principal axis b 
given, to find the other two. If fl = a be the first value of 0, all 

the others are included in = a + n ^ ; hence all these values give 

only the same axes over again. 

49. Since (4) does not contain h, it appears that if the axis of 
5 be a principal axis at more than one pomt, the principal axes at- 
those points are parallel. Again, in that case (5) must be satis- 
fied by more than one value of A. But since h enters only in the 
first power, this cannot be unless 

2mx = 0, Xmy = 0, 
Xmxz = 0, Smyz = 0; 

so that the axis must pass through the centre of gravity and be a 
principal axis at the origin, and therefore (since the origin is arU- 
trary) a principal axis at every point in its length. 

If the principal axes at the centre of gravity be taken as the 
axes of X, y, z, (1) and (2) are satisfied for ail values of h. Henc^ 
if a straight line be a principal axis at the centre of gravity, it is 
a principal axis at every point in its length, 

50. Let the system be projected on a plane perpendicular to 
the given straight line, so that the ratios of the elements of mass 
to each other are unaltered. The given straight line, which has 
been taken as the axis of g, cuts this plan^ in 0, and will be a 
principal axis of the projection at 0, because the projected system 
being a plane lamina, the conditions Xmxzs^O, Ztnys^if are 
both satisfied. Since z does not appear in equation (4), it follows 
that if the given straight line be a principal axis at some point C 
in its length, the other two principal axes at C will be parallel to 
the principal axes of the projected system at 0. These last may 
often be conveniently foimd by the next proposition. 

51. Ex. 1. The principal axes of a right-angled triangle at the tif^i an(^ 
are, one perpendioolar to ^e plane and two others incliiied to its aides at thi 
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•nglea ^ t«i~* ~!i Xi > ^^^^ <> ^1^ 6 arc the Bides of the triaDgle adjaiiciit to Oxe 
right angle. 

WebaTet»n2fl= ^. Art.18, aiidbrArt.8,d=J/^", D = 3/g. ^-^"X- 

Ei. 2. The principal axes of a qoadraiit at an ellipse at the Mntro uv, one 
perpendicular to the plane and two oihora indinGd to the principal diameters at the 
(uiglcB g Ian''' - -J — ^ , vrhcre a and b are the Bemi-aies of the ellipse, 

- Ei. 3. The principal aica of a cube at any point P are, the alraight lina 
joining P to O the oeotro of grarity of the enbe. and an; tvo straight lines at P 
perpeDdioalar to PO, and perpendicular to each other. 

Ex. 4. Prove that the lootta of a point P at which one of the principal axes is 
parallel to a given straight line is a rectangolor hyperbola in the plane of which the 
centre of gravity of the body lies, and one of the OBjuiptotes is parallel to the gii'en 
straight line. Bat if the given Btraight line be parallel to one of the principal axes 
at the centre ol gravity, the loous of P ia that principal axis or the perpendicnlar 
principal plane. 

Take the origin at the centre of gravity, and one axis of co-ordinates parallel 
to the given straight line, 

Ex. S. An edge of a tetrahedron Till be a principal axis at some point in Ita 
length, only when it is perpendicular to tbe opposite edge. [Jullien,] 

Conversely if this condition be satisfied, the edge will he a principal axis at 
■ point Ceuch that OC^zON, where N is tbe middle pomt of the edge and O is 
the toot of the perpendicnlar diislnnee between it and the opposite edge. 

52. Foci of Zoertla. Given the positions of Ike principal 
axes Ox, Oy, Oz at the centre of gravity 0, and tlie vwments of 
inertia about them, to find the positions of the principal axes at any 
point P in the plane of xy, and the moments of inertia about those 
axes. 

Let the mass of tbe body bo M, and let A, Dhc the moments 
of inertia about the axes Ox, Oy, of which we shall suppose A 
the greater. Take two points 8 and S in the axis of greatest 
moment, one ou each side of the origin so that 



0S= OIZ- 



lA-B 



These' points may be called the focL of inertia for that principal 
plane. 

Because these points are in one of tbe principal axes at the 
centre of gravity, the principal axes at S and H are parallel to the 
axes of co-ordinates, and the moments of inertia about those in the 
plane of 3^ are respectively A and B-\-M . OS' =A, and these 
being equal, any straight line through S or fl" in the plane of xy 
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18 a principal axis at that point, and the moment of inertia aboat 
it is equal to A. 

If P he any point in the plane of xy, then one of the principal 
axes at P will be perpendicular to the plane «y. For if /i, ; be 
the co-ordinates of F, the conditions that this line is a principal 
axis are 

which are ohviously satisfied because the centre of gravity is the 
origin, and the principal axes the axes of co-ordinates. 

The other two principal axes may be found thus. If two 
straight lines meeting at a point P be such that the moments of 
inertia about them are equal, then provided they are in a princi- 
pal plane the principal axes at P bisect the angles between these 
two straight lines. For if with centre P we describe the momental 
ellipse, then the axes of this ellipse bisect the angles between any 
two equal radii vectores. 

Join 8P and 27P; the moments of inertia about 8P, HP are 
each equal to A. HencOi if PO and PT are the internal and 




external bisectors of the angle SPH; PQ, PT are the prindpsl 
axes at P. If therefore wWi S and H as Jbci we describe any 
ellipse or hyperbola, the tangent and normal at any point are the 
principal axes at that point 

63. Take any straight line MN through the origin, making 
an angle with the axis of x. Draw SM, tiHf perpendiculara on 
MN. The moment of inertia about MN is 

= ilcos*5 + JBsin*d 
= il-(il-jB)8in*« 
= ^-2f.(0/Sfsin«)* 
^A'-M.SM^. 
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Through P draw PT parallel to MJV, and let SY and HZ be the 
perpendiculars from S and H on it. The moment of inertia about 
Pr is then 

= moment about MN + M. MT' 

= A + M(Mr-SM} (MY+ SM ) 

= A+M.SY.IIZ. 

In the same way it may be .proved that the moment of inertia 
about a line PG passing between H and S la less than A by the 
tnass into the product of the perpendiculars from S and II on PG. 

If there/ore with S and H as foci ive describe any ellipse or 
hyperbola, me moments of inertia about ani/ tangent to either of 
iMse curves is constajit. 

It follows from this that the moments of inertia about the 

■ ■ > . n , . n ,rfSP + HP\' 

principal axes at P are equal to li±.AIi --■ — — 1 . 

For if a and 6 be the axes of the ellipse we have a' — ii* = OS* 



-B 



M 



, and hence 



A + M.SY.HZ=A + Mb*=B + 3Ia' = S + M(^^^^^-^\ 

and the hyperbola may be treated in a similar manner, 

5i. This reasoning may be extended to points lying in any 
given plane passing through the centre of gravity of the body. 
Let Ox, Oyhe the axes m the given plane such that the product 
of inertia about them is zero (Art. S3). Constmct the points S 
and II as before, so that OS* and OH^ are each equal to the 
difference of the moments of inertia about Ox and Oy divided by 
tho mass. Draw St/' a parallel through S to the axis of y, the 
product of inertia about Sx, Sj/' is equal to that about Ox, Oy 
together with the product of inertia of the whole mass collected 
at 0. Both these are zero, hence the section of the momental 
ellipsoid at iS is a circle, and the moment of inertia about every 
str^ght line through S in the plane xOy la the same and equal 
to that about Ox. Wo can then show that the moments of 
inertia about Pif and PS are equal; so that PG, PT, tho internal 
and external bisectors of the angle 8PH are the principal dia- 
meters of the section of the momental ellipsoid at P by the given 
plane. And it also follows that the moments of inertia about the 
tangents to a conic whose foci are S and H are the same. 

S5. Ex. 1, To Gild the foci of inertia of tui elliplio area. Tho mamenta ot 
Inertia about the major oqi) miuor aua are J/ ^ and M j. Hence the minor aiia 




40 MOMENTS OF INEBTIA. 

is the axis of greatest moment. The fod of inertia therefore lie in the wdmor axis 

at a distance from the eentre=5<ytt'-6>,Le.half thedistaneaof thegeometricil 

foci firom the centre. 

Ex. 2. Two particles each of mass m are plaoed at the eitremltieB of the minor 
axis of an elliptic area of mass M, Prove that the principal axes at any point of 
the oiromnferenoe of the ellipse will be the tangent and normal to the eJlq^ae. fvo- 

.- - m 6 -" 

vided-sT = :; 



ir"'81-2€«' 

Ex. 8. At the points which have been called fod of inertia two of the ptiiM^i^ 
moments are equal. Show that it is not in general tme that a point exists sadi 
that the moments of inertia aboot all axes through it are the same, and find the eoe- 
ditions that there m^y be such a point. 

Befer the body to the principal axes at the centre of gravity. Let P be the pouit 
required, («, y, z) its co-ordinates. Since the momental ellipeoid at P is to be a 
sphere, the products of inertia about all rectangular axes meeting at P aie siro. 
Uonco, by Art. 18, xy=0, yz=0, fx=0. It follows that two of the three x, ]r,f 
must be zero, so that the point must be on one of the prindpal axes at the esntre 
of gravity. Let this be called the axis of i. Since the moments of inertia about 
three axes at P parallol to the co-ordinate axes are A +lf2*, B+Mm^ and C, we see 
that thone cannot be equal unless A ^B and each is less than C. There are thee 
two points on the axis of unequal moment which are equimomental for aU axesL 
[Poisson and Binet.] 

66. Arrangement of Principal aaces. Oiven the wm- 
tioiis of the principal axes at ike centre of gravity O ana tAtf 
momenta of inertia about them, to find the positions of the principal 
axes*, ana Hie principal moments at any other point r. 

Let the body be referred to its priucipal axes at the centre of 
eravitv 0, lot A, B, C he its principal moments, the mass of the 
body boin^ taken as unity. Construct a quadric confocal with 
the ellipsoid of gyration, and let the squares of its semi-axes be 
a' =■ A + X, 6" = ^ + X, c' = (7 + X, Let us find the moment of 
inertia with regard to any tangent plane. 

Lot (a, /3, y) be the direction angles of the perpendicular to 
any tangent plane. The moment of inertia, with regard to a 
parallel plane through 0, is 

A 4- B 4- O 

g -(il cos*a + 5 cos"/8 + (7co8*7). 

The moment of inertia, with regard to the tangent plane, is 
formed by adding the square of the perpendicular distance be- 

* Some of the following theorems were given by Sir WiUiam Thomson and 
Mr Townsend, in two articles which appeared at the same time in the Mathematieal 
/(mnuiZ, 1846. Their demonstrations are different from those giyen in this treatise. 
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twecQ the planes, viz, 

(^ + X) cos*a + (B+ X) co8')3 + (0 + X) cos*7, 
we get 

moment of inertia with re-1 _A + B+ G 
gard to a tangent plane/ 



+ X 



S+C-A , 



Thus the moments of inertia with regard to al l tang ent planes to 
any one quadric con/ocal with tiie eUipsmTof gj/ratioii ats ifis 



These plaiiet are all principal planes at the point of contact. 
For draw any plane through the point of contact P, then in the 
case in which the confocal is an ellipsoid, the tangent plane 
parallel to this plane is more remote from the origin than this 
plane. Therefore, the moment of inertia with regard to any plane 
through P ia less than the moment of inertia with regard to a 
tangent plane to the confocal ellipsoid through P. That is, the 
tangent plane to the ellipsoid is the principal plane of greatest 
moment. In the eame way the tangent plane to the confocal 
hyperboloid of two sheets through P is the principal plane of 
least moment. It follows that the tangent plane to the confocal 
hyperboloid of one sheet is the principal plane of mean moment. 

Through a given point P, three confocals can be drawn, the 
iionnals to these confocals are, by Art. 16, the jrincipal _a xe3 at i* - 
By Art. 5, Ex. 3, the principal axis of leaM moment la~normal 
to the confocal ellipsoid and of greatest moment normal to the 
confocal hyperboloid of two sheets. 

57. The moment of inertia with regard to the point P is, by 

Art. 14, ■^+^+^ + 0P\ Hence, by Art. 5, Ex. 3, the moments 

of inertia about the normals to the three confocals through P 
whose parameters are X,, X,, X, are respectively 

0P'-\, 0P'-\, 0P'~\. _ 

58. If we describe any other confocal and draw a tangent 
cone to it whose vertex ia P, the axes of this cone are known to 
be the normals to the three confocals through P. This gives 
another construction for the principal axes at P. 

I If this confocal diminish without limit, until it becomes a 
Ifocal conic, then the principal diameters of the system at P are 
the principal diameters of a cone whose vertex is P and base 
a fottil conic of the ellipsoid of gyration at the centre of gravity. 
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59. If we wish to use only one quadric, we may consider the 
confocal ellipsoid through P. We know* that the normals to the 

* These propotitiom are to be foonl in books on Solid Oeometcy, Hbej jomj also 
be proved m follows. 

Let the oonfocal ellipsoid pass sear P and approach it indefinitely. The base 
of the enveloping eone is ultimately the Indicatrix ; and as the oone beoomea nlti- 
mately a taogent plane, one of its axes is oltimately a perpendicolar to the plane of 
the Indicatrix. Now in any eone two of its axes are parallel to the principal diame- 
ters of any section perpendicolar to the third axis. Hence the axes of the envelop- 
ing oone are the normal to the snrface and parallels to the principal diameters of 
the Indicatrix. Bot all parallel sections of an ellipsoid are similar and similarly 
situated, hence the principal diameters of the Indicatrix are parallel to the princi- 
pal diameters of the diametral section parallel to the tangent plane at P. 

To find the principal moments, we may reason as follows. Let a tangent plane 
to the ellipsoid be drawn perpendioalar to any radios vector OQ of the diametral 




Motion of OPt then the point of contact 7, OQ and OP will lie in one plane when 
OQ is an axis of the section. For draw through T a section parallel to the diame- 
tral section, and let O' be its centre, and let OT be a perpendicular from (/ on the 
tangent plane, which touches at T, Then OQ, O'T and OP are in one plane. 
Now oonsider the section whose centre is (/; O'F is the perpendicolar on the tan- 
gent to an ellipse whose point of contact is 7. Hence O'F, OT do not ooinoide 
unless or bo the direction of the axis of the ellipse. But this section is similar 
to the diametrical section to which it was drawn paralleL Hence OQ is an azia of 
the diametral section. 

Lei Pi{ be a straight line drawn throogh P parallel to OQ to meet in It the 
tangent |dane which tooohes in T* Then RP, HT are two tangents at right an^es 
to the ellipoe PQ7. Henoe 
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other two confocals arc tangents to the lines of curvature on the 
ellipsoid, and are alno parallel to the principul diameters of the 
diametral section made by a plane parallel to the tangent plane 
at P. And if D^, D^ be these principal semi-diameters, we know 
that 

Hence, if through any point P we describe the (luadric 

A+\ B+\ C+K 

the axes of co-ordinateti being the principal axea at the centre of 
gravity, then the principal axes at P are the normal to this 
quadric, and parallels to the axes of the diametral section made 
by a plane parallel to the tangent plane at P. And If these ases 
be 2i&, and 2Z>,, the principal momenta at /"are 

OP' - X, OP'-X + D*. 0P'-\ + D*. 
Ex. It two bodies have Ibe uune centre of gravity, the same principal axes tX 
Ihe centre o( gravity and the difterencei of their principal momsnta eqaal, each to 
each, then these bodiei have the same piiocipal aits at ail points. 

60. Condition a line Is a principal axis. The axes x>f 
co-ordinates being the principal axes at the centre of gravity it it 
required to express the ctmdition that ant/ rjiven straight line may be 
a principal oris at some point in its length and to find that point. 

Let the equations to the given straight line bo 
x-/_y-g_z-h 

I ~ m ~ n ''*'• 

then it must bo a normal to the quadric 

■ A + \'^B + \'*"G+\^^ ^^* 

^ft ftt the point at which the straight line is a principal axis. 

^H Hence comparing the equation to the normal to (2) with (1), 

^m ire have 

ft a^-"'' rfic-'™' Trn^-"" (^>' 

^^^ OIP=ttna of the sqiurea of the Bcmi-»x«B ol the ellipM 

lieeailM OP, OQ are coojogale diametera. 

The moment of inertia about PR, a perpendicular to a tangent plane, has been 
proved above to bs OR' - \, hence the moment of inertia abonl a parallel throngh P 
^L lotheaiia OQ ia 0P'+OQ'-\, 
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these six equations must be satisfied by the same values of x^ y/«, 
X and /A. Substituting for «, y, z from (3) in (1), we get 

eliminating fk from these last equations we have 

/_! lA *_/ 

/ m m n n I 

T^r^^Trrv'Trrz'''' <*>• 

This clearly amounts to only one eauation, and is the required 
condition that the straight line should oe a principal axis at some 
point in its length. 

Substituting for x, y, z from (S) in (2), we have 

X(Z* + m' + n') = -,-(^P + 5m»+Cn«), 

which gives one value only to X. The values of X and fA having 
been found, equations (3) will determine x, y, z the co-ordinates 
of the point at which the straight line is a principal axis. 

The geometrical meaning of this condition may be found by 
the following considerations, which were given by Mr Townsend 
in the MathematiccU Journal. The normal and tangent plane at 
every point of a quadric will meet any principal plane in a point 
and a straight line, which are pole and polar with regard to the 
focal conic in that plane. Hence to find whether any assumed 
straight line is a principal axis or not, draw any plane perpen- 
dicular to the straight line and produce both the straignt line 
and the plane to meet any principal plane at the centre of gravity. 
If the line of intersection of the plane be parallel to the polar 
line of the point of intersection of the straight line with respect 
to the focal conic, the axis will be a principal axis, if otherwise it 
will not be so. And the point at which the assumed straight line 
is a principal axis may be found by drawing a plane through the 
polar line perpendicular to the straight line. The point of inter- 
section is the required point. 

The analytical condition (4) exactly expresses the &ci that the 
polar line is parallel to the intersection of the plane. 

61. Ex. 1. Given a plane f + - + r - 1>=0, there is always some point in it 

f g n 

at which it is a principal plane. Also this point is its intersection with the straight 

Une/x - A ^gy - B^hM-C» 

Ex, 8. Let two points P, Q be so sitnaied that a principal axis at P interseeta a 
principal axis at Q. Then if two planes be drawn at P and Q perpendioolar to 
these principal axes, their intersection will be a principal axis at the point where 
It is out by the plane oontaining the principal axes at P and Q. [Mr JTdwnaend.] 
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For lot tbo principal ukcs at P, Q meet any principal plane >.t tbs centre of 
gravit; in p, g, and let tlie perpendicular planes cut the same principal plane in 
X.V, MiV. Also let the perpendicular planes intersect eacli otliei in K>/. Then 
iijV is perpendicnlu to the plane containing tb^ points P, Q, p, q. Also since the 
polaCB of p and ] are LiV, MX, ittoUowa thatpq'la Ibe polar ol the point N. Henoe 
the straiifbt line RN satiBfieB tlie criterion of the last Article. 

Ei. 3. It P be anj point in a principal plane at the centre at grarity, then 
evei}' axis which passes throngli P, and is a principal axis at some point, lies in one 
of two perpendicular plauea. One of these planes is the principal plane at the 
ecntro of graTity, and the other is a plane perpendicular to the polar line of P with 
regard to the focal conic. Also the locus of all the points Q at which QP is a prin- 
cipal axis is a circle passing through P and having its centre in the principal piano. 
[Mr Tonnaend.] 

Ei, i. The edge ol regreasion of the developable snrfacc which U the envelope 
of the normal planes of an; line of enrvatiire drawn on a confocal qnadric is a 
curve such that all its tangents ore principal axes at some point in each. 

62. ZiOCQS of equal Momeata. To find the locus of the 
points at which two pj-incipat vioments of inetiia are equal to each 
other. 

The principal moments at any point P are 

I,= OP'-X, I, = OP'~\ + I)*, I,= OF'-\+D,: 

If we equate /, and / we have D^ = 0, and the point P must 
lie on the elliptic focal conic of the ellipsoid of gyration. 

If we equate 7, and I we have D^ = /),, so that P ia an um- 
bilicus of any ellipsoid confocal with the ellipsoid of gyration. The 
locus of these umbilici is the hyperbolic focal conic. 

In the first of these cases we have \ = — C, and i), is the semi- 
diameter of the focal conic conjugate to OP. Hence />," + OP* = 
Bum of squares of aemi-axes = A — C+B—C. The three prin- 
cipal momenta are therefore !, = !, = Of + C, I =A + B-C, ojid 
the axis of une<iual moment is a tangent to the focat conic. 

The second case may be treated in the same way by using 
ft confocal hyperboloid, we tliereftire have /, = / = OP" + B, 
I^ = A + C — B, and the asis of unequal moment is a tangent 
to the focal conic. 

These results follow also by combining Arts. 67 and 58. The cone which 
etiTelopes the elbpeoid of gyration and has its vertex at P mast by these articles be 
a right cone if two principal moments at P are equal. By known propositions in 
solid Geometry tliis only happens when the vertex lies on a fooal conic and the an- 
fqual axis is then a tangent to that conic. 

63. To find the cvrvea on any confocal quadric at which a 
principal moment of inertia is equal to a given quantity I. 

Firstly, The moment of inertia about a normal to a confocal 
quadric is OP* — X. If this be constant, we have OP constant, 
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and therefore the required curve is the intersedioii of that 
quadric with any concentric sphere. Such a curve is a apbera-oonic. 

Secondly. Let us consj^Jer those points at which the moment 
of inertia aoout a tangent is constant. 

Construct any two confocals whose semi-major axes are a and 
a'. Draw any two tangent planes to these which cut each other 
at right angles. The moment of inertia about their intersection 
is the sum of the moments of inertia with r^ard to the two 
planes, and is therefore 

= i?+ C-^ + c^^ + a". 

Thus the moments of inertia about the intersections of perpendiadar 
tangent planes to the same confocals are the same. 

Let a, a', a" be the semi-major axes of the three confocals 
which meet at any point P, then since confocals cut at right 
angles, the moment of inertia about the intersection of the con- 
focals a, a" is 

The intersection of these two confocals is a line of curvature 
on either. Hence the moments of inertia about the tangents to any 
line of cui'vature are equal to one another; and these tangents are 
principal axes at the point of contact 

On the quadric a draw a tangent FT making any angles ^ 
and o "^ ^ ^^^^ ^^^ tangents to the lines of curvature at the 

point of contact P, If /,, /, be the moments about the tangents 
to these lines of curvature, the moment of inertia about the 
tangent PT 

= /, cos*0 + I^ sin*^ 

= £ + C- il + (a"» + a')cos*^ + {a^-^a'*) sin»^. 

But along a geodesic on the quadric a, a''sin*^+ a'^'cos*^ is 
constant Hence the moments of inertia about the tangents to 
any geodesic on the quadric are equal to each other. 

64. Ex. 1. If a straight line touch any two confocals whose semi-inajor axes 
are a, a\ the moment of inertia about it is 2^ + C-ii +a*+a''. 

Ex. 2. When a body is referred to its principal axes at the centre of graTity, 
■how how to find the co-ordinates of the point P at which the three principal 
moments are equal to the three given quantities IilJ^i. [Jullien's Problem.] 

The elliptic coordinates of P are evidently a*=:i(/, + J,-Ji-P-C+il) 4«;; 
and the co-ordinates (x, y, z) may then be found by Dr Sahiion*8 formula. 



TosrriONs of the principal axes of a system. 

Ex. 8. Let Iwo planes nt right angles touch tiro conftwals nhoao semi-major 
aiesaron, a'; and let a, a' l>c the values o(a,a', whcu tlie confoculB touch the b 
tion ot the planes ; tLea u' + a'' = a' + a'', and the product of inertio with rogard to 
the two planes la (a'a'' - a'a'^'. 

65. Bqul-momental Surface. Tlie locus of all those points 
at which one of the priucipal moments of inertia of the body is 
equal to a given quantity is called an eqtd-momental surface. 

To find the equation to such a surface we have only to put /, 
constant, this gives %=r'~I. Substituting in the equation to 
the subsidiary quadric, the equation to the surface becomes 



a^ + i/' + 2' + A-Ix' + j^+z' + B-Ix'' + y' + z' + C- 

Throiigh any point P on an equi-momental surface describe 
the confocal quadric such that the principal axis is a tangent 
to a line of curvature on the quadric. By Art. 63, one of the 
intersections of the equi-momental surface and this quadric is the 
line of curvature. Hence the principal axis at P about which 
the moment of inertia is / is a tangent to the equi-momental 
surface. 

Again, construct the confocal quadric through P such that 
the principal axis is a normal at P, then one of the intersections 
of the momental surface and this quadric is the sphero-conic 
through P. The normal to the quadric, being the principal axis, 
bos just been shown to be a tangent to the surface. Hence the 
tangent plane to the equi-momental surface, is the plane which 
contains the normal to the quadric and the tangent to the sphero- 
conic. 

To draw a perpendicular from the centre on this tangent 
plane, we may follow Euclid's rule. Take PP' a tangent to the 
Bphoro-conic, drop a perpendicular from on PP', this is the 
radius vector OP, because PP" is a taugent to the sphere. At P 
in the tangent plane draw a perpendicular to PP", this is the 
normal PQ to the quadric. From drop a perpendicular OQ on 
this normal, then OQ is a normal to the tangent plane. Hence 
this construction, 

If V be ant/ point on an equi-momental surface whose para- 
meter is I and OQ a perpendicular from the centre on the tangent 
plane, then PQ is the principal axis at P about which tlie moment 
of inertia is the constant quantity I. 

The equi-momental becomes Fresnel's wave surface when 
/ is greater than the greatest principal moment of inertia at the 
centre of gravity. The goneral forra of the surface is too well 
known to need a minute discussion here. It consists of two 
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sheets, which become a conceDtric sphere and a spheroid when 
two of the principal moments at the centre of gravity are equaL 
When the principal moments are unequal, there are two singo- 
larities in the surface. 

(1) The two sheets meet at a point P in the plane of the 
greatest find least moments. At P there is a tangent cone to 
the surface. Draw any tangent plane to this cone, and let OQ 
be a perpendicular from the centre of gravity on this tangent 
plane. Then PQ is a principal axis at P. Thus there are an 
infinite number of principal axes at P because an infinite number 
of tangent planes can be drawn to the cone. But at any given 
point tnere cannot be more than three principal axes unless two 
of the principal axes be equal, and then the locus of the prindjMd 
axes is a plane. Hence tne point P is situated on a fo^ conic, 
and the locus of all the lines PQ is a normal plane to the conic. 
The point Q lies on a sphere whose diameter is OP, hence the 
locus of Q is a circle. 

(2) The two sheets have a common tangent plane which 
touches the surface along the curve. This curve is a circle whose 
plane is perpendicular to the plane of greatest and least moments. 
Let OP be a perpendicular from on the plane of the circle, 
then P' is a point on the circle. If £ be any other point on the 
circle the principal axis at R is RP*. Thus there is a circular 
ring of points at each of which the principal axis passes through 
the same point and the moments of inertia about these principsd 
axes are all equal. 

The equation to the equi-momental surface may also be used 
for the purpose of finding the three principal moments at any 
point whose co-ordinates {x, y, z) are given. If we clear the equation 
of fractions, we have a cubic to determine / whose roots are the 
three principal moments. 

Thus let it be required to find the locus of all those points 
in a body at which any symmetrical function of the three prin- 
cipal moments is equal to a given quantity. We may express 
this symmetrical function in terms of the coefficients by the usual 
rules, and the equation to the locus is found. 

Ex. 1. If an eqni-momental surface cut a qnadrio oonfooal with the eUipsoid 
of gyration at the centre of gravity, then the intersections are a sphero-oonio and 
a line of cnrvatore. But if the qoadric be an eUipsoid, both these cannot be reaL 

For if the surface cnt the eUipsoid in both, let P be a point on the line of ctora- 
ture, and P* a point on the sphero-conic, then by Art. 69, OJf*+Di*=OF', which 
is less than A+\. But 0P»+Di«+i>,«=i4 + B + C+8\, therefore D," > B + C+2X, 
which is >il+2X. Hence D^> than the greatest radius vector of the eUipsoid, 
which is impossible. 
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Ex. 2. Find the locus of all those points in a body at which 

(1) the som of the principal moments is eqoal to a given quantity /. 

(2) the sum of the products of the principal moments taken two and two 
together, is equal to I'. 

(3) the products of the principal moments is equal to I*. 
The results are 



(1) a sphere whose radius is a^^'^^^U^ f ^^' ^^' 

(2) the surface 

(3) the surface il'B'C'-iiy^"- -^2 V-Cx«y«-ar«yV=^'» 
where -4'=^ +y'+2*, with similar expressions for B*, C 



R.D. 



CHAPTER IL 



d'alembert's principle, &C. 



66. The principles, by which the motion of a single particle 
under the action of given forces can be determined, will be found 
discussed in any treatise on Dynamics of a Particle. These prin- 
ciples are called the three laws of motion. It is shown that if 
{^f Vi ') be the co-ordinates of the particle at any time t referred 
to three rectangular axes fixed in space, m its mass ; X, Y, Z the 
forces resolved parallel to the axes, the motion may be founJ by 
solving the simultaneous equations, 

^^'•^-r ^^^y^v ^rf*^_^ 

m-^-A, tn^-r, m-^=Z. 

If we regard a rigid body as a collection of material particles 
connected by invariable relations, we might write down the equa- 
tions of the several particles in accordance with the principles just 
stated. The forces on each particle are however no longer known, 
some of them being due to the mutual actions of the particles. 

We assume (1) that the action between two particles is along 
the line which joins them, (2) that the action and reaction between 
any two are equal and opposite. Suppose there are n particles, 
then there will be 3n equations, and, as shown in any treatise 
on Statics, 3n — 6 unknown reactions. To find the motion it will 
bo necessary to eliminate these unknown quantities. We may 
expect to find six resulting equations, aoid these will b^ shown, 
a little farther on, to be sufficient to determine the motion of 
the body. 

When there are several rigid bodies which mutually act and 
re-act on each other the problem becomes still more complicated. 
But it is unnecessary for us to consider in detail, either this or the 
preceding case, for D'Alembert has proposed a method by which 
all the necessary equations may be obtained without writing down 
the equations of motion of the several pai*ticles, and without 
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making any assumption as to the nature of the mutual actions 
escept the following, which m3.y bo regarded as a natural c 
quenco of the laws of motion, 

The internal actions and reactions of any system of rigid bodies 
in motion are in equilibrium aviongst Uiemaelves. 

67. To explain D'Alembert's Principle. 

In the apphcation of this principle it will be convenient to 
use the term effective force, which may be defined as follows. 

When a particle is moving aa part of a rigid body, it is acted 
on by the external impressed forces and also by the molecular 
reactions of the other particles. U' we consider this particle to 
be separated from the rest of the body, and all these forces re- 
moved, there is some one force which, under the same initial 
conditions, would make it move in the same way as before. 
This force is called the effective force on the particle. It is 
evidently the resultant of the impressed and molecular forces on 
the paiticle. 

Let m be the mass of the particle, {x, y, z) its co-ordinates 
referred to any fixed rectangular axes at the time (, The accele- 
rations of the particle are -j^ , -rj, and -^ , Let / be the 

resultant of these, then, as explained in Dynamics of a Particle, 
the effective force is measured by mf 

Let F be the resultant of the impressed forces, R the resultant 
of the molecular forces on the particle. Then mf is the resultant 
of F and R. Hence if mf be reversed, the three F, R and m/are 
in equilibrium. 

We may apply the same reasoning to every particle of each 
body of the system. We thus have a group of forces similar to R, 
a group similar to F, and a group similar to mf, these three groups 
will form a system of forces in equilibrium. Now by D'Alembert's 

Erinciple the group R will itself form a system of forces in equili* 
riura. Whence it follows that the group F will be in equilibrium 
with the group mf. Hence 

If forces equal to the effective forces but acting in exactly opposite 
dir^ions were applied at each point of the system these would be 
in e^ilibrium with tlie impressed forces. 

By this principle the solution of a dynamical problem is 
reduced to a problem in Statics. The process would be as 
follows. We first choose some quantities by means of which the 
position of the system in space may be fixed. We then express 
the effective forces on each element in terms of these quantities. 

4—2 
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These reversed will be in equilibrium with the given impreseed 
forces. Lastly, the equations of motion for each body may be 
formed, as is usually done in Statics, by resolving in three direc- 
tions and taking moments about three straight lines. 

68. Before the pnblicaiioo of D'Alembert*8 principle a Tast nmnber of Dynamical* 
problems had been solved. These may be found scattered through the early 
volumes of the Memoirs of St Petersburg, Berlin and Paris, in the works of John 
Bernoulli and the Oputcula of Euler. They require for the most pari the detenni- 
nation of the motions of several bodies with or without weight which push or pull 
each other by means of threads or levers to which they are fastened or along whieh 
they can glide, and which having a certain impulse given them at first are then left 
to themselves or are compelled to move in given lines or surfaces. 

The postulate of Huyghens, '*that if any weights are put in motion by the foiee 
of gravity they cannot move so that the centre of gravity of them all shall rise 
higher than the place from which it descended," was generaUy one of the prindplea 
of the solution : but other principles were always needed in addition to these, and 
it required the exercise of ingenuity and skill to detect the most suitable in eaeh 
ease. Such problems were for some time a sort of trial of strength among mathe- 
maticians. The TraiU de Dynamique published by D*Alembert in 1748, pat an end 
to this kind of challenge by supplying a direct and general method of resolving or 
at least throwing into equations any imaginable problem. The mechanical diffi- 
culties were in this way reduced to difficulties of Pure Mathematics. See Montoda, 
Vol. ni. page 615, or Whewell's version of the same in his History of the Inductive 
Sciences, 

D'Alcmbert uses the following words: — " Soient A^ B, C, &o, les corps qni eom- 
poscnt le systdme, et supposons qu'on leur ait imprim^ les mouvemens a, b, c, Ao, 
quUIs soient forc6s, k cause de leur action mutueUe, de changer dans les rnkmYemens 

a, b, c, &c, n est clair qu*on pent regarder le mouvement a imprim6 an corps A 
comme compost du mouvement a, qu'il a pris, et d'un autre mouvement a; qa*on 
pent de mdme regarder les mouvemens b, c, <Src. comme compost des monyemens 

b, j9; e, 7; <ftc., d'ou il s'ensuit que le mouvement des corps A^ B, C, Ac. entr'eox 
auroit ^t6 le m6me, si au lieu de leur donner les impulsions a^ b, c, on leor efit 
donn^ &-la-fois les doubles impulsions a, a; b, /9; dee. Or par la supposition les 
corps A,B,Ct &c, ont pris d'eux-mdmes les mouvemens a, b, c, &o, done les monTS- 
mens a, p, 7, &q, doivent dtre tels qu*ils ne d^iangent rien dans les mouTemens 
a, b, c, <Src. c'est-^-dire que si les corps n*avoient re^u que les mouvemens a, /3, 7, 
&o, ces mouvemens auroient dd se d^truire mutuellement, et le systdme demeozer 
en repos. De Ik resulte le principe suivant pour trouver le mouvement de plnsieiirs 
corps qui agissent les uns sur les autres. D^oomposez les mouvemens a, fr, c, Ac 
imprimis k chaque corps, chacun en deux autres a, a; b, j3; 0, 7; etc. qui soient 
tels que si Ton n'eQt imprim^ aux corps que les mouvemens a, b, 0, Ao, ils enssent 
pu conserver les mouvemens sans se nuire r^ciproquement; et que si on ne lenr efit 
imprim^ que les mouvemens a, ft, 7, d:c. le systdme ffit demeurd en repos; il mi 
clair que a, b, c, Ac. seront les mouvemens que ces corps prendront en vertn de lenr 
action. Ce qu'il falloit trouver." 

69. The following remarks on D'Alembert's Principle have 
been supplied by Sir Q. Airy : 

I have seen some statements of or remarks on this principle which appear 
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to me lo be eiToneoui. The principle ileelf is not a new plijiiical principle, nor 
an; addiljon to eiJ«ting phjeical pnaciplcs; but is a convonient principle o( 
combiaation of mechanical couaiderationB, wliioli resulta in a comprelienBiva 
proceaa of great elegouce. 

The tacit idea, which domiaatca tliroagb the invcetigation, is this: — That 
ever; mass of matter ia any complex mf^chanical combination ma; be cooceived 
as containing ia itself two diatioct propctties :— one that of connexion in itself, 
of BUMeptibility to pressure -force, and of comiciiDa with other soch masses, bat 
not of inertia nor of impressions of momentum :— the other that of discrete 
molecules of matter, held in their places by the oonneiion- frame, snsoeptible to 
citcmally impressed momentum, and posseseing inertia. The union produces 
on imponderable skeleton, carrying pondcTable particles of matter. 

Now the action of external mom en turn -forces on an; one particle tends to 
produce a certain m omen turn acceleration in that particle, which (generally) is 
not allowed to produce its full cfft'ct. And nliat prevents it from producing its 
full effect? It is the presHure of tlie skeleton -frame, which prcsaure will be 
measured by the difference between the imprcesed mom en turn -acceleration and 
the actual momentum -acceleration for the utme. fbas every port of the skeleton 
austains a pressure- force depending un that difference of momenta. And the 
whole mechanical aystem. however complicated, may now he conceived as a svstem 
of skeletons, each sustaining prc-^au re- forces, and (by virtue of their combination) 
each impreeaing forces on the others. 

And what will be the laws of movement resulting from tliia councxion? The 
forces are pressure-forces, acting on imponderable skeletons, and the; must balance 
according to the laws of statical equilibrium. For if they did not, there would 
be instantaneoufl change from the understood motion, wliioh change would be 
accompanied with instantaneous change of momentum -acceleration ol the mole- 
cules, that would produce diilerant pressures ci^rresponding to ei^uilibrium. (It 
is to be remarked that momentum cannot be changed instantaneously, but mo- 
mentum-acceleration can be changed inatantaneousty.) 

We come thus to the conclusion, that, taking for every molecule the dif- 
ference between the impressed momentum -acceleration and the actual momentum- 
acceleration, those differences through the entire machine will statically balance. 
And— combining in one group all the impressed momentum-acceterationa, and in 
another group all the actual momentum-accelerations — it is the same as saying 
that the impressed momentum-accelerations through the entire machine will balance 
the actual momentum-accelerations through the entire machine. This is the 
usual eipreasion of D'Alembert's principle. 

70. Hxample of D'Alembert's Principle. A heavy hodi) 
\8 capable of motion by two hinges about a horizontal axis, which 
axis is made to rotate with a uinform angular velocity ea about a 
vertical airis intersecting it in a point 0. /( is required io find the 
conditions that tlie body may he inclined at a constant angle to the 
vertical. 

Let the horizontal axis which is Used in the body be taken us 
axis of y, and let two other axes also fixed in the body be taken 
as a set of rectangular axes with origin 0, Let be the angle 
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the plane of yz makes with a Tertical plane through Oy. 
object is to find the relation between 6 and o). 



Our 




By hypothesis each particle P describes a horizontal circle 
whose centre C is in the vertical through 0. If r be the radius 
CP of this circle, and m the mass, the effective force on the 
particle is rruoW and is directed along the radius. When reversed 
this will act in the direction CP. 

The impressed forces on the body are its weight which may be 
supposed to act at the centre of gravity and the actions at the 
hinges. To avoid these last, we shall take moments about the 
axis Oy. Then the moment of the reversed efiFective forces toge- 
ther with the moment of the weight will be zero. 

Let M be the mass of the body, x, y, z the co-ordinates of the 
centre of gravity, f its distance from the vertical plane through Oy. 
The moment of the weight is Mg^. The resolved part of the 
efiFective force parallel to Oy has no moment about Oy. The 
resolved part perpendicular to the vertical plane throu^ ^V}^ 
nuo^p if p be the distance of the particle from that plane. The 
equation of moments gives if CO = u 

Mg^ +2mci)*pw = 0. 
By projecting the co-ordinates on CO and CP we have 

u^ — xB\nd-\-z cos 0^ 
p = a? cos ^ + -« sin 0, 
f = xco%0-\-zmi0. 

Substituting we get 

Mg (^ cos ^ + 5 sin ^) = to' { J sin 2ffZm {a? — z^- cos 20tfnxz]. 

When the shape and structure of the body are known, the 
integrals 'S,m {a^ — ^) and %m xz can be found by the methods of 
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the preceding chapter or by direct integration. This equation 
will then give the required relation between 6 and a>. 

It may bo noticed that the only manner in whicli the form of 
the body enters into the equation ia through its moments and 
products of inertia. If we change the body into any equi-mo- 
mental one, the equation connecting 9 and a will be unaltered. 
So far as this problem is concerned, a bwly may be said to be 
given DynamicttlUj when its mass, centre of gravity, principal 
axes, and principal momenta of inertia at tho centre of gravity are 
given. This remark will be found to be of general application. 

Ei. 1. If the body ba pushed along Ihe axis of y and mada to rotate about Iha 
Tcrtical with (he B&me angular velocity as before, show that no effect is prodaced 
OD the incliaatioQ of the body to Ihe vortical. 

Ex. 3. If the body be a heavy disc capable of turning about a horizontal axis 
Oy iD its own plane, show that tho plane of the disc will be vertioal uiileEB "'^-t, i 
where h a the diatanoe of the ccDtre of gravity of the disc from Oy and k the radilu 
of gyration aboot Oy, 

Ei. 3. If the body be a circular disc capable of turning about a horizontal aiU 
perpendicalar to its plane and intersecting the diec in its circumference, show that 
if tho tangent to the disc at the hinge make an angle B nith tho vertical, the 

Uigolar Telocity u mnat be .v/— ?-t ■ 

Ex. 4. Two cqaal balls A and B are attached to the extremities of two cqnal 
thin rods Aa, Bb. The ends a and h are attached by hinees to a Gscd point O and 
the whole u set in rotation about a vertical through O aa in the Governor of the 
Sleam-Engine. U the nasa of the rods be neglected show that the time of rotation 
ia equal to tho time of oscillation of a pendulum nhose length is the Tcitlcal diatance 
of either sphere below the hinges at 0, 

Ex. D. If in the hist example m bo the m&m of either thin rod and M that of 
either sphere, 1 the length of a rod, r the radius of a sphere, h the depth of either 



;U(l + r) + lmi ■ 



centre bulow the hinge, then tho length of the pendulom ia - — 

71. General Equations of Motion. To apply D'Alem- 
bert'a principle to obtain the equations of motion of a systevi of 
rigid bodies. 

Let (a*, t/, z) be the co-ordinates of the particle vi at the time 
t referred to any set of rectangular axes fixed in space. Then 

T-j , -j-, and T-j , will be the accelerations of the particle. Let 

X, Y, Zhe the impressed accelerating forcea on the same particle 
resolved parallel to the axes. By D'Alembert'a principle the 
£>rcea 

-(^-g). "(/-% »'(^-S)' 
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together with similar forces on every particle will be in equi- 
librium. Hence by the principles of Statics we have the equation 



2m -^j = 2«i.Y, 



and two similar equations for y and z ; these are obtained by 
resolving parallel to the axes. Also we have 

Sm [y ~, - z-jf) = Im (yZ- zY). 

and two similar equations for zx and xf/; these are obtained by 
taking moments about the axes. 

These equations may be written in the more convenient forms 



d ^ f dz 

dt ^'"V^ di 

d ^ f dx 
dt ^'\' dt 
dif 



d ^ dx ^ ^ 
at at 

dt'-'^'dt ^""'^ 



(A). 



x-r J = 2m (zX — xZ) 



it ^""i: 



X -fr — 



dt 



dx\ 

dt) 



= 2m(a;F-yX) 



,(B), 



In a precisely similar manner by taking the expressions for 
the accelerations in polar co-ordinates we should have obtained 
another but equivalent set of equations of motion. 

72. Let us consider the meaning of these equations without reference to axes 
of co-ordinates. The e£fective forces are to be equivalent to the impressed forces. 
But as shown in Statics any system of forces and therefore each of these is equi- 
valent to a single force and a single couple at some point taken as origin. These 
resultant forces and couples must therefore be equivalent, each to each. 

If we multiply the mass m of any particle P by its velocity v we have thei 
momentum mv of the particle. Let us represent this in direction and magnitude ! 
by a straight line PP'. Then, just as in Statics, this momentum is equivalent to ; 
an equal and parallel linear momentum at which we may represent by OM^ and 
a couple whose moment is mrp, where p is the perpendicular distance between OM 
and PP'. The plane of this couple is the plane containing OM and PP'^ and it | 
may as usual be represented in direction and magnitude by an axis ON perpen 
dicular to its plane. This couple is sometimes called an angular momentum. 
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Lei 031', OiV be the posiliouH of these two lines after an interval of time dt. TLcn 
MM', yy will repcescat ia direction and magnitude tlie linear momentuin and tlie 
•ngular ot couple tnomenliim added on in the time dl. Hence Ibe ej'ectivi force 
on any particle m is eqnivnient to a aiuglc linear eflective force actioe at reptc- 
Jf,W ,.,«,- I . ] V ^N' 



■ented by - — , and a single cffeetivs conple represented by ' 



de ■ 



Let OV, OH be two stniigbt tiueii drawn throuyL the origin to represeal ia 
direction and magnitndo the resultant liuear momentum and resultant couple 
momentum of the whole aystem at any time t. Let 0\", OH' be the posilionB of 
these lines at the time i -t-ffc. Then OV ia the resultant of the group Oil oorrr- 
■ponding to all the particles ot tlie Bystem, and 1" the rcsDllant of the group Oil'. 
f of the system at the time t. 



Hence -,- represents the whole linear tffeei 



By eimilar reasoning - . — reprcsenta the resultant effeclire eoupU of the system. 

Thns it appears that the points V and 11 trace out two cnrres in spacfl whom 
properties are analogous to tboee of the hodogroph in Dynamics of a particle. 
From this reasoning it folluwn, that if T, be the resoh-ed part of the momen- 
tum ot a system in the direction of any straiglit line Ox, and Ifz the moment 

ot the momentum about that straight line, then — ^ an3 —rf are respectively 
the resolved part along, and the moment about that straight line, of the etCeotiee 
force ol the whole Ejgtem. 

Let UB now refer the whole system to Cartesian co-ordinates as in Art, 71. We 
■ee that m , m-^, m y ore the resolved parts of the momentnm of the particle in. 



Hence OV is the resultant of Zm 
the moment of 



dl" 



AJso 



'fr^^O 



of the particle n> about the a 



*\' dt y dl) " 

I of «. Hance OB 



Now D'Alemhert's principle asserts that the whole oHective forces ot a system 
are tof^thcr equivalent to the impressed forces. Hence wlmtever co-ordinates may 
be osed. if .Y and L be the resolved parts nud moment of the impressed moving 
forces respectively along and about any (ii^ straight line which we shall call the 
Bzis of X, the equations ot motion are 



dt 



i.V. 



= L. 



equations (A), the second to equations (B) of 






We may notice the tollowing cases. 

(1) If no impressed forces act on the sj'stem. the two lines OV, OH a 
lately Axed in direction and magnitude throughout the motion. 

(2) It all the impresseil forces pass through a Eied point, let this point he 
■n BB the origin, then though OV may be variable, OH is fixed in position and 

I joagnitude. 
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(3) If all the impressed forces be equivalent to a system of couples, then though 
OU may be variable, OK is fixed in position and magnitude*. 

73. Co-ordinates of a body. The equations of motion of 
Art. 71 are the general equations of motion of any dynamical 
system. They are, however, extremely inconvenient in their present 
form. When the system considered is a rigid body and not merely 
a finite number of separate particles, the Z's are all definite inte- 
grals. There are also an infinite number of a;'s, ^'s and /s all 
connected together by an infinite number of geometrical equations. 
It will be necessary, as suggested in Art. 67, to find some quantities 
which may determine the position of the body in space and express 
the eflFective forces in terms of these quantities. These are called 
the co-ordinates of the bodyf. It is most important in theoretical 
dynamics to choose these co-ordinates properly. They should bei 
(1) such that a knowledge of them in terms of the time determinesj 
the motion of the body in a convenieut manner, and (2) such that^' 
the dynamical equations when expressed in terms of them majj 
be as little complicated as possible. 

74. Let us first enquire how many co-ordinates are necessary 
to fix the position of a body. 

The position of a body in space is given when we know the 
co-ordinates of some point in it and the angles which two straight 
lines fixed in the body make with the axes of co-ordinates. There 
are three geometrical relations existing between these six angles, 
so that the position of a body may be made to depend on six 
independent variables, viz. three co-ordinates and three angles. 
These might be taken as the co-ordinates of the body. Bv the 
term " co-ordinates of a body " is meant any quantities which de- 
termine the position of the body in space. 

It is evident that we may express the co-ordinates (x, y, z) of 
any particle m of a body in terms of the co-ordinates of that body 
and quantities which are known and remain constant during the 
motion. First, let us suppose the system to consist' only of a 
single body, then if we substitute these expressions for x, y, z in 
the equations (A) and (B) of Art. 71, we shall have six equations 
to determine the six co-ordinates of the body in terms of the 
time. Thus the motion will be found. If the system consist of 
several bodies, we shall, by considering each separately, have six 
equations for each body. If there be any unknown reactions 
between the bodies, these will be included in X, Y, Z. For each 

* In a memoir on the differential ooeffioients and determinants of lines, Mr Cohen 
has discussed some of the properties of these resultant lines. PhiL Trans. 1862. 

t Sir W. Hamilton uses the phrase ** marks of position," but subsequent writers 
have adopted the term co-ordinates. See Cayley's Report to the Brit, Asioe.^ 1857. 
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reaction there will be a corresponding geometrical relation con- 
necting the motion of those bodies. Thus on the whole we shall 
have sufficient equations to determine the motion of the system. 

When the motion is in two dimensions these six co-ordinates 
become three. These are the two co-ordinates of the fixed point 
in the body, and the angle some straight line fixed in the body 
makes with a straight line fixed in space. 

75. Let us next consider how the equations of motion formed 
by resolution can be simplified by a proper choice of co-ordinates. 
We must find the resolved part of the momentum and the re- 
Bolved part of the effective forces of a system in any direction. 

Let the given direction be taken as the axis of ic. Let (x, y, z) 
be the co-ordinates of any particle whose mass is tn. The re- 

dx 
solved part of its momentum in the given direction is m -jr . 

Hence the resolved part of the momentum of the whole system is 

"Zm ~n • Let (5, y, :) be the co-ordinates of the centre of gravity 

of the system and ilfthe whole mass. Then Mx = tmx; 

, , dx — <ifx 

Hence the resolved part of the momentum of a system in any 
I direction is equal to the whole mass multiplied into the resolved ]}art 
\ t^the velocity of the centre of gravity. 

\ Tltat is, the linear momentum of a system is the same as if the 

I vihole mass were collected into its centre of gravity. 

I In the same way, the resolved part of the effective forces of a 

I Mvstem in any direction is equal to the whole mass multiplied into 

I me resolved part of the acceleration of the centre of gravity. 

I It appears from this proposition that it will be convenient to 

I. take the co-ordinatea of the centre of gravity of each rigid body in 

I the Hystem as three of the co-ordinates of that body. We can then 

I express in a simple form the resolved part of the effective forces 

I in any direction. 

I 76. Lastly, let us consider how the equations of motion formed 
I by taking moments can be simplified by a proper choice of the 
I three remaining co-ordinates. We must find the moment of the 
[ momentum and the moment of the effective forces about any 
I Btraight hne. 

r Let the given straight line be taken as the axis of x, then fol- 
1 bwing the same notation as before, the moment of the momentum 



60 D*AL£HB£RT*S PRINCIPLE. 

about the axis of x is 



ifti 



( dz dy\ 



Now this is an expression of the second degree. If, then, we 
substitute y^y-i-y, -f = « + /, we get by Art 14 



(^■w-''l)-^(5f- 



where M is the mass of the system or body under consideration. 

The second term of this expression is the moment about the 
axis of X of the momentum of a mass M moving with the centre 
of gravity. 

The first term is the moment about a straight line parallel to 
the axis of x, not of the actual momenta of all the several parti- 
cles but of their momenta relatively to that of the centre of gravity. 
In the case of any particular body it therefore depends only on the 
motion of the body relatively to its centre of gravity. In finding 
its value we shall suppose the centre of gravity reduced to rest by 
applying to every particle of the system a velocity equal and oppo- 
site to wiat of the centre of gravity. Hence we infer that 

The moment of the mx)mentum of a system about any straight 
line is equal to uie moment of the momentum of the whole mass 
supposed collected at its centre of gravity and moving with it, 
together with the moment of the momentum of the system relative to 
its centre of gravity about a straight line draujn parallel to the given 
straight line through the centre of gravity. 

In the same way, this proposition will be also tnie if for the 
" momentum " of the system we substitute " effective force." 

By taking the axis Ox through the centre of gravity, we see 
that the moment of the relative momenta about any straight line 
through the centre of gravity is equal to that of the actual 
momenta. 

It appears from this proposition that it will be convenient to 
refer the angular motion of a body to a system of co-ordinate 
axes meeting at the centre of gravity. A general expression for 
the moment of the effective forces about any straight line through 
the centre of gravity cannot be conveniently investigated at this 
stage. Different expressions will be found advantageous under 
different circumstances. There are three cases to which attention 
should be particularly directed : (1) when the body is turning i 
about an axis fixed in the body and fixed in space ; (2) when the] 
motion is in two dimensions, and (3) Euler's expression when the 
body is turning about a fixed point These will be found at the 
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beginnings of tlie tbird and fourtli chapters and in the fifth chapter 
respectively. 

77. The quantity 2wt [^ '^ ~ 1/ zji) expresses the moment of 

the momentnm about the axis of z. It ia then called the angular 
momentum of the system about the axis of «. There is another 
interpretation which can be given to it. If we transform to polax 
co-ordinates, we Lave 






nr 



dt' 



Now \i'd8 is the elementary area described ronnd the origin 
in the time dt by the projection of the particle on the plane of xy. 
If twice this polar area be multiplied by the mass of the particle, 
it is called the area ootiserved by the particle in the time di round 
the axis of z. Hence 



/ dy dx\ 

["I- "It) 



is called the area conserved by the system in a unit of time, or 
more simply the area conserved. 

I 78. Three Important Fropositlons. Summing up the 
I results of the articles from 71 onwards, we see that we have esta- 
blished three important propositions. 

SiDce any straight hae fixed in space may be taken as an axis 
of co-ordinates, the three equations (A) of Art. 71 may be written 
I in the typical form. 



d /Linear Momentum in B.ny\ 
dt \ fixed direction / 



/Resolved 
^ force 



mpressed^ 



For the same reason, the three equations (E) of the same article 
I ffoay be written in the typical form 

d /Angular Momentum aboutN _ /Moment of imA 
dt\ a fixed straight line / \ pressed forces / ' 

Thirdly, we see by Art. 75, that the typical expression for the 
I linear momentum may bo written 

(Linear Momentum in\ _ /Mass x resolved velocity\ 
any fixed direction J~\ of centre of gravity / ' 

The corresponding typical expression for the angular momentum 
I ja deferred for the present. 
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79. Independence of Translation and Rotation. We 

may now enunciate two important propositions, which follow at 
once from the preceding results. It will, however, be more useful 
to deduce them from first principles. 

(1) The motion of the centre of gravity of a system acted on by 
any forces is the same as if all the mass were collected ai the centre 
of gravity and all the forces were applied at that point parallel to 
their former directions. 

(2) The motion of a body, acted on by any forces, about its 
centre of gravity is tJie same as if the centre of gravity were fixed 
and the sarne forces acted on the body. 

Taking any one of the equations (A) we have 

^ d^x ^ ^ 

d? ~ 2mX 

If X, y, z be the co-ordinates of the centre of gravity, then 
xZm = Smo? ; 

.'. ^ 2m = 2mX, 

and the other equations may be treated in a similar manner. 

But these are the equations which give the motion of a mass 
Sm acted on by forces XmX, &c. Hence the first principle is 
proved. 

Taking any one of equations (B) we have 

Let a: = ^ + a?', y = t/ +y', -? = ^ + «', then by Art. 14 this equa- 
tion becomes 

Now the axes of co-ordinates are quite arbitrary, let them be 
80 chosen that the centre of gravity is passing through the origin 
at the moment under consideration. Then ^ = 0, y = 0, but 

7/7 » ~^ ^® ^^^ necessarily zero. The equation then becomes 

This equation does not contain the co-ordinates of the centre 

of gravity and holds at every separate instant of the motion and 

therefore is alwavs true. But tnis and the two similar equations 

ined from the other two equations of (B) are exactly the 
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equations of moments we should have had if we had regarded the 
centre of gravity as a fixed point and taken it aa the origin of 
moments. 

80. These two important propositions are called respectively 
the principles of the conservation of the motions of translation and 
rotation. The first was given by Newton in the fourth corollary 
to the third law of motion, and was afterwards generalized by 
D'Alembert and Montucla. The second ia more recent and seems 
to have been discovered about the same time by Euier, Bernoulli 
and the Chevalier d'Arcy, 

Another name has also been given to these results. Together 
they constitute the principle of tlie independence of the motiona of 
translation and rotation. The motion of the centre of gravity is 
the same a^ if the whole mass were collected at that point, and is 
therefore quite independent of the rotation. The motion round 
the centre of "ravity ia the same as if that point were fixed, and 
is therefore independent of tbe motion of that point. 

81. By the first principle the problem of finding the motion 
[■ of the centre of gravity of a system, however complex the system 
I may be, is reduced to the problem of finding the motion of a 

Bngle particle. By the second the problem of finding the angular 
naotioD of a free body in space is reduced to that of determming 
Ijtlie motion of that body abrjut a fixed point. 

Example of first principle. In using the first principle it 
llhould be noticed that tbe impressed forces are to be applied at 
ttie centre of gravity parallel to their former directions. Thus, if 
I rigid body be moving under the influence of a central force, the 
Ibiotion of the centre of gravity is not generally the same as if the 
Ivbole mass wore collected at the centre of gravity and it were 
I acted on by tho same central force. What the principle 
irts is, that, if the attraction of the central force on each ele- 
ment of the body be found, the motion of the centre of gravity ia 
Jlie same as if these forces were applied at the centre of gravity 
tp&rallel to their original directions. 

If the impressed forces act always parallel to a fixed straight 

line, or if they tend to fixed centres antl vary as the distance from 

those centres, the magnitude and direction of their resultant are 

I the same whether we suppose the body collected into its centre of 

ravity or not. Bat in most cases care must be taken to find thel 

(sultant of the impressed forces aa they really act on the bodyl . 

lefore it has been collected into its centre of gravity. '■ 

fk 82. Example of second principle. Let us nest consider 
LkD example of the second principle. Suppose the earth to be in 
I rotation about some axis through its centre of graWty and to be 
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acted on by the attractions of the sun and moon. Then we learn, 
from the second principle, that if the resultant attraction of these 
bodies pass through the centre of gravity of the earth, the rotation 
about the axis will not be in any way affected. In whatever way 
the centre of gravity of the earth may move in space, the axis of 
rotation will nave its direction fixed in space and the angular 
velocity will be constant. Two important consequences follow 
immediately from this result. The centre of gravity of the earth 
is known to describe an orbit round the sun, which is very nearly 
in one plane, and the changes of the seasons chiefly depend on 
the inclination of the earth's axis to the plane of motion of the 
centre of the earth. The permanence of the seasons is therefore 
established. Secondly, since the angular velocity is constant, it 
follows that the length of the sidereal day is invariable. 

Strictly speaking the resultant attraction due to any particle of the son and 
moon does not pass through the centre of gravity of the earth. The reason is that 
the earth is not a perfect sphere whose strata of equal density are concentric 
spheres. But the ellipticities of these strata are all small and the motion of rotation 
of the earth will be but slightly afiFected. Nevertheless the sun (for instance) will 
act with unequal forces on those parts of the earth's equator which are nearer to 
it and those more remote. Thus the sun*s attraction will tend to turn the earth 
about an axis lying in the plane of the equator and which is perpendicular to the 
radius vector of the sun. The general effect of this couple on the rotation of the 
earth is very remarkable. It wiU be proved in a later chapter (1) that the period of 
rotation of the earth is unaltered, (2) that though the direction of the earth's axis 
is no longer fixed in space, yet the axis still preserves, on the whole, the same 
inclination to the plane of the earth's motion round the sun. Thus the permanence 
of the seasons, as far as these causes are concerned, remains unaffected. 

83. Qeneral Method of uaing D'Alembert's Prinoiple. 

The general problem in Dynamics which we have to solve may be 
stated thus. 

Any number of rigid bodies press both against each other and 
against fixed points, curves, or surfaces and are acted on by given 
forces ; find their motion. 

The mode of using D'Alembert's Principle for the solution 
may be stated thus. 

Let X, y, z be the co-ordinates of the centre of gravity of any 
one of these bodies referred to three rectangular axes fixed in 
space. Let three other co-ordinates of this body be chosen so 
that the three moments of the momentum of the body about 
three rectangular axes fixed in direction and meeting at the 
centre of gravity tnay be found conveniently in terms of them. 
Let \y A,, A, be these three moments of the momentum, and let 
M be the mass. Then the eflfective forces of the body are equi- 
valent to the three eflFective forces M -^ , M -^ , M t.? and to 
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dh^ djK, dh^ 
^ df dt ' 

I forces act at the centre of gravity parallel to the axes of x, y, z 
I respectively, and the three couples act round the three axes about 
r which the moraents of the momentum were taken. The effeetive 
I forces of all the other bodies of the system may be expressed in a 
[ umilar manner. 

Then all these effective forces and couples being reversed will 
I be in ecjnihbrium with the impressed forces. The equations of 
I equilibrium may then be found by resolving in such directions 
land taking moments about such straight lines aa may be con- 
f Tenient, Instead of reversing the effective forces it is usually 
I found more convenient to write the impressed and effective forces 
I OD opposite sides of the equations. 

Taking each body separately we may thus obtain by three 
t resolutions and three moments six equations of motion for each 
[ body. 

If two rigid bodies press against each other or against a fixed 

obstacle there may be one or more unknown reactions. But there 

will also be in general as many equations to express the conditions 

of contact. The mode of writing down these conditions of contact 

_ will be explained in the chapters which follow. 

Thus we shall have as many equations as there are co-ordinates 
I and reactions. But sometimes by a judicious choice of the direc- 
■itions in which we resolve, or of the straight lines about which we 
Ptake moments, we may (exactly as in Statics) avoid introducing 
|.aome of these reactions into the equations. This will reduce the 
I number of equations which have to be formed. We may also some- 
i times avoid these reactions by resolving or taking moments for 
l:.two of the bodies as if they formed for an instant one single 

These dififerential equations will then have to be solved. The 
I'different methods of proceeding will be explained further on, 
I Generally we can find one integral by a method called the princi- 
ple of Via Viva. A rule will be given to write down this integral 
without previously forming the equations of motion. 

We have here limited ourselves to the method of forming the 

^equations by resolving and taking moments. But we may proceed 

Ebttierwise, Thus Lagrange has given a method of writing down 

e equations of motion by which, amongst other advantages, the 

labour of eliminating the reactions is avoided. 
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Application of UAlemherts Principle to impulsive forces, 

84. If a force jP act on a particle of mass m always in the 
same direction, the equation of motion is 

where v is the velocity of the particle at the time t Let T be the 
interval during which the force acts, and let v, v' be the velocities 
at the beginning and end of that interval Then 

m(v'-u)»=f Fdt. 
Jo 

Now suppose the force F to increase without limit while the 
interval T decreases without limit. Then the integral may have 
a finite limit. Let this limit be P. Then the equation becomes 
m {v — v) = P. 

The velocity in the interval T has increased or decreased from 

V to v\ Supposing the velocity to have remained finite, let V be 
its greatest value during this interval. Then the space described 
is less than VT. But in the limit this vanishes. Hence the 
particle has not moved during the action of the force F, It has 
not had time to move, but its velocity has been changed from 

V to t/. 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the effects of the 
force. In the case of finite forces we have to determine both the 
change of place and the change in the velocity of the particle. It 
is therefore necessary to divide the whole time of action into 
elementary times and determine the effect of the force during 
each of these. But in the case of infinite forces which act for an 
indefinitely short time, the change of place is zero, and the change 
of velocity is the only element to be determined. It is therefore 
more convenient to collect the whole force expended into one 
measure. Such a force is called an impulse. It may be defined 
as the limit of a force which is infinitely great, but acts only 
during an infinitely short time. There are of course no such 
forces in nature, but there are forces which are very great, and 
act only during a very short time. The blow of a hammer is 
a force of this kind. They may be treated as if they were im- 
pulses, and the results will be more or less correct according to 
the magnitude of the force and the shortness of the time of 
action. They may also be treated as if they were finite forces, 
and the small displacement of the body during the short time of 
action of the force may be found. 
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The quantity P may be taken as the measure of the force. 
An impulsive force is measured by the whole mom^entum generated 
by the impulse. 

85. In determining the effect of an impulse on a body, the 
effect of all finite forces which act on the body at the sams time may 
be omitted. 

For let a finite force / act on a body at the same time as an 
impulsive force F. Then as before we have 



,.,.tllJjl.L.E. 



m m m m 



But in the limit fT vanishes. Similarly the force / may be 
omitted in the equation of moments. 

86. To obtain t/ie general equations of motion of a system 
a^cted on by any number of impulses at once. 

Let w, V, w, u\ v\ w' be the velocities of a particle of mass m 
parallel to the axes just before and just after the action of the 
impulses. Let X\ Y\ Z be the resolved parts of the impulse on 
m parallel to the axes. 

Taking the same notation as before^ we have the equation 

or integrating 

Sm(«'-«) = 2«j J(ft = 2X (1). 

Similarly we have the equations 

Sm («'- v) =2r (2). 

Sm (w'- w) = 2^' ,...(3), 

Again the equation 

becomes on integration 

or taken between limits, 

2»» {a!(i>'- 1>) -y (»'-«)} = 2 («r-yX') (4), 

6— ^ 
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and the other two equations become 

tm{y{w'''W)''z(v'-v)}^l{yZ'^zY') (5), 

2m {z (u — w) — a? (w'— w>) } = 2 {zX' — xZ') (6). 

In all the following investigations it will be found convenient 
to use accented letters to denote the states of motion after impact 
which correspond to those denoted by the same letters unaccented 
before ^he action of the impulse. Since the changes in direction 
and magnitude of the velocities of the several particles of the 
bodies are the only objects of investigation, it will be more conve- 
nient to express the equations of motion in terms of these veloci- 
ties, and to avoid the introduction of such symbols as -i- , -^ , -^ . 

87. In applying D'Alembert's Principle to impulsive forces the 
only change which must be made is in the mode of measuring the 
eflFective forces. If {% v, w), {u\ v\ w') be the resolved parts of the 
velocity of any particle, just before and just after the impulse, and 
if m be its mass, the effective forces will be measured by m{u —u), 
m(t/ — v), and m{w—w). The quantity w/ in Art. 67 is to be 
regarded as the measure of the impulsive force which, if the parti- 
cle were separated from the rest of the body, would produce these 
changes of momentum. 

In this case, if we follow the notation of Arts. 75 and 76, the 
resolved part of the effective force in the direction of the axis of z 

is the difference of the values of Sm -^ just before and just after 

the action of the impulses, and this is the same as the difference 

of the values of if ^ at the same instants. In the same way the 

moment of the effective forces about the axis of z will be the 
difference of the values of 



^ f dy dx\ 



just before and just after the action of the impulses. 

We may therefore extend the general proposition of Art. 83 to 
impulsive forces in the following manner. 

Let (Uy V, w), {u, V, w') be the velocities of the centre of gravity 
of any rigid body of mass Jf just before and just after the action 
of the impulses resolved parallel to anv three fixed rectangular 
axes. Let (A,, A,, AJ, (/i/, A,', A,') be the three moments of the 
momentum relative to the centre of gravity about three rect- 
angular axes fixed in direction and meeting at the centre of 
gravity, the moments being taken just before and just after the 
impulses. Then the effective forces of the body are equivalent to 



[ the three etlective lurcea M (u - u), M {v — v), Al {w ~w) acting 
I at the centre of gravity parallel to the rectangular axes together 
I with the three effective couples (A,' —A,), (/i,' -A,). (/i,'-^J about 
L those axes. 

These effective forces and couples being reversed will be in 
J equilibrium with the impressed forces. The equations of equili- 
\ brium mav then be formed acording to the rules of Statics. 



Two particles moTing i 
1 opposite directions with velooitiea ii 
it centre of gravity. 



I the same plane ftre projeoted in paralld but 

.ersel; proportional to Hu'v masBes. Find the 



I placed oa a perfectly smooth table, show how he may 



I 



Ei. 2. A person ii 

Ex. 3, Kiplaiii how a person sitting on a chair, is able to move the chair bi 
the room b; a series of jerks, without toaching the gronnd with his feet. 

Ex. i, A person is placcil at one end of a perfectly rough board which rests 
on a smooth table. Sappoaing he walix to tlie other end of the board, determine 
bow moch the board has moved. IT he stepped of! the board, show how to deter. 
mine its subsequent motion. 

Ei. 5. The tnotioQ o[ tho centre of grayity of a shell shot from a gon in vacoo 
It a parabola, and its motion is unaffected by the bursting of the sbelL 

Ex. 6. A rod revolving uniformly in a horizontal plane round a pivot at itt 
wxtremity suddenlj snaps in two : determine the motion of each pari. 
^ Ex. 7. A cube sUdes down a perfectly smooth inclined plane with four of its 
ed^ea horizontal. The middle point of the lowest edge comes in contact with 
a small fixed obstacle and ia reduced to rest. Cetennine if the cube is also reduced 
to rest, nod show that the resnltant impulsive action along the edge will not in 
general act along the inclined plane. 

Ex. S. Two persons A and B are situated on a perfectly smooth horizontal 
plane at a distance a from each other. A throws a ball to B vhich reaches B after 

a time I. Show that A will begin to slide along the plane with a velocity -^ where 
Jf is his own mass and m that of the ball. If the plane were perfectly rough, 
explain in general terms the nature of the pressures between A'a feet and the 
plane which would prevent him from aliding. Would these pressures have a single 
I nsultautt 

Ex. 9. A cannon rests on an imperfectly rough horizontal plane and is fired 
with such a charge that the relative velocity of the ball and cannon at the moment 
when the ball leaves the cannon is V. If M be the mass of the cannon, m that of 
the ball and m the coefficient of friction, show that the cannon will recoil a distance 



m'. 



n the plane 
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Ex. 10. A spherical cavity of radius a is cnt out of a cubical mass so that the 
centre of gravity of the remaining mass is in the vertical through the centre of the 
cavity. The cubical mass rests on a perfectly smooth horizontal plane, but the 
interior of the cavity is perfectly rough. A sphere of mass m, and radius 6, rolls 
down the side of the cavity starting from rest with its centre on a level with the 
centre of the cavity. Show that when the sphere next comes to rest, the cubical 

mass has moved through a space —z^ , where M is the mass of the remaining 

portion of the cube. Will the result be the same if the cavity were imperfectly 
rough or smooth ? 

Ex. 11. Two railway engines drawing the same train are connected by a loose 
chain and come several times in succession into collision with each other; the 
leading engine being a little top-heavy and the buffers of both rather low. The 
fore-wheels of the first engine are observed to jump up and down. What dynamical 
explanation can be given of this rocking motion ? At what level should the buffers 
be placed that it may not occur? Camh, Trans, Vol. vu. 

Ex. 12. Sir 0. Lyell in his account of the earthquake in Calabria in 1783, 
mentions two obelisks each of which was constructed of three great stones laid on the 
top of each other. After the earthquake, the pedestal of each obelisk was found to 
be in its original place, but the separate stones above were turned partially round 
and removed several inches from their position without falling. The shock which 
agitated the building was therefore described as having been horizontal and vorticose. 
Show that such a displacement would be produced by a simple rectilinear shock, 
if the resultant blow on each stone did not pass through its centre of gravity. See 
MalUt*t Dynamict of Earthquakes, 



CHAPTER III. 



MOTION ABOOT A FIXED AXIS. 



88. The Fundamental Theorem. A rigid body can turn 

freely about an tms fixed in the body and in apace, to find the mo- 
Tnent oftfie effective forces about the ojis of rotation. 

Let any plane passing through the axis and fixed in space be 
taken as a pjane of reference, and let be the angle wliich any 
other plane through the axis and fixed in the body makes with 
the first plane. Let m be the mass of any elenaent of the body, 
r its distauce from the axis, let ip be the angle a plane through the 
axis and the element m makes with the plane of reference. 

The velocity of the particle m is r -^ in a direction perpendi- 
cular to the plane containing the axis and the particle. The 
moment of the momentum of this particle about the axis is 

Hence the moment of the momenta of all the 

Since the particles of the body are rigidly 

coDoected with each other, it is obvious that -^ is the same for 
at 

every particle, and equal to -jr ■ Hence the moment of the mo- 
menta of all the particles of the body about the axis is Sntr* - 

i.e. the moment of inertia of the body aboitt the axia multiplied 
into the angular velocity. 



particles la % (mr* -^ 



The accelerations 
peqiendicular to, and along the directions in whlcli 




the particle m are t-~ and — f[^) 
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the momeDt of the moving forces of m about the axis is mr^ -^ , 
hence the moment of the moving forces of all the particles of the 
body about the axis is 2 imr^ -y^J . By the same reasoning as 

J'iQ 

before this is equal to Smr* -^^ , i.e. the moment of inertia of the 
body about the axis into the angular acceleration, 

89. To determine the motion of a body about a fixed a^ 
under the action of any forces. 

By D'Alembert's principle the eflfective forces when reversed 
will be in equilibrium with the impressed forces. To avoid intro- 
ducing the unknown reactions at the axis, let us take moments 
about the axis. 

Firstly, let the forces be impulsive. Let ©, m be the angular 
velocities of the body just before and just after the action of the 
forces. Then^ following the notation of the last article, 

o'. Smr* — 0) . 2mr* = L, 

where L is the moment of the impressed forces about the axis ; 

moment of forces about axis 



(O — G> = 



moment of inertia about axis 



This equation will determine the change in the angular velo- 
city produced by the action of the forces. 

Secondly, let the forces be finite. Then taking moments about 
the axis, we have 

d^0 moment of forces about axis 
df moment of inertia about axis ' 

This equation when integrated will give the values of and 

-t: at any time. Two undetermined constants will make their 

appearance in the course of the solution. These are to be deter- 

mined from the given initial values of and -^ . Thus the whole 

motion can be found. 

90. It appears from this proposition that the motion of a 
rigid body about a fixed axis depends on (1) the moment of the 
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pCoTces about that axis and (2) the moment of inertia of the body 
about the axis. Let Jfi-" be this moment of inertia, so that k ia 
the radius of gyration of the bo<ly. Then if the whole mass of 
the body were collected into a particle and attached to the fixed 
axis by a rod without inertia, whose length is the radius uf gyra- 
tion k, and if this system be acted on by forces having the same 
moment as before, and be set in motion with the same initial 

values of 6 and -7- , then the whole subsequent angular or gyra- 
tory motion of the rod will be the same as that of the body. We 
may say briefly, that a body turning about a fixed axis ia dyna- 
mically given, when we know its mass and radius of gyration. 



I 



Pf 91. Ex. A ptrfeetly rough circular horiioatal board it capable of revolving 
ftttly round a virtieal axil through its centre, A man ahote aeight ii equal U that 

of the board uiatki on and round it at the edge : uiJien he hat completed the ei 
what Kill be All poiition in ipace I 

Let a be the radins of the board, Jkft* ita moment at inertU aboot tbe vaitleal 
txU. Let u be the angnUr velocity ot the bo»rd, u' that of the man abont the 
tertioal'aiiB at an; time. And let i^ ha the action between the feet ot the man 
and (lie board. 



The equation of m 



n of the board i« b; Art 8 

wj.-r. 

n of the man U by Art. 79 



linating F and integrating, ve get 

tiw conitant being isro, because the man and the board start from rest. Let 
9, ff be the angles described b; the board and man ronnd the vertical aiis. Then 
• = ^, u' = ^.andt*(i+fl'ff'=0. Heooe. when fl'-9=^2»-, we have ?'=Ei^,3T. 



Let r be the D 
I or (he board. 



] relatife velocit}' with which the man walke along the board. 
B= - j5 — -j= - 5 - ■ This gi^e* tbs mean angular Telocity 



74 MOTION ABOUT A FIXED AXIS. 



On the Pendvium. 

92. A body moves ahovit a fixed horizontal axis acted on by 
gravity only, to determine the motion. 

Take the vertical plane through the axis as the plane of refer- 
ence, and the plane through the axis and the centre of gravity as 
the plane fixed in the body. Then the equation of motion is 

d^0 _ moment of forces .- v 

dt* "moment of inertia ^ 

_ JUgh sin 

where h is the distance of the centre of gravity from the axis and 
Mk^ is the moment of inertia of the body about an axis through 
the centre of gravity parallel to the fixed axis. Hence 

w-'i^h*'^'-' ^2)- 

The equation (2) cannot be integrated in finite terms, but if 
the oscillations be small, we may reject the cubes and higher 
powers of and the equation will become 

Hence the time of a complete oscillation is 27r >^ — 7— . If 

h and k be measured in feet and g = 3218, this formula gives the 
time in seconds. 

The equation of motion of a particle of any mass suspended 
by a string I is 

S+f-«i-^=0 ; (3). 

which may be deduced from equation (2) by putting A; = and 
h^l. Hence the angular motions of the string and the body 
under the same initial conditions will be identical if 

'-^-^' <*)• 

This length is called the length of the simple equivalent 
pendvlwm. 




CENTRE OF OSCILLATIOM. 

Centre of Oscillation. Through O, the centra of gravity of 
the body, draw a perpendicular to the axis of revolution cutting it 
in C. Then Cia called the centre of suspension. Produce GO toO 
BO that 00=1. Then is called the centre of oscillati(m. If the 
whole mass of the bodt/ (or indeed any mass) were collected at the 
centre of osciHation and suspended by a thread to the centre of 
suspension, its angular motion and time of osdUation would be the 
same as that of the body under the same initial circumstances. 

The equation (4) may be put under another form. Since 
CG = iand OG=i-A, we have 

OO. 60 = (rad.)' of gyration about G, 

CO . 00= (rad.)' of gyration about C, 

OG. 00 = (rad.)' of gyration about 0. 

Any of these equations show that if he made the centre of 
BuapensioD, the axis being parallel to the axis about which k waa 
taken, then C will be the centre of oscillation. Thus the centres 
of osdllatioti and suspension are convertible and the time of oscillOf 
tion ahoui each is llie same. 

If the time of oscillation be given, I is given aod the equa- 
lion (4) will give two values of /i. Let these values be A,, A . 
it two cylinders be described with that straight line as axis 
lUt which the radius of gyration k was taken, and let the 
radii of these cylinders be A,, A,. Then the times of oscillation of 
the body about any generating lines of these cylinders are the 

Game, and are approximately equal to Sn- 



VI 



' The poBitian of the centre ot oBcUlation of a body ms Grat correotl; det«r- 
miiiBd by HuyghBDB in his Borologium OtciHatorium pabliahed at Pane in 1673. 
The moct important of the theorema given in the text vera disoovered by him. As 
D'Alembert'a principle was not known at that time, Huyghena had to discover some 
primople for hiinwtf . The hypothesie waa, that when eeveral weights are pat in 
motion l^ the force ot gravity, in whatever manner they act on each other their 
oCOtie of gravity caimot be made to mount (o a height grenttr than that from which 
H has descended. Hnyghens considers that he assameB here only that a heavy body 
oannot ot itself move upwards. The next step in the arRument was. that at any 
instant the velocities of the particles are anch that, if they were separated from 
each other and properly guided, the centre of gmvity could be made to monnt to 
a teoond position oj high as its first position. For if not, consider the particles to 
start &om their lasl positions, to describe the same paths reversed, aod then again 
to be joined together into a penduJuin ; the centre of gravity would rise to its first 
position; but if this be higher than the sooond position, the hypothesis would be 
contradicted. This principle gives the eame equation which the modem principle 
ol Tis Viva would give, and the rest of the solution h not of much interest. 
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With the same axis describe a third cylinder whose radius 

is k. Then /=2A;+ ^ — ^ — , hence I is always greater than 2A% 

and decreases continually as h decreases and approaches the value 
k. Thus the length of the equivalent pendulum continually de- 
creases as the axis of suspension approaches from without to the 
circumference of this third cylinder. When the axis of suspension 
is a generating line of the cylinder the length of the equivalent 
pendulum is 2k, When the axis of suspension is within the 
cylinder and approaching the centre of gravity the length of the 
equivalent pendulum continually increases and becomes infinite 
when the axis passes through the centre of gravity. 

The time of oscillation is therefore least when the axis is a 
generating line of the circular cylinder whose radius is k. But the 
time about the axis thus found is not an absolute minimum. It 
is a minimum for all axes drawn parallel to a given straight line 
in the body. To find the axis about which the time is absolutely 
a minimum we must find the axis about which A: is a minimum. 
Now it is proved in Art. 23, that of all axes through the 
axis about which the moment of inertia is least or greatest is one 
of the principal axes. Hence the axis about which the time of 
oscillation is a minimum is parallel to that principal axis through 
about which the moment of inertia is least. And if Ml^ be the 
moment of inertia about that axis, the axis of suspension is at a 
diiBtance k mestsured in any direction from the principal axis. 

98. Ex. 1. Find the time of the small oscillations of a cube (1) when one 
iide is fixed, (2) when a diagonal of one of its faces is fixed ; the axis in both cases 
being horizontal. If 2a be a side of the cube, show that the length of the simple 

equivalent pendolom is in the first case - nj2a, and in the second case ^ a. 

* Ex. 2. An elliptic lamina is such that when it swings about one latus rectum 
as a horizontal axis, the other latus rectum passes through the centre of oscillation, 
prove that the eccentricity is i. 

• Ex. 8. A circular arc oscillates about an axis through its middle point perpen- 
dicular to the plane of the arc. Prove that the length of the simple equivalent 
pendulum is independent of the length of the arc, and is equal to twice the radius. 

- Ex. 4. The density of a rod varies as the distance from one end, show that the 
axis perpendicular to it about which the time of oscillation is a tniniTTinTn intersects 
the rod at either of the two points whose distance from the centre of gravity is 

g fj2a, where a is the length of the rod. 

Ex. 6. Find what axis in the area of an ellipse must be fixed that the time of 
a smaU oscillation may be a minimum. Show that the axis must be parallel to the 
major axis, and most bisect the semi-minor axis. 
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I 



Ex. 6. A nniioim atiolc h&ngB frefl; by une eud, the other end being alose U 
gtoniid. An aagolu velocity in b veitical plane is then oommnnicBted to the » 
Mid when it hftB risen through an angle oC 90°, the end b}' which it was hanging u 
Wbkt mast be the initial angul&r velocity eo that on fatling to the groaod 
It maf pitdi in an aprigbt pOHition ? Show that the required angular Teloait; u u 
giren by <^-^ [3 + -^l i wheie 2p is equal to any odd mtiltiple of r and 
Sa ia the length of the rod. 

E». 7. Two bodies con move treeiy and independently tinder the «otioa of 
gnvily about the same horizontal »x\« ; their massea are m, ni'. and the distances of 
their centres of gravity from the axis are h. A'. If the leogtha uf their eimple 
equivalent pendulums be L, L', prove that when fastened togutber in the poaitioni 
of eqailibrium the length of the equivalent pendulum will be - — - — -,-^, . 

Ei. 8. When it is required to regulate a dock withont stopping the pendulum, 
it is usual to add or subtract some small weight from a platform attached to the 
pendulum. Show that in order to make a given alteration in the going of the dock 
by the addition of the least possible veight, the platform must be placed at a dis- 
taace from the point ol Buspension equal to half the simple equivalent pendulum. 
Show also that a slight error in the position of the platform will not afteot the 
weight required to be added. 

Ei. 9. A circular tabic oentre O is supported by three legs AA', BB', CC which 
test on a perfectly rough horizontal floor, and a heavy particle P is placed on the 
table. Suddenly one leg CC gives way, show tliat the table and the particle will 
immediately separate if pi; be greater than ■' ; where p and c arc the distances of P 
and O respectively &om the line AB joining the tops of the legs, acd k is the radius 
of gyration of the table aod legn about the line A'B' joining the points where the 
la^ rest on the Soor. 

The condition of separation is that the initial normal acceleration of the point 
of the table at P should be greater than the normal acceleration of the paiticle 
itself. 

Ex. 10. A string without weight i^ i>la<;ed round a fixed ellipse whose plane is 
Terticol, and the two ends are fastened together. The length of the string is greater 
than the perimeter of the elUpue. A heavy particle can slide freely on the string 
and performs small oscillations under the action of gravity. Prove that the simple 
equivalent pendulum is the radius of cnrratare of the eoafoool ellipse passing 
through the position of eqailibrium of the particle. 

94. Effect of change of temperature. In a. clock which 

is regulated by a pendulum, it is necessary that the time of oecil- 
latioD should be invariable. As ail substances expand or contract 
with every alteration of temperature, it is clear that the distance 
of the centre of gravity of tlie pendulnm from the axis and the 
moment of inertia about that axis will be continually altering. 
The length of the simple equivalent peudulura does not however 
depend on either of these elements simply, but on their ratio. If 
then we can construct a pendulum such that the exiMtuBion or 
contraction of its different parts does not alter this ratio, the time 



I 

I 

I 
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of oscillation will be unaflfected by any changes of temperature. 
For an account of the various methods of accomplishing this which 
have been suggested, we refer the reader to any treatise* on clocks. 
We shall here only notice for the sake of illustration one simple 
construction, which has been generally used. It was invented by 
George Graham about the year 1715. 

Some heavy fluid, such as meronry, is enclosed in a cast-iron cylindrical jar 
into the top of which an iron rod is screwed. This rod is then suspended in the 
usual manner from a fixed point. The downward expansion of the iron on any 
increase of temperature tends to lower the centre of oscillation, but the upward 
expansion of the mercury tends on the contrary to raise it. It is required to 
determine the condition that the position of the centre of oscillation may on the 
whole be unaltered. 

Let Mk^ be the moment of inertia of the iron jar and rod about the axis of 
suspension, c the distance of their common centre of gravity from that axis. Let 
I be the length of the pendulum from the point of suspension to the bottom of the 
jar, a the internal radius of the jar. Let nM be the mass of the mercury, h the 
height it occupies in the jar. 

The moment of inertia of the cylinder of mercury about a straight line through 

js + x) • 
Henoe the moment of inertia of the whole body about the axis of suspension is 

and the moment of the whole mass collected at its centre of gravity is 

The length L of the simple equivalent pendulum is the ratio of these two, and on 
reduction we have 

Let the linear expansion of the substance which forms the rod and jar be 
denoted by a and that of mercury by /3 for each degree of the thermometer. If the 
thermometer used be Fahrenheit's, we have a ='0000065668, /3= -00003336, accord- 
ing to some experiments of Dulong and Petit. Thus we see that a and /3 are so 
small that their squares may be neglected. In calculating the height of the mercury 
it must be remembered that the jar expands laterally, and thus the relative vertical 
expansion of the mercury is 3^ ~ 2a, which we shall represent by y. 

If then the temperature of eveiy part be increased t^, we have a, 2, 2r, c, all 
increased in the ratio 1+at : 1, while h is increased in the ratio l + 7t : 1. Since 
L is to be unaltered, we have 

(dL dL, dL, dL \ dL ^ ^ 

* Beid on Cloclu; Denison's treatise on Clocki and Cloekmaking in Weale's 
Series, 1867; Captain Eater's treatise on Mechanics in Lardner's Cyclopedia, 1830. 
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It L in a bomogBDeous (anatioii of oi 



) dimenaioUi hence 
dL dL j^ 



The oondition beoomea therefors by aabititutioi) 



L«t .1, B be tlie nnmerntor and denominator of (he eipression for L gi 
equation (1). Then lukiag the logBrithmic difFeiential 

Ldk A ^ B B \l7^ *2f 

Henee the required condition is 

, « ('4i-'). 



This oa]flulation ie of more theoretical than practical importance, (or the nnme- 
rical values ot a and ^ depend a good deal on the puritj' of the metals and on the 
mode in chich thej have been vorked. The adjustment must therefore be finallj 
ms'Ie bj eiperiment. 

Id the investigation we have snppoced a and j9 to be absolntel; oonstaQt, bat 
this is onlj a very near approximation. Thns a change ot 60° Fah. wonld alter |9 
by less than a fiftieth of its valae. 

When the adjnstment is made the compensation is not striotl; correct, for the 
iron jar and merpary have been sapposcd to be of uniform temperature. Now Ibe 
different materials of which the pendnlnm is composed absorb heat at different 
rates and therefore while the temperature is changing there will be some alight 
error in the clock. 

95. Buoyancy of Air, Aoather cause of error in a clock 
pendulum is the buoyancy of the air. This produces an upward 
force acting at the centre of gravity of the volume of the pendulum 
equal to the weight of the air displaced. A very slight modifica- 
tion of the fundamental investigation in Art. 92 will enable us 
to take this into account. Let V be the volume of the pendulum, 
D the density of the air; A,, A,, the distances of the centres of 
gravity of the mass and volume respectively from the asta of 
suspension, J/A;* the moment of inertia of the mass about the axis 
of suspension. Let us also suppose the pendulum to be sym- 
metrical about a plane through the axis and either centre of 
gravity. 

The equation of motion is then 
. Mi^-^=-Mg\^me■\■VDg\^uiB (I). 
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By the same reasoning as before we infer that if I be the 
length of the equivalent pendulum 

1^K'K-M (2). 

The density of the air is continually changing, the changes being 
indicated by variations in the height of the barometer. Let h be 

VD 

the value of h^ — A, -^ for any standard density D. Suppose the 

actual density to be i) + £i) and let l-\-hl be the corresponding 
length of the seconds pendulum, then we have by differentiation 

-jj- = A, — jj^ , and therefore 

U_\VDhD 
fh M D ' 

If 7 be the time of oscillation, we have 



m o /i . BT IBI 
r=27r^-,and.-. ^ = 2-^. 



96. Ex. 1. If the centres of gravity of the mass and yolame were very nearly 
ooincident and the weight of the air displaced were ^Vv o^ ^® weight of the 
pendnlam, show that a rise of one inch in the barometer would cause an error in 
the rate of going of the seconds pendulum of nearly one-fifth of a second per day. 

This example wiU enable us to estimate the general effect of a rise of the 
barometer on the rate of going of an iron pendulum. 

Ex. 2. If we afi^ to the pendulum rod produced upwards a body of the same 
▼olome as the pendulum bob but of very small weight, so that the centre of gravity 
of the volume lies in the axis of suspension, show that the correction for buoyancy 
vanishes. This method was suggested in 1871 by Sir George Aiiy, but he remarks 
that this construction would probably be inconvenient in practice. 

Ex. 8. If a barometer be attached to the pendulum show that the rise or fall of 
the mercury as the density of the air changed could be so arranged as to keep the 
time of vibration unaltered. This faiethod was suggested first by Dr Bobinson of 
Armagh in 1881 in the fifth volume of the memoirs of the Astronomical Society, 
and afterwards by Mr Denison in the Astronomical Notices for Jan. 1878. In the 
Amuigh Places of Stars published in 1859, Dr Bobinson describes the difficulties 
he found in practice before he was satisfied with the working of the dock. 

The theozy of this construction is that in differentiating equation (2) we are to 

suppose k^t &o, variable and I constant. This gives -^ — -=B{Mhi)-'d(h^VD). 

Let r be the rise of the barometer in the glass tube, r' the fall in the cistern, then 
f'=mr, where m is a known fraction depending on the dimensions of the barometer. 
Let a and b be the depths of the mercury in the tube and cistern below the axis of 
suspenuon, 2c the diameter of the tube, p the density of the mercury. Since irc*pr 
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Ided to the top of the mercnrj ii 

(jr..|.-c,r|(.-0'-(.+0'|. 
.(,m,l=rf„|(.-:)-(jt0|. 

These axe oeanrate i/ the barometor be morel; a bent tube bo that the ojUnden 
tmiBretTed $ne timilar an well as eqaal; in this caae in = I. If the area of the 
oiilcim be greater than that of the tube tie have here neglected the difference of the 
momenta of iuertia of the too cjlinders about axes through theii centre of giavity, 
Aa r ia seldom more than ooe inch, we maj write these 

l^SIh^) = Te'pr {a -b). 
Since D i» ver; small, ve ma; neglect the variations of V\ when mnlttplied 
by D. Thus we have 

— ~ ■•"'^P fl + 6- 1 

D ~ YDk^ I ""' 

irhere H=b-a is the height of the barometer. If the temperature of the lur be 

iiD«lteT«d we have -jr=^^ and r(l + m) = Ii{. The required condition ia therefore 
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It ii olearl; necessary that <i + b>f. The jar of merear; in Graham's mercurial 
twndulQm might be used as the cistern of the barometer, as Ur Denison remaikB. 
The height of the barometer being SO inches this would hardl; be effective unless 
the pendulum was longer than the seconds pendalum. which ia about 39 inches- 
Prof. Banking read a paper to the British AsaociatioD in 1853 in whioh he 
proposed to use a dock with a centrifugal or revolving pendulum, part of which 
ahoold consist of a siphon barometer. The rising and falling of the barometer 
would aflect the rate of going of the clock and thenoe the nwon height of the 
meiDuria] column duriog anj lang period would register itself. 

Ei. 4. If the pendulum be supposed to drag a quantity of air with it which 
bean a oonstant ratio to Ihe density D at the surrounding air and adds yD to the 
moment of inertia of the pendulum without increasing the moving power, show that 
the change prodnred in the simple equivalent pendulnm b; a change of density iD 
is given by SI = 7^ . Show that this might be included in Dr Bobinson'a mode 
of correcting for buoyano;. 

97. Moments of Inertia found liy experiment. In many 

experimeutal invest igatious it \^ necessary to determine the 
moment of inertia of the body experiineuted ou about some 
axis. If the body be of regular shape and be so far homogeneous 
that the errors thus produced are of the order to be neglected. 
we can determine the moment of inertia by calculation. But 
Bometimes this cannot be done. If we can make the body oscillate 
R.D. 6 
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under gravity about any axis parallel to the given axis placed 
in a horizontal position, we can determine by equation (4) of 
Art. 92 the radius of gyration about a parallel axis through the 
centre of gravity. This requires however that the distances of 
the centre of gravity from the axes should be very accurately 
found. Sometimes it is more convenient to attach the body to a 

Eendulum of known mass whose radius of gyration about a fixed 
orizontal axis has been previously found by observing the time 
of oscillation. Then by a new determination of the time of 
oscillation, the moment of inertia of the compound body, and 
therefore of the given body, may be found, the masses being 
known. 

If the body be a lamina, we may thus find the radii of gyration 
about three axes passing through the centre of gravity. By 
measuring three lengths along these axes inversely proportional 
to these radii of gyration, we have three points on a momental 
ellipse at the centre of gravity. The ellipse may then be easily 
constructed. The directions of its principal diameters are the 
principal axes, and the reciprocals of their lengths represent on 
the same scale as before the principal radii of gyration. 

If the body be a solid, six observed radii of gyration will de- 
termine the principal axes and moments at the centre of gravity. 
But in most cases some of the other circumstances of the particular 
problem under consideration will simplify the process. 



On the length of the Seconds Pendulum. 

98. The oscillations of a rigid body may be used to determine 
the numerical value of the accelerating force of gravity. Let t be 
the half time of a small oscillation of a body made in vacuo about 
a horizontal axis, h the distance of the centre of gravity from the 
axis, k the radius of gyration about a parallel axis through the 
centre of gravity. Then we have by Art. 92, 

A* + A" = \At* (1), 

where X = ~, so that X is the length of the simple pendulum 

whose complete time of oscillation is two seconds. 

We might apply this formula to any regular body for which 

i^ and h could be found by calculation. Ekperiments have thus 

been made with a rectangular bar, drawn as a wire and suspended 

h^ + h* 
from one end. In this case — r— which is the length of the 

simple equivalent pendulum is easily seen to be two-thirds of the 
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length of tbe rod. The preceding formula then gives X or ^f as 
Boon as the time oi oscillation has been observed. By inverting 
tbe rod and taking tbe mean of the results in each position any 
error arising from want of uniformity in density or figure may 
be partially obviated. It has, however, been found impracticable 
to obtain a rod sufficiently uniform to give results in accordance 
with each other. 

99. If we make a body oscillate about two parallel axes in 
succession not at the same distance from the centre of gravity, we 
get two equations similar to (I), viz. 




Z^ + A"^ 



..(2). 



Between these two we may now eliminate f , thus 



..(3). 



This equation gives \. Since A'* has disappeared, the form and 
structure of the body is now a matter of no importance. Let a 
body be constructed with two apertures into which knife edges 
can be fixed. By means of these resting either on a horizontal 
plane or in two triangular apertures to prevent slipping, the body 
can be made to oscillate through small arcs. Tbe perpendicular 
distances h. A', of the centre of gravity from the axes must then be 
measured with great care. The formula will then give X. 

100. In Capt. Eater's method (Biil. Trans., 1818) the body 
has a sliding weight in the form of a ring which can he moved 
up and down by means of a screw. The body itself has the 
form of a bar and the apertures are so placed that the centre of 
gravity lies between them. The ring weight is then moved until 
the two times of oscillation are exactly equal. The equation (3) 
then becomes 



■■(*), 



which determines X. The advantage of this construction is that 
the position of the centre of gravity, which is very difBcult to find 
by experiment, is not required. All we want is h +A', the exact 
distance between the knife edges. The disadvantage is that the 
ring weight has to be moved until two times of oscillation, each of 
which it is difficult to observe, are made equal. 

101, The equation (3) can be written in the form 

A + A' t' + t"' , 1 A+A' _, 

^r=-2-+iA-v<^-^'- 
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We now see that if the body be so constructed that the times 
of oscillation about the two axes of suspension are very nearly 
equal t* — t " will be small, and therefore it will be sufficient in 
the last term to substitute for h and h' their approximate values. 
The position of the centre of gravity is of course to be found as 
accurately as possible, but any small error in its position is of 
no very great consequence, for these errors are multiplied by the 
small quantity t* — t". The advantage of this construction over 
Eater^s is that the ring weight may be dispensed with and yet 
the only element which must be measured with extreme accuracy 
is A + A', the distance between the knife edges. 

102. In order to measure the distance between the knife 
edges, Captain Kater first compared the different standards of 
length then in use, in terms of each of which he expressed the 
len^h of his pendulum. Since then a much more complete com* 

Sanson of these and other standards has been made imder the 
irection of the Commission appointed for that purpose in 1843. 
Phil. Trans. 1857. 

Having settled his unit of length, Captain Eater proceeded to 
measure the distance between the knife edges by means of micro- 
scopes. Two different methods were used, which however cannot 
be described here. As an illustration of the extreme care neces- 
sary in these measurements, the following fact may be mentioned. 
Though the images of the knife edges were always perfectly sharp 
and well define^, their distance when seen on a black ground was 
•000572 of an inch less than when seen on a white ground. This 
difference appeared to be the same whatever the relative illumi- 
nation of the object and ground might be so long as the difference 
of character was preserved. Three sets of measurements were 
taken, two at the beginning of the experiments, and the third after 
some time. The object of these last was to ascertain if the knife 
edges had suffered from use. The mean results of these three 
differed by less than a ten-thousandth of an inch from each other, 
the distance to be measured being 39*44085 inches. 

103. The time of a single vibration cannot be observed di- 
rectly, because this would require the fraction of a second of time 
as shown by the clock to be estimated either by the eye or ear. 
The difficulty may be overcome by observing the time, say of a 
thousand vibrations, and thus the error of the time of a single vi- 
bration is divided by a thousand. The labour of so much counting 
may however be avoided by the use of "the method of coinci- 
dences." The pendulum is placed in front of a clock pendulum 
whose time of vibration is slightly different Certain marks made 
on the two pendulums are observed by a telescope at the lowest 
point of their arcs of vibration. The field of view is limited by 
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a diaphragm to a narrow aperture across whicb the marks are 
seen to pass. At each succeeding vibration one pendulum follows 
the other more closely, and at last its mark is completely covered 
by the other during their passage across the field of view of the 
telescope. After a few vibrations it appears again preceding the 
other. In the interval from one disappearance to the next, one 
pendulum has made, as nearly as possible, one complete oscillation 
more than the other. We have therefore to count the number 
of vibrations made by either pendulum in the interval. At the 
beginning of the counting let one pendulum coincide with the 
other a-i nearly as we can judge. Suppose that after n half vibra- 
tions of the clock pendulum the next coincidence had not quite 
arrived, but that after n + 1 half vibrations the coincidence had 
parsed. If the clock pendulum be the slower of the two, the 
other must have made n + 2 or n + 3 half vibrations in the in- 
terval. Thus the time of one half vibration of the pendulum 

lies between the fractions r; and — ;= of the period of the 

clock vibration. Taking either of these estimates as the real 
time of a half vibration of the pendulum the error is less than the 

fraction j — -^-^ ^ of the time of a half vibration of the clock 

pendulum. It appears from this that the error varies nearly in- 
versely as the square of the number of vibrations between two 
coincidences. In this manner 530 half-vibrations of a clock 
pendulum, each equal to a second, were found to correspond to 532 
of Captain Kater's pendulum. The error of this estimate is so 
small that in twenty-four hours it would accumulate only to about 
three-fifths of a second. The ratio of the times of vibration of the 
pendulum and the clock pendulum may thus he calculated with 
extreme accuracy. The rate of going of the clock must then 
be found by astronomical means. 

The reader should notice the resemblance between this process 
of comparing two clocks with the use of the vernier in comparing 
lengths. Of course there are differences, because the vernier is 
applied to space, and we have here to do with tima But the 
general principle is the same. 

104i. The time of vibration thus obtained will require several 
corrections which are called " reductions." For instance, if the 
oscillation be not so small that we can put sin 5 = 5 in Art. 92, we 
must make a reduction to infinitely small arcs. The general 
method of effecting this will be considered in the chapter on Small 
Oscillations. Another reduction is necessary if we wish to reduce 
the result to what it would Lave been at the level of the e 
The attraction of the intervening land may be allowed for by 
Dr Young's rule (Fhil. Trans. 1819), We may thus obtain the 
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force of ^vity at the level of the sea, supposing aU the land 
above this level were cut off and the sea constrained to keep its 
present level As the level of the sea is altered by the attraction 
of the land, further corrections are still necessary if we wish to re- 
duce the result to the surface of that spheroid which most nearly 
represents the earth. See Camb, Phil, Trans, Vol. x. 

Mr Baily gives as the length of the pendulum vibrating in half 
time a mean solar second in the open air in the latitude of 
London 39133 inches, and the length of a similar pendulum 
vibrating sidereal seconds 38*919 inches. 



105. OoRMtiOB fn WmAaftKDC^ of tlM Air. The obserrations muBt be mftde 
in the air. To oorreot for this we have to make a redaction to a vaoanm. This 
reduction consists of three parts : (1) The correction for buoyancy, (2) Da Boat's 
correction for the air dragged along by the pendalom, (S) The resistance of the air. 

Let V be the volume of the pendulum which may be found by measuring the 
dimensions of the body. As the " reduction to a vacuum " is only a correction, any 
sxnaU unavoidable errors in calculating the dimensions will produce an efifect only 
of the second order on the value of X. Let p be the density of the air when the 
body is oscillating about one knife edge, p' the density when oscillating about the 
other. If the observation be made within an hour or two hours, we may put p=p'. 
The effect of buoyancy is aUowed for by supposing a force Vpg to act* upwards at 
the centre of gravity of the volume of the body. If the body be made as nearly as 
possible symmetrical about the two knife edges this centre of gravity wiU be half 
way between the knife edges. 

Du Buat discovered by experiment that a pendulum drags with it to and fro a 
certain mass of air which increases the inertia of the body without adding to the 
moving force of gravity. This result has been confirmed by theoiy. The mass 
dragged bears to the mass of air displaced by the body a ratio which depends on the 
external shape of the body. Let us represent it by fiVp, If the body be symmetri- 
cal about the knife edges, so that the external shape is the same whichever edge is 
made the axis of suspension, /jl wiU be the same for each oscillation. Since this 
mass is to be collected at the centre of gravity of the volume, we must add to the 

k* of equation (1) in Art. 92, and therefore also in Art. 98, the term — ^ ( -a—) • 
Taking these two corrections the equation (1) of Art. 98 will now become 

where m is the mass of the pendulum. Similarly for the oscillation about the other 
knife edge. 

We must eliminate k* as before. If the observations about the two knife 
edges succeed each other at a short interval we may put p=p', and then Du Buat's 
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srj gre»t sdvantftge. We then have' 



•>{^-iy 






a being vetj Bmall be«aiiBa t and t' are iiakriy equil. 



The resirtanoo of the air will be some funotion of the Bugnlar velocity -j- of the 
pendnlnm, SiniK the angular velooity is Tei7 small we aiay eipaad tliia fnnctioD 
■nd take ouly the gret poner. Supposing Madaurin's theorem not to fail, and that 
no coefficient of a higher power than the first is Tsiy great, this gifes a re 

Iproportioiinl lo ^ , The equation of motion will therefore take the form 



3r.t»'»- 



di* 



yli' 



(rhere — is the time of a complete oeciUation in a vacaiun and the term on the 

right-hand side is that due to tho reaistanoe of the air. The diBCOsaion of this 
equation will be found in Ibe chapter on Small Oacillationa. 

lOG. Constmction of a pendulum. Iq coDstructiog a 
reversible penduliiin to measure the force of gravity, the following 
are points of importance. 

I 1. The axes of suspension, or knife edges, must not be at the 

H nme distance from the centre of gravity of the mass. They 
I should be parallel to eacli other. 

2. The times of oscillation about the two knife edges should 
be nearly equal, 

3. The external form of the body must be eymmetrical, and 
the same about the two axes of suspension. 

»4. The pendulum must be of such a regular shape that the 
dimensions of all the parts can be readily calculated. 

These conditions ore satbfied if the pendulum be of a rect- 
angular shape with two cylinders placed one at each end. The 
external forms of these cylinders are to be equal and similar, but 
one is to be solid and the other hollow, and such that by calcula- 
tion of momenta of inertia the distance between the knife edges is 
to be as nearly as possible equal to the length of the simple equi- 
valent pendulum. 

^ 5. The pendulum should be made, as far as possible, of one 

B metal, so that as the temperature changes it may be always similar 

I to itself. In this case since the times of oscillations of similar 

bodies vary as the square root of their linear dimensions, it is 

* ThiE formula was mentioned to the aatbor as the one used in the late 
la bj Capt. HeaYiBide to determine the length of the aeconda pendulum. 
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easy to reduce the observed time of oscillation to a standard tem- 
perature. The knife edges however must be made of some strong 
substance not likely to be easily injured. 

107. Ex. 1. If the knife edges be not perfectly sharp, let r be the difference of 
their radii of ouryatore, show that 

A 

veiy nearly when the pendnlnm vibrates in vaoao. It appears that the correction 
vanishes if the knife edges be only equaUy sharp. By interchanging the knife edges 
we have the same equation with the sign of r changed. By making a few observa- 
tions we may thus determine r. A proposition similar to this has been ascribed to 
Laplace by Dr Tonng. ^ 

Let />, p* be the radii of cnrvatore of the knife edges. Then by taking moments 
about tiie instantaneous axis we may show (as in Art. 98)^hat Jk> + ft3=X(A+p)r'. 

Since p is smaU we may write this in the form k^^h^-{k^-\-h*)^=\kTK The times 

A 

of vibration r, r' are nearly equal, hence by Art. 92 we have k^=hhf very nearly. 
Substituting this value of ft in the small terms we get 

There is a similar equation for the pendulum when it vibrates about the other knife 
edge, which may be obtained from this, by interchanging h, h' and r, /. Eliminat- 
ing ib* as in Art. 99, and remembering that r=p'-'p, we obtain the result to be 
proved. 

Ex. 2. A heavy spherical ball is suspended successively by a very fine wire 
from two points of support A and B whose vertical distance b has been carefully 
measured, thus forming two pendulums. The lowest point of the ball is, on each 
suspension, made to be as exactly as possible on the same level, which level is 
approximately at depths a and a' below A and B respectively. If r be the radius of 
the ball, which is small compared with a or a\ and 2, V the lengths of the simple 

l-V 2 r* 

equivalent pendulums, prove that —r- = 1 - ? . _ w ^- ^ ^®^ nearly. By count- 
ing the number of oscillations performed in a given time by each pendulum, show how 
to find the ratio y, • Thence show how to find g and point out which lengths must 

be most carefully measured and which need only be approximately found, so as to 
render this method effective. This method is mentioned in Grant's Hietory of 
Phytical Attronomy^ page 155, as having been used by Bessel. 

108. A Standard of Length. The length of the seconds 
pendulum has been used as a national standard of length. By an 
Act of Parliament passed in 1824, it was declared that the distance 
between the centres of the two points in the gold studs in the 
straight brass rod then in the custody of the clerk of the House of 
Commons, whereon the words and figures " standard yard, 1760 " 
were engraved, shall be the original and genuine standard of length 
called a yard, the brass being at the temperature of 62' Fah. And 
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as it was expedient that the said standard yard if injured should be 
restored of the same length by reference to some invariable natural 
standard, it was enacted, that the new standard yard should be of 
such length that the pendulum, vibrating seconds of mean time in 
the latitude of London in a vacuum at the level of the sea, should 
be 391393 inches. 

On Oct. 16, 1834, occurred the fire at the Houses of Parlia- 
ment, in which the standards were destroyed. The bar of 1760 
was recovered, but one of its gold pina bearing a point was melted 
out and the bar was otherwise injured. 

In 1838 a commission was appointed to report to the Govern- 
ment on the course best to be pursued under the peculiar circum- 
stances of the case. 

In 1841 the commission reported that they were of opinion 
that the definition by which the standard yard is declared to be 
a certain brass rod is the best which it is possible to adopt. With 
respect to the provision for restoration they did not recommend 
a reference to the length of the seconds pendulum. " Since the 
passing of the act of 1824 it has been ascertained that several 
elements of reduction of the pendulum experiments therein re- 
ferred to are doubtful or erroneous ; thus it was shown by Dr 
Young, Phil. Trans. 1819, that the reduction to the level of the 
sea was doubtful; by Bessel, Astron. Nachr. No. 128, and by 
Sabine, Phil. Trans. 1829, that the reduction for the weight of air 
was erroneous; by Baily, Phil. Trans. 1832, that the specific 
gravity of the pendulum was erroneously estimated and that the 
faults of the s^te planes introduced some elements of doubt; by 
Kater, PhiL Trans. 1830, and by Baily, Astron. Soc. Sfemoirs, 
Vol. IX., that very sensible errors were introduced in the operation 
of comparing the length of the pendulum with Shuckburgh's scale 
used as a representative of the legal standard. It is evident, 
therefore, that the course prescribed by the act would not neces- 
sarily reproduce the length of the original yard." 

The commission stated that there were several measures 
which had been formerly accurately compared with the original 
standard yard, and by the use of these the length of the original 
yard could be determined without sensible error. 

In 1843 another commission was appointed to compare all the 
existing raea.sures and construct from them a new Parliamentary 
standard. Unexpected difficulties occurred in the course of the 
comparison, which cannot bo described here. A full account of 
the proceedings of the commission will be found in a paper 
contributed by Sir G. Airy to the Royal Society in 1857. 
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Oscillation of a Woitch Balance. 

109. A rod BCB can turn freely about its centre of gravity 
C which is fixed, and is acted on by a very fine spiral spring GPB, 
The spring has one end C fixed in position in such a manner that 
the tangent at C is also fixed, and has the other end B attached 
to the rod so that the tangent at B makes a constant angle with 
the rod. The rod being turned through any angle, it is required 
to find the time of oscillation. This is the construction used 
in watches, just as the pendulum is used in clocks, to regulate 
the motion. 

Let Cx be the position of the rod when in equilibrium, and 
let 6 be the angle the rod makes with Gx at any time t, Mlf the 
moment of inertia of the rod about (7. Let p be the radius of 
curvature at any point P of the spring, p^ the value of p when in 
e<]pilibrium. Let (a?, y) be the co-ordinates of P referred to (7 as 
ongin and Cx as axis of x. Let us consider the forces which act 
on the rod and the portion BP of the spring. The forces on the 
rod are X, Y the resolved parts of the reaction at G parallel to the 
axes of co-ordinates, and the reversed effective forces which are 

equivalent to a couple Mlf -^ . The forces on the spring are, the 

reversed effective forces which are so small that they may be 
neglected, and the resultant action across the section of the spring 
at P. This resultant action is produced by the tensions of the 
innumerable fibres which make up the spring, and these are 
equivalent to a force at P and a couple. When an elastic spring 




is bent so that its curvature is changed, it is proved both by 
experiment and theory that this couple is proportional to the 
change of curvature at P. We may therefore represent it by 

E\ ) , where E depends only on the material of which the 

spring is made and on the form of its section. 

Taking moments about P to avoid introducing the unknown 
force at P, we have 
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This equation is true whatever point P may be chosen. Con- 
sidering the left side constant at any moment and {x, j/) variable, 
[ this becomes the intrinsic equation to the form of the Bpriog. 

Let BP = 8, multiply this equation by da and integrate along 
I the whole length / of the spiral spring, we have 



"^Krti^^h-^h- 



is the angle between two consecutive normals, hence 

is the angle between the extreme normals. Now at A the 
normal to the spring is tixed throughout the motion, therefore 
II ) is the angle between the normals at B in the two 

J\PPo' 

positions in which = 6 and ^ = 0. But since the normal at B 

makes a constant angle with the rod, this angle is the angle 

which the rod makes with its position of equilibrium. Also if 

I S, 3/ be the co-ordinates of the centre of gravity of the spring at 

' the time t, we have jxda = xi, i^ds = yl. Hence the equation of 

motion becomes 



Let us suppose that in the position of equilibrium there is no 
pressure on the axis C, then X and Fwill, throughout the motion, 
be small quantities of the order 0. Let ua also suppose that the 
fulcrum 6 is placed over the centre of gravity of the spring when 
at rest. Then if the number of spiral turns of the spring be 
numerous and if each turn be nearly circular, the centre of gravity 
will never deviate far from C. So that the terms Yx and Xy are 
[ each the product of two small quantities, and are therefore at least 
L <rf the second order. Neglecting these terras we have 



iTA* 



d'e 



E„ 



/Mm 



Hence the time of oscillation is 2nr 

It appears that to a first approximation the time of oscillation 
[ ifi independent of the form of the spring in equilibrium, and 
- depends only on its length and on the form of its section. 

This brief discussion of the motion of a watch balance is taken 
from a memoir presented to the Academy of Sciences. The 
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reader is referred to an article in Liouville*s Journal, 1860, for a 
further investigation of the conditions necessary for isochronism 
and for a determination of the best forms for the spring. 



^, 



Pressures on the fixed aais. 



110. A body moves about aficced axis under the action of any 
forces, to find the pressures on the axis. 

Firstly. Suppose the body and the forces to be symmetrical 
about the pls^ne through the centre of gravity perpendicular to 
the axis. Then it is evident that the pressures on the axis are 
reducible to a single force at C the centre of suspension. 

Let F, O be the actions of the point of support on the body 
resolved alonff and perpendicular to CO, where is the centre 
of gravity. Let X, Y be the sum of the resolved parts of the 
impressed forces in the same directions, and L their moment round 
C. Let CO = h and 5 = angle which CO makes with any straight 
line fixed in space. 




Taking moments about C, we have 

d*0 L 



de Jlf(A"+A«) 



(1). 



The motion of the centre of gravity is the same as if all the 
forces acted at that point. Now it describes a circle round C\ 
hence, taking the tangential and normal resolutions, we have 






(2). 



, (de^* x+F ... 



Equation (1) gives the values of -^ and -ij, and then the 
pressures may be found by equations (2) and (3). 
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If the only force acting on the body be that of gravity, let 6 
be measured from the vertical. We have 



X = Mg CI 



integrating, we have 



' di' 



(1)' 






gyt 



-W, 



If the angular velocity of the body be fl when CO is horizontal, 
we have M = fl when co8fl=0. We find C=fl'. Substituting 
these values in (2) and (3) we get 

. . k* 

i> = q&inff Ti j , 

where 6 is the angle the perpendicular drawn from the centre of 
gravity of the body on the axis makes with the vertical measured 
downwards". 

111. In m&a; problems we require the vertical and hoiizantal componentB of 
the preaeore, and more porticalarty the positioDS of [he bodj in which either of 
these componeats changoB sigii. If, for instiuicc. the bod; were a wedge supported 
b? its edge on s peifecti; rough borixonlui table it mity be regarded aa turning 
loiiDd a horizoDtal axis. Bnt the table oaii only exert an apward vertioal preaanre 
on the body, if thea tbe vertical prcsBiire chanees sign as the body moves, the 
wedge will leave the table and the whole motion will be different. 

Let Q be the vertical pressure an the body measured upwards when positive, 
and P the horizontal pressure measured to the left when the centre of gravity is on 
the right hand side ol the vertical plane tbroagh the aiit. For the sa^ of brerit; 






*»+*' 



, and b=ff 



fc' + ft^' 






' Let Ji be the resoltant of 



Then we find 



+ a'h and ;ri.andletii 



^ . Construct an ellipae with C for centre and axea equal 



to a and b measured along and perpendicular to CO. Then the resultant pressnre 
varies aa the diameter along which it acts. And the direction may be found thus ; 
let the auxiliary circle cut the vertical in V, and let the perpendicular from V oi 
CO cut the ellipse in it. Then CB is the direction of the prcs-^ure. 
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Ab the expression for the vertical pressure is not altered by changing the sign of 
9, we need only consider its changes of sign as the centre of gravity moves, say, 
upwards. Similar changes will occur during the descent of the centre of gravity. 

We see also that the vertical pressure is always upwards when the centre of 
gravity of the body is below the horizontal plane through the axis. Consider then 
the two extreme positions in which the centre of gravity lies, (1) in the horizontal 
plane through the axis, and (2) that in which it is vertically over the axis. 

In these two positions Q has opposite signs if Cfih>a and the intervening 

vanishing points are given by a quadratic equation. Hence we infer that as the 

centre of gravity moves from one position to the other, the vertical pressure will 

vanish once and change sign if ifih^-a. If this inequality does not hold the 

vertical pressure will be directed upwards in both the extreme positions. To 

determine if it can vanish for any intervening position of the body we must 

ascertain if the minimum value of Q is positive or negative. By differentiation we 

-CPh 
find Q is least when oos^s^tt — it* And thence by substitution we find the least 

2(a-b) 

value of Q to be M{b-{a-b)QOB^0}, 

If Cfih be less than 2{a-b) and greater than 2jb(a-b), this value of cos 9 will 
be possible and the minimum value of Q will be negative. The result is, if 
both these conditions are satisfied as well as ifih^a the vertical pressure will 
vanish and change sign twice as the body moves from one extreme position to the 
other. But if either condition fail, the vertical pressure will not vanish between 
the limits. To find the exact positions at which the pressure vanishes, we have 
to solve the quadratic equation formed by equating Q to zero. We must also 
remember that the conditions of the question may exclude one or both of these 
positions. Thus we may show from equation (5) that unless Q*^ exceed i (a - b), 
the body cannot go all round. Or again the body may be projected upwards at 
such an inclination to the vertical that both the roots of the quadratic may be 
excluded from the arc of oscillation. In such a case the vertical pressure will of 
course keep one sign during the ascent. 

The horizontal pressure vanishes when 9=0 or ir, and when cos 9=-^^^ — =-. If 

a — 

this value of cos 9 be greater than unity, the horizontal pressure vanishes and 

changes its direction only when the centre of gravity is vertically over or under 

the axis. If this value of cos 9 be numerically less than unity, the pressure 

vanishes and changes signs in two more positions, which both occur when the centre 

of gravity is above the axis and at equal heights. 

112. Secondly. Suppose either the body or the forces not to 
be symmetrical. 

Let the fixed axis be taken as the axis of z with any origin 
and plane of xz. These we shall afterwards so choose as to sim- 
plify our process as much as possible. Let x, y, z be the co-ordi- 
nates of the centre of gravity at the time t Let a> be the angular 

velocity of the body, /the angular acceleration, so that/= -jr . 



PRESStTRES ON THE FIXED AXIS. 



Now evei^- eleraeot ni of the body describes a circle about the 
axis, hence its accelerations along and perpendicular to the ra<.iius 




vector r from the axis are - wV and fr. Let Q ba the on^ 
which r makes with the plane of xz at any time, then from the 

resolution of forces it is clear that 

■T-j = — w'r cos 8 —fr sin d = — w'jt — fyj, 

similarly ^ = - ■"V +A- 

These equations may also be obtained by differentiating the 
equations j:=rcosd, y = rsind twice, remembering that r is 
constant. 

Conceive the body to be 6xed to the axis at two points, distant 
o and a from the origin, and let the reactions of the points on 
the body resolved parallel to the axes be respectively F, G, H; 
f, G', a '. The equations of motion of Art. 71 then give 

iPr 

= -o>'Mx-fMy (1), 

= -oi'My+fMx. (2), 

XmZ + H-\-H- = 1m~ = (3). 

Taking moments about the axes, we have 

-m-tmyi-ftmi, (4): 
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by merely introducing z into the results in (2), 

^ -- (o^^mxz -^f^anyz (5), 

= Mk-*.f (6). 

Equation (6) serves to determine / and a>, and equations (1) 
(2), (4), (5) then determine F, ©, F\ 6'; H sjid H' are indeter- 
mmate, but their sum is given by equation (3). 

Looking at these equations, we see that they would be greatly 
simplified in two cases. 

Firstly, if the axis of 2r be a principal axis at the origin, 

'Smxz = 0, 'Zmys = 0, 

and the calculation of the right-hand sides of equations (4) and 
(5) would only be so much superfluous labour. Hence, in at- 
tempting a problem of this kind, we should, when possible, so 
choose the origin that the axis of revolution is a principal axis 
of the body at that point. ^ 

Secondly, except the determination of / and © by integrating 
equation (6), the whole process is merely an algebraic substitution 
of f and 0) in the remaining equations. Hence our results will 
still be correct if we choose the plane of xz to contain the centre 
of gravity at the moment under consideration; this will make 
^ = 0, and thus equations (1) and (2) will be simplified. 

113. Impulsive forces. If the forces which act on the body 
be impulsive, the equations will require some alterations. 

Let o), o)' be the angular velocities of the body just before and 
just after the action of the impulses. In the case in which the 
body and forces are symmetrical, the equations (1), (2), (3) of 
Art. 110 become respectively 

"'-'" = Jf(/+A') W' 

A(«'-o,) = ^ (2), 

0=^". ; (3). 

where all the letters have the same meaning as before, except 
that F, O, X, Y are now impulsive instead of finite forces. 
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Let us next consider the case in which the fortes on the body ^^| 

we not eymm^rical. Let u, v, w, u, o', w be the veloeitieB ^^ 
resolved parallel to tbe axes of any element m whose co-ordinates 
are X, y, s. Then « = — yu, u = — yro', v = rw, v' = W, and 

w, w' are both zero. The several equations of Art. 112 will then 

be replaced by the following : ^^H 

ZX + f + J"- Sm (»'-«) = -2my(o,'-») ' ^H 

= -JVfS («,■-,.) (1), H 

Sl'+0+ff-SB.(B'-l>)-S».«(o>'-0.) ^^ 

= J/Z («.■-«,) (2), ^1 

iZ+H+H'-O (3), ^M 

S(!/Z-.IT-(;a-OV-Sm|j,(»'-,.)-«(,'-»)l H 

- - S>n«s . («' - <i) (4), ^M 

l{sX-xZ}+Fa + Fa'-lm[s{a'-u)-x(u,'-«l)] ^M 

.-tmys.(^'-«) (5), ■ 

lixi'-yX) -S™ («■ + !,■). („■-„) (6). H 

These six equations are sufficient to determine lo', F. F', ^^| 

U, O' and the sum H-i- H' of the two pressures along the axis. ^^| 

These oquations admit of simplification when the origin can ^^| 

be BO chosen that the axis of rotation is a principal axis at that ^^M 

point. In this ca.se the right-hand Eides of equations (4) and (5) ^^| 

vanish. Also if the plane of x* be chosen to pass through the ^^| 

centre of gravity of the body, we have y =0, and the right-hand ^^M 

side of equation (1) vanishes. ^^M 

\lllt. Ex. A door it tutptnitd bg two hingti front a fixtd axU makiTti) an nni/U ^^^M 

■ with the vtrtical. Find the tmtlon and pretturti on the hinga. ^^H 

Since tbe Hied aiis is eTidentl? a principal axis at the midiUe point, w« shall ^^H 

take thi« point (or origin. Also we ghall btke the piano of xt no that it eontaiiui ^^H 

the centre of gravity of the door at the moment under consideration. ^^H 

The only force acting on the diwr it gravity, which ma; be eupposed to act at ^^H 

tbe ceutre of gravity. We must first resolve this parallel to the axes. Let « be ^^^| 

tbe angle the plane of the door mnkog with a vertical plane thtoii(;h the aiii of ^^^| 

EDspeneion. If ve draw a plane tON such that it> trace O.V on the plane of xO^ ^^H 

makes an angle v "'tb the aiig of z, tbia will be the vertical plane through the ^^^| 

axis; and if we draw OV in this plane miikiiie zOV=a, OV will be vertical. ^^H 

Hence the refiolved parts of gravity are ^^^| 
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Since the iteolved ports of the efifectiye forces are the same as if the whole mass 
were colleeted at the centre of gravity, the six equations of motion are 



3fpsinaoos0+F+F= -t^Mx 
Mg^aan^+0 + 0'=fMx .... 

-3fpco8a+H+ir=:0 

-Ga+G'a=rO 

Jtfjgr cos ax + Fa -F'a=sO 




(1). 

(8). 
(8), 

(4). 
(6). 



bemnse the fixed axis is a prineipal axis at the origin, 



(6). 



Integrating the h»t equation, we have 

C -h 2p sin a cos ^ = ^''ci^. 

Suppose the door to he initially placed at rest, with its plane making an angle p 
with the vertical plane throogh the axis ; then when 0=/9, w=0 ; hence 

■ ■ 

^(^=s2px sin a (cos - cos /3) ) 
and ft V= -psinasin^.x )* 

By substitution in the first four equations F, F, G, 0\ may be found. 

115. Dsrnamical and geometrical similaiity* It should 
be noticed that these equations do not depend on the form of the 
body, but only on its moments and products of inertia. We may 
therefore replace the body by any equimomental body that may be 
convenient for our purpose. 

This consideration will often enable us to reduce the compli- 
cated forms of Art. 112 to the simpler ones given in Art 110. 
For though the body may not be symmetrical about a plane 
through its centre of gravity perpendicular to the axis of sus- 
pension, yet if the momental ellipsoid at the centre of gravity be 
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symmetrical about tliis plaue we may treat the bmly as if it were 
really syrametncaL Such a body may bo aaid to be Dynamically 
Symmetricai. If at the same time the forces be Bymmetrical 
about the same piano, and this will always be the case if the axis 
of suspensioQ be horizontal and gravity be the only force 
acting, we know that the pressures on the axis must certainly 
reduce to a single pressure, which may be found by Art. 110, 

116. Ex. 1. A imiform heavy iBDiina in the larra of a sector of a circle la 
enapcDiled by a horizontal nxis poraltel to the railiDs which bJBects tho arc, anil 
oHcillalea Under the actioa ot giavitj. Show that the pregEOieB on the axis are 
eqaivalent to a. single (oroe, and find ita magnitude. 

Ex. 9. An eqnilatarttl triangle osoUlates about any horiiontol axis ■Ituated in 
its own plane, show that the presturee are equivalent to a ungls (oroe and find ita 



-'-'"^i 117. Permanent axei of Rotation. If a body be set in 
rotation about any axis which is a principal axis at some point 
in ita length, and if there he no impressed forces acting on the 
body, it follows at once from these conditions that the pressures 
on the aiis are equivalent to a single resultant force acting at 0. 
Hence if be fixed in space, the body will continue to rotate 
about that axis as if it also were fixed in space. Such an axis is 
called a permanent aais of rotation at the point 0. 

If the body be entirely free and yet turning about an axis 
of rotation which does not alter its position in space, we may 
suppose any point we please in the axis to be fixed. In this case 
the axis must be a principal axis at every point of its length. 
It mnat therefore by Art. 49 pass through the centre of gravity. 

The existence of pnncipal axes was first established by Segner 
in the work Specimen Theoria I'urlniium. His course of in- 
vestigation is the opposite of that pursued in this treatise. He 
defines a principal axis to be such that when a body revolves 
round it the forces arising from the rotation have no tendency 
to alter the position of the axis. From this dynamical definition 
he deduces the geometrical properties of thesfl axea The reader 
may consult Prof. Cajley's report to the British Association on the 
special problems of Dynamics, 1SG2, and Bossut, Histoire dea 
Mathimatiqueii, Tome II. 

118, Suppose the body to start fram rest and to be acted on ?* 
by a couple, let us discover the necessary conditions that the 
pressures on the fixed axis may be reduced to a single resultant 
pressure. Supposing such a single resultant pressure to exist, we 
can lake as origin that point of the axis at which it is intersected 
by the single resultant. Then tbo moments of the two pressures 
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on the axis of rotation about the co-ordinate axes will vanish. 
Hence since a> — the equations (4), (5), and (C) of Art. 112 become 

where we have written i, M, N for the three moments %m {yZ— zY)^ 
&c. of the impressed forces about the co-ordinate axes. 

The plane of the couple whose resolved parts about the axes 
are L^M, N/v& known by Statics to be 

LX -h Jlf F-h NZ= 0, 
or in our case, 

-27yM?zZ-2my«r+Jl/3t'*Z=0 (1). 

Let the momental ellipsoid at the fixed point be constructed, 
and let its equation be 

AX*'\-BY^'\-GP^2D7Z'2EZX^iFXY = ^. 

The equation to the diametral plane of the axis of Zis 

-EX^DY-\-CZ^Q (2). 

Comparing (1) and (2) we see that the plane of the resultant 
couple must be the diametral plane of the axis of revolution. 

Since the pressures on the axis are equivalent to a single 
resultant force acting at some point of the axis, we may suppose 
this point alone to be fixed and the axis of rotation to be other- 
wise free. If then a body at rest with one point fixed he acted on ] 
by any couple, it will begin to rotate about the diametral line qf\ 
me plane of the couple with regard to the momental ellipsoid ati 
the fi^xed point 

Thus the body will begin to rotate about a perpendicular to 
the plane of the couple only when the plane of the couple is 
parallel to a principal plane of the body at the fixed point. 

If the acting couple be an impulsive couple, the equations of 
motion, by Art. 113, will be the same as those obtained above when 
o) is put zero and w written for /. Hence the same conclusion 
will follow. 

The body will not in general continue to rotate about the dia- 
metral line. 

119. Ex. 1. If a body at rest have one point O fixed and be aeted on by any 
oonple whose axis is a radius vector OP of the ellipsoid of gyration at 0, the body 
will begin to turn about a perpendicular from on the tangent plane at P. 

Ex. 2. A solid homogeneoos ellipsoid is fixed at its centre, and is acted on by a 
conple ia a plane whose direction-cosines referred to the principal diameters are 
(', m, n). Prove that the direction-cosines of the initial axis of rotation are pro- 
portional to fz — 5 . 5 and ,-—79 • 
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Ex. 3. Ad; pUne soction being taken ol tlie roomantBl ellipcoid at a body at a 
flied p<niit, tbe body ma; be made to rotate about either of tbe principal diamelere 
of this aeclion b; the applicatioD of a oaaple of the proper magnitade whose axta it 
the other principal diameter. 

For asBume the bod; to be turning uniforml; aboat the axis of i. Then the 
oonplea which most act on the body to prodoce this notion are L = i^-Jnyi, 
IH= - ijfSmxt, N = fl. Then b; taking the axis of x such that £nijri — Owe see that 
Ibo axis of the coaple mast be the axil of x and the magnitade of tha couple will 
be L-'w'Smyi. 

Ex. 4. A bod; having one point &ied in apace is made to rotate about an; 
proposed straight line h; the application of the proper coaple. The potution of the 
axis o( rotation when the magnitude of the coaple is a maximum, has been oolled 
an axis of maximum rtluctanct. Show that there are sU axes of maximum 
reluctance, two in each principal plane, each two bisecting the angles between the 
principal axes in the plane in which the; are. 

Let the axes of reference be the principal axes of the bod; at the fixed point, 
let ((, m, n) be the direction -cosines of the axis of rotation, (X, /t. r] those of the axis 
of the oouple 0. Then by the last questioQ and tlie fifth and sixth examples of 
Art. 33, we have 

X u r_ 

(B-C)mii"(C-i)ni (A-B)ln' I 

a*^{A~ByPm''+ (fl - C)'ibV + (C -^)*n»r>. 

We have then to make O a maximom by Tariation of (Imn) snbject to the con- 
dition l' + in' + n* = l. The positions of those axes were first investigated b; 
Mt Walton in the QiuirC«rI]f Journal of Mathematia, lB6o. 
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The Centre of Percussion. 

120. When the fixed axis is given and tlie body can be so 
struck that there is no impulsive presaure on the axis, any point 
iu the line of action of the force is called a centre of percussimi. 

When the line of action of the blow is given, the axis about 
which the body begins to turn ia called the axis of spontaneous 
rotatioH, It obviously coincides with the position of the fixed 
axis in the first case. 

Prop. A body is capaile of turning freely abotU a fixed 
axis. To determine the conditions thai tliere shall be a centre of 
percussion and tojind its position. 

Take the 6xed axis as the axis of t, and let the plane of xt 
pass through the centre of gravity of the body. Let X, Y, Z he 
the resolved part^ of the impulse, and let f , i;, i^ be the co-ordi- 
nates of any point in its line of action, I^et Mk' be the moment 
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of inertia of the body about the fixed aus. Then since y = 0, the 
equations of motion are, by Art. 113, 




(1), 



fZ-fZ = -(»'-»)2iny^[ (2). 

The impulsive pressures on the fixed axis are omitted because by 
hypothesis they do not exist. 

From these equations we may deduce the following conditions. 

I. From (1) we see that jr= 0, Z= 0, and therefore the force 
must act perpendicular to the plane containing the axis and the 
centre of gravity. 

II. Substituting from (1) in the first two equations of (2) we 

have zmyz=^0 and (^=s .._ . Since the origin may be taken 

anywhere in the axis of rotation, let it be so chosen that Xmxz= 0. 
Then the axis of z must be a principal axis at the point where a 
plane passing through the line of action of the blow perpendicular 
to the axis cuts the axis. So that there can be no centre of 
percussion unless the axis be a principal axis at some point in its 
length. 

III. Substituting from (1) in the last equation of (2) we have 

f = "T- . By Art 92 this is the equation to determine the centre 

of oscillation of the body about the fixed axis treated as an axis 
of suspension. Hence the perpendicular distance between the line 
of action of the impulse and the fixed axis must be equal to the 
distance of the centre of oscillation from the axis. 

If the fixed axis be parallel to a principal axis at the centre of 
gravity, the line of action of the blow will pass through the centre 
of oscillation. 



The Ballistic Pendulum, 

121. It is a matter of considerable importance in the Theory 
of Gunnery to determine the velocity of a bullet as it issues from 
the mouth of a gun. By means of it we obtain a complete test of 
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any theory we have reason to form concerning the motion of tbo 
bullet in the gun; or we may find hy experiment the separate 
effects produced by varyiog the length of the ^\ia, the charge of 
powder, or the weight of the ball. By determining the velocity of 
u bullet at different distances from the gun we may discover the 
laws which govern the resistance of the air. 

It was to determine this initial velocity that Mr Robins about 
1743 invented the Balliatie Pendulum. Before his time but little 
progress had been made in the tnie theory of military projectiles. 
His New PriHciples of Gunnery was soon translated into several 
languages, and Euler added to his translation of it into German 
an est«Dsive commentary; the work of Euler being again trans- 
lated into English in 1781. The experiments of Robins were all 
conducted with musket balls of about an ounce weight, but they 
were afterwards continued during several years by Dr Hutton, 
who used cannon balls of from one to nearly three pounds in weight. 
These last experiments are still regarded as some of the moat 
trustworthy on smooth-bore guns. 

There are two methods of applying the ballistic pendulum, 
both of which were used by Robins, In the first method, the gun 
is attached to a very heavy pendulum ; when the gun is fired the 
recoil causes the pendulum to turn round its axis and to oscillate 
through an arc which can be measured. The velocity of the 
bullet can be deduced from the magnitude of this arc. In the 
second method, the bullet is fired into a heavy pendulum. The 
velocity of the bullet is itself too great to be measured directly, 
but the angular velocity communicated to the pendulum may be 
made as small as we please by increasing its bulk. The arc of 
oscillation being measured, the velocity of the bullet can be found 
by calculation. 

The initial velocity of small bullets may also be determined by 
the use of some rotational apparatus. Two circular discs of paper 
are attached perpendicularly to the straight line joining their 
centres, and are made to rotate about this straight line with a 
great but known angular velocity. Instead of two discs, a cylinder 
of paper might be used. The bullet being fired through at least 
two of the moving surfaces, its velocity can be calculated when 
the situations of the two small holes made by the bullet have 
been observed. This was originally an Italian invention, but it 
was much improved and used by Olinthus Gregoiy in the early 
part of this century. 

The electric telegraph is now used to determine the instant at 
which a bullet passes through any one of a number of screens 
through which it is made to pass. The bullet severs a fine wire 
stretched across the screen and thus breaks an electric circuit. 
This causes a record of the time of transit to be made by aa 
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instrument expressly prepared for this purpose. By using several 
screens the velocities of the same bullet at several points of its 
course may be found. 

122. A rifle is aUachod in a horizontal position to a large 
block of wood which can turn freely about a horizontal axis. The 
rifle being fired, the recoil causes me j^endulum to turn round its 
axis, until brought ' to rest by the action of gravity. A piece of 
tape is attachea to the pendulum, and is drawn out of a reel 
during the backward motion of Ae pendulum, and thus serves to 
measure the amount of the angle of recoil. It is required to find 
the velocity qf the buUeL 

The initial velocity of the bullet is so much greater than that 
of the pendulum that we may suppose the ball to have left the 
rifle before the pendulum has sensibly moved from its initial posi- 
tion. The initial momentum of the bullet may be taken as a 
measure of the impulse communicated to the pendulum. 

Let h be the distance of the centre of gravity from the axis of 
suspension ; / the distance from the axis of the rifle to the axis of 
suspension; c the distance from the axis of suspension to the 
point of attachment of the tape, m the mass of the Dullet ; M that 
of the pendulum aod rifle, and n the ratio of ^ to «n ; b the 
chord of the arc of the recoil which is measured by the tape. Let 
V be the radius of gyration of the rifle and pendulum about the 
axis of suspension, v the initial velocity of the bullet. 

The explosion of the gunpowder generates an equal impulsive 
action on the bullet and on the rifle. Since the initial velocity of 
the bullet is v, this action is measured by mv. The initial angular 
velocity generated in the pendulum by this impulse is by Art 89 

^^'Ml?' "^^ subsequent motion is given (Art. 92) by the 
equation 

d^e gh . ^ 



... ©• = 0.^'».*: 



when 5 = we have jt = ft>> and if a be the angle of recoil, when 
^ = a, TT- = 0. Hence «*= -^ (1 — cos o). Eliminating a> we have 
t; = -^ . 2 sin ^ Jgh. But the chord of the arc of the recoil is 
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6 = 2c aiu s ■ Hence the iuitial velocity of tlie bullet iu 

The magnitude of k' may be found expenmentally by ob- 
eerving the time of a amall oscillation_of the pendulum and rifle. 

If r be a half-time we have '^='^aJK- (Art. 97.) 

This is the formula given by Foisson in the second volume of 
his Micitnique. The reader will find in the Philosophical Maga- 
zine for June, 1854, an account of some experiments conducted by 
Dr S. Haughton from which, by the use of this formula, the initial 

velocities of rifle bullets were calculatetl, 

133. The farmula mnst however be regarded as only t, first approzimadoa, for 
the recoil of the peodulum wben the guD is Gred withcmt a boll haa been fUlogethsr 
□egleoled. In Dr HaDghtoa'B expetiments the charge of powder n*a oomparativelj 
Rmail, Bad this assumption was nearly corieot. But in Bome of Dr Hntlon'a 
etpcrtmentB, where compiuativel; lacgo charges of powdot were need, the reootl 
withoot a ball was found to bo vei^ considerable. 

To allow for this Dr Entton, following Mr Itobina. asBiuned that the eSeot o( 
the charge of powder on the recoil of the eon it the same either with or withoal a 
balU If J) be the momentum generated bj the powder, the whole momentum gene- 
rated in the pendulum will be mv -i-^ instead of nm. Proceeding Eia before, we 6nd 
fl/6f ,— 




>P+P = 



rJTh. 



IT we now repeat the cipcrimenE, with an ei^ual charge withoat a ball, < 
p= — —it/gh, where h, is (he chord meatnied by the tape. Subtracting or 
from the other, we baTe 






Jf (6-6,)t' 



Jgh. 



Thus Dr Hatton's formula differs from Poibbod's in thU respect, that the chord of 
vibration is first found for any charge witbont a ball and then for an equal charge 
with a ball : the difference of these chords is regarded as the chord which is due to 
the recoil of the ball. 

When the magnitude of the charge of powder is small, the two methods of nsing 
Uie baUistio pendalum give nearly the same result. With large charges Dr Hutlon 
found that the difference was very considerable, a less Telocity being indicated by 
the method of obeerviog the recoil than by that of firing the ball into the pendulum. 
He therefore inferred that the effeet of the charge of powder on the recoil of the gun 
is not the same when it is fired without a ball as when it is fired with one. 

We may in Bome measure understand the reaflon of this discrepancy if we con- 
sider separately the effects of the inQamed powder while the ball is in the eun and 
after it haa left the barrel. Sopposing, merely as an ajiproiimation. that the gas 
nrging the ball forward is of uniform density ; ite centre of gravity, at the moment 
when the ball is leaving the gun, will be at the middle point of the barrel and mov- 



I 
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ing relatively to the gnn with half the relatiTe Telocity of the ball. If /i be the mass 
of the powder, the angular Telocity J commonioated to the pendnlom will be given 

approximately by Ifik^c^ = f m+^ ) v/. After the ball has left the gui, the inflamed 

powder escapes from the month and oontinnes to exert some pressure tending to 
increase the recoil. The determination of this motion is a problem in Hydrody- 
namics which has not yet been properly solved and which cannot be discnssed here. 
We may, however, snppose that Bobins* principle applies more nearly to this part 
of the motion than to the whole. If so, the momentum generated by the issoing 
gas» considered as an Impulse, is nearly the same for a given charge and a given 
gun, whatever the magnitude of the ball may have been. 

If y be the momentum thus generated we have 

If v^ and 60 be the values of v and 6 when the gun is fired without a ball, we have 

Since v^ is greater than v, this equation would show that, fbr considerable charges^ 
Dr Button's formula will give too small a value for v. The value of v^ is however 
very imperfectly known. 

124. A gun is placed in front of a heavy pendulum, which 
ca/n turn freely about a horizontal axis. The ball strikes the pen- 
dulum hcnrizo7itaUy, penetrates into the wood a short distance and 
communicates a momentum to Hie pendulum. The chord of Uie arc 
being measured as before by a piece of tapCy find Hie velocity of ike 
bullet 

The time, which the bullet takes to penetrate, is so short that 
we may suppose it completed before the pendulum has sensibly 
moved from its initial position. 

Let t be the distance of the ball from the axis of suspension at 
the moment when the penetration ceases ; let j be the perpen- 
dicular distance between the axis and the direction of motion 
of the bullet ; let ^ be the angle the length j makes with the 
length represented by t, so that j = icosjS. Then if we follow the 
same notation as before we have at the moment when the impact 
is concluded 

mvi cos ^ = ( J/A'* + m^ «, 
also proceeding as before we may prove 

(if &'• + mi*) a>* = 2Mgh (1 - cos a) + 2mgi {cos 13 - cos (i -jS)}. 

If the gun be placed as nearly as possible opposite the centre of 
gravity of the pendulum we have h = ?' nearly, and if the pendulum 
1)0 rather long ff will be very small. Hence, since m is small 
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compared with ^f, wo may as ( 
j8 a in the terms which coDtain 



J approximfttion put »=A and 
rt as a factor, we thus find 



where I is the distance of the centre of oscillation of the pendulum 
and ball from the axis of suspension. 

The inconvenience of this construction ss compared with the 
former is that the balls remain in the pendulum during the time 
of making one whole set of experiments. The weight, and the 
positions of the centres of gravity and oscillation, will be changed 
by the addition of each ball which is lodged in the wood. Even 
then the changes produced in the pendulum itself by each blow 
are omitted. A great improvement was made by the French in 
conducting their experiments at Metz in 1S39, and at L'Orient 
in 1842. Instead of a mass of wood, requiring frequent renewals, 
as in the English pendulum, a permanent rdcepteur was substi- 
tuted. This receiver is shaped within as a truncated cone, which 
is sufficiently lung to prevent the shot from passing entirely 
through the sand with which it is filled. The front is covered 
with a thin sheet of lead to prevent the sand from being shaken 
out. This sheet is marked by a horizontal and by a vertical 
line, the intersection corresponding to the axial line of the cone, 
80 that the actual position of the shot when entering the re- 
ceiver can be readily determined by these lines. 

123. Ei. 1. Show that after each bullet hot boen Crod into a ballUtio pm- 
dnlum CQDBtrncted an the Eugluh plan, ft miut bo meretued b; t; (j - ''] ■'"^ ' ''J 
•jjU-^ nearly in order to prepare the foimala tat the next shot. 

Ex. 2. Dr HanghtoD found that, for rifleB fired with & conatant charge, tha 
ioitikl velocil; o( the bullet vsjiea aa the square root of the rnauB at the bullet 
invsTBcly and aa the nqnare root of the tcDd^th of the gun dlrcotlj. Shon from this, 
that the (oree d«voloped by the ciploaion of the powder diminished by the Motion 
of the hatrel ia couatoat as the ball traversea the tiHc. 

Dr Hntlon found that In amooth horea the velocity inereasefl in a ratio tmat- 
what leea than the aqoate root of the length of the gnn, but greater than the cob* 
root of the length. 

Ei. 3. If the velociQi of a bullet iiauing &om the month of a gnn 30 inehe* 
long be 1000 feet per aecond. show tliat the linu) the hollet took to traverM the gun 
waa about jii of a second. 

El. 4, It haa been foand hy enperiment that if a bullet bo Gred inlo a largo 
fixed block of wood, the penetration of the bnllet into tlie wood Tories nearly aa the 
square of the velocity, thoogh as tlie vcluoity is very much increased the depth of 
punetralion falla i^hort of that ^ivcn by this lole. Assuming this rule, show that 
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the resistance to penetration is eonstant and that the time of penetration is the 
ratio of twice the space to the initial Telocity of the bullet. In an experiment of 
Dr Hatton*B a ball fired with a velocity of 1500 feet per second was foond to pene- 
trate aboat 14 inches into a block of soond dry elm: show that the time of penetra- 
tion was f{j of a second. 

THE ANEMOMETER. 

136. The Anemometer called a "Bobinson" consists of foor hemispherical 

caps attached to four horizontal arms which torn round a vertical axis. The wind 

blows into the hollows on one side of the axis and against the convex surfaces of 

the caps on the other. If the anemometer start from rest, it will turn quicker and 

quicker until the moment of the pressures of the wind balances the moment of 

the resistances. Let F be the velocity of the wind and v the velocity of the centres 

of the cups. Let tf be the angle between the direction of motion of any one cup 

mnd that of the wind. Then the velocity of the centre of that cup relatively to the 

wind will be t/ where 

v'Sst;S-2rvcostf+F' (1). 

The determination of the pressure of the wind on the cups is properly a problem 
in Hydrodynamics, but no solution has yet been found. In the mean time we may 
assume as an approximation the law, suggested by numerous experiments, that the 
resistance to a body moving in a straight line in a fluid varies as the square of the 
relative velocity. In any one position of the anemometer all parts of any one cup 
have not the same velocity relative to the wind. We shall therefore take as our 
expression for the moment about the axis of the Anemometer of the resultant 
pressure of the wind some quadratic function of V and v, such as 

oF«+2/JFr+yr« (2), 

where a, /9, 7 depend in some manner as yet unknown on the position of the cups 
relatively to the wind. 

Thus a, /9, 7 are functions of $ and will change as the cups turn round the axis. 
What we want however is the average effect on the anemometer. The mean for 
space is found by multiplying this expression by d$ and integrating from 9=0 to 
2r and finally dividing by 2r. If JP be the mean moment about the axis of the 
anemometer of the wind pressure, we have 

F=^F«-2jBFt;-C«« (8), 

where il, B, C are constants which depend on the pattern of the anemometer. 

The signs of these coefficients may be determined by the following reasoning. 

When the anemometer starts from rest, the initial moment of the wind pressure is 

regarded as positive. When the cups begin to move, the pressure begins to decrease, 

dF 
so that 3- must be negative when v is small, it follows that the sign of the 
dv 

coefficient of Vv in (8) must be negative. Finally, if the wind cease when the cups 

are in motion so that V=0, the resistance of the quiescent air must tend to stop 

the cups. It follows that the coefficient of r* in (3) must be also negative. 

127. When the anemometer has attained its final state of motion, we must 
have F equal to the mean moment of the friction on the supports. The instru- 
ment should be so arranged that the friction due to its weight is as small as 
possible. We may then omit this friction as our formula is only an approximation. 
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The mppoTts o( Ibe fuiemometar hare also to enstain the l&l«ral preatnre o( the 
wind. Frobsbly the greater part of the triction thus prodnoed U proportional U> 
the proeaare of the wbid, and may be inclnded in the formnU (3) by an alteration of 
the eonatanlii. An thene connlaiits are determined by experiment, ve may BQppoM 
all forceB to be inclnded in the expFeeaion Tor F which are quadratic funationa ot 
Ibe velociLiee. 

In the Obaerralory at Oreenwich an inverted cup rotating in oil on a Gied 
eonioal paint ia need for the vertical bearing. No farther correction is made for 
friction. This arrangement appears to be T^ry suoeesaful, the instriunent ia very 
Bcnsitive and exhibits a alow rotalioo with a very slight movement of the air. 

When I' in eqoiited to Ksto, we have a quadratic to determine the ratio of I' to 
V. Lei m be the positive root thus found. Then the velocity of the centre of any 
cop being observed, the velocity of the wind ie found by simply mnltiplying this 
observed quantity by m. We may notice that n is independent of the speed of the 
wind, and ot the ai.e of the machine. It depends however on the pattern of the 
machine. 

128. A variety at eiperiments have been made to determine the numerical 
value ot III. In some ol these the anemometer ia attached to the enter edge of a 
whirling- machine T)ie aiis of the anemometer is thus made to move round with 
a constant vetooity t'. If the experiment be made nn a calm day. this Trill 
represent the effects of a wind of the same velocity on a fiied a 
value of V can he found by counting the number ot revolutions of the ai 
space. In a paper in 1850, pnbliphed in the Iriih Tmwactioru, DrBobinBon ^vea 
m = 3 as the mean value of the ratio as determined by eiperimenta of this kind. 
This va!ae ot m has been generally adopted. 

Other eiperimenta made in Greenwich Park in 1S60 led to the same value of m. 
These reaolls were considered as confirming in a very high degree the aconraey ol 
this ratio, see the OreeutcUh Ohiervatiom for 18G2. About 1ST3 further eiperi- 
manta were made with a steam merry-go-round for a whirling machine. These are 
described by Prof. Stokes in the Proetrdingt of the Royal Societ]/ for May, 1881, 

Another method ot condncting the experiments is to have two similar anemo- 
meters rotating about Jired anea and to apply to one of Ihem a known retarding 
force of some kind which may diminiah its r. Thus we have two different 
machines moving with different, but known, velocities ronnd their reapective axes, 
from each ot which we shoold deduce the tame velocity foi the wind. This leads 
to two eqaationa lielween which wa may eliminate the tinknown velocity of the 
wind. We thus obtain an equation connecting the constants A, B, C and the 
known retarding force. Bepeating the experiment, we may obtain a suffident 
nomber of equations to find these constants. The value ot m may then be found 
in the manner eiplained in Art. 127. The practical difficulty in this method ot 
condncting the eiperiments is that of finding a known nnitorm retarding force 
which may be conveniently applied to the anemometer. The reader may oonsnlt a 
piper by Di Robinson in the Pkil. 7ra>u. tor 1880. 

199. Ex. 1. Supposing the value of f to be represented by ^r'-2Bri' aa 
indicated by some experiment.'', afaow that if an anemometer start from reat, the 
velocity v of the oupa will continually increase and tend to a certain finite limit. 
Show also that the time, at which the actual velocity of the cups ia any given 
fraction ot the limiting velocity, varies as the moment of inertia of the anemometer 
it its axis, and inversely as the velocity of the wind. 
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Ex. 2. When the anemometer was attached to the outer edge of a merry-go- 
rocmd, as described abore, it was impossible to find a perfectly calm day. If IT be 
the veloeity of the wind which is supposed to be small, then allowanoe may be 

made for TTif in the formula F3=ilF>-2BFo we write F+x-p-for F where k\b\ 

or i according as the moment of inertia of the anemometer about its axis is very 
small or very great. The anemometer is supposed to be without friction. This 
theorem is due to Prot Stokes : a demonstration is given in the Proceedings of the 
Jtayai Society for Biay, 1881. 

Ex. 3. An anemometer without friction is acted on by a gusty wind whoso 
velocity may be represented by the formula F(l + a sin nt) where a is so small that 
its square can be neglected. Show that the velocity of any cup will be represented 
by an expression of the form v {1 + a cos 9i/9 sin n ((-/?)}, so that the anemometer 
follows all the changes in the force of the wind after an interval p. Here 
-4F«-2BFr-Cp»=0, and 

where a is the distance of the centre of a cup from the axis, and / is the moment of 
inertia of the machine about the axis. 



CHAPTER IV. 



MOTION IN TWO DIMENSIONS. 



On the Equations of Motion. 

130, The poaitioa of a body in space of two dimensions 
may be determined by the co-ordinatea of its centre of gravity, 
and tbe angle some straight line fixed iu the body makes with 
some Btraigbt line fixed in space. These three have wen called the 
co-ordinates of the body, and it is our object to determine them 
in terms of the time. 

It will be necessary to express the effective forces of the body 
in terms of these co-ordinates. The resolved parts of these 
effective forces parallel to the axes have been already found in 
Art. 79, all that is now necessary is to find their moment about 
the centre of gravity. If (a:', y") be the co-onlinatea of any 
particle of mass m referred to rectangular axes meeting at the 
centre of gravity and parallel to axes fixed in space, this moment 

has been shown in Art. 72 to be equal to -r- , where 



»(,-'^: 



,dx'\ 



dt 

ular co-ordinate " of the body, i.e. the angle 

xed in the body makes with some straight h no 



Let 5 be the " 
some straight line 

fixed in space. Let {r', tf>) be the polar co-ordinates of any 
tide ffl referred to the centre of gravity of the body as origin. 



I 



Then r' is constant throughout the motion, and 

for every particle of the body and equal to 
gular momentum k, exactly as in Art. 88, is 

!" dt ^ dtj-'-'^v ~di)~ 



is the G 



Thus the an- 



h = S»i 



(tmi^) - 



\ 



where 3/i* i 
of gravity. 



dt 
the moment of inertia of the bo<ly about its centre 
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its differential coefficient with 

effective forces. 

of rotation may be regarded as 

' only with the co-ordinates and 

mts with regard to the time, we 



inertia about the instantaneous 



written MU* 



dt' 



y point whether it be the centre 
loticed that the Mk* in all these 
till with regard to the centre of 
) the point about wliich we are 
en we are taking moments aboutr 
"■lit a fixed point that we can usei 
that point instead of the moment 
of gravity, and in these cases our 
lomentum includes the angular mo- 
at the centre of gravity. 

Solution. Suppose we form the 
o(]y by resolving parallel to the axes 
moments about the centre of gravity. 
for each body of the form 



= Fcoaif)-i-Rccai^+... 
Fsiii<f> + Rai:i'^+ ... 



Fp +Mq + 

E of the impressed forces acting on the body, 

fcos^, Feiailt, and whose moment 

f gravity is Fp, and .fi is any one of the re- 

e wti shall call the Dynamical equations of the body. 

there will be certain geometrical equations 

'. connections of the system. As eveiy such forced 

i accompanied by a reaction and every reaction by 

1 connection, tliu minihor of geometrical equations will 

le as the number of unknown reactions in the system. 

ing obtained the proper number of equations of motion 

ieed to their solution. Two general methods have been 

i. 



1)4 "iCV;;MII. ; 



3^ TlPl 

-— v iiir flOML. f "Sis ^ 3UC inraiin&. ii 



mstmiic K K msK^ s v ^bbci. irtner. lis C3L *0M Vp 












-ait aoB if ae Viirc. T^isl iitf ^d^^^J^^: imas if :attlai g i 







aesai^ jc an ssnsf if njn. ' .J..i bml ^wmilif* ^ -:dir oos^ if 

^3SL ii Siiinitf TmamfTTtf iir 



Ti -an ammir^ ^mat af S 



Tit csamnvti, x -wi iiwiL iiuiinaxc^ juwhc s ivmc 



Mr -UH± a-nmmcifs it la^^ T^inr irims'C'nf: iraistiiar oisedi 
•vnu^ «nzE K- jx ft iCEBiuiL ir^Uivim :!«« .;fc3& 13^, Taie 

ft. ;npk£' :3t \%x it ~xnr wuir juwur ttiich lu :aiii£f iAiawau&. 
TTHikAC :b fTTiitr -tb± nnTAnti.'«£i'a mu lur ^vmsiiiiw jf 

xoBUEacU'ii -T tsfts '2111 iimcinhe • It "imzm >sbuicnii&. >a -^gut. 
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for the resolved parts parallel and perpendicular to the radius 
vector. If r be the velocity of the centre of gravity, p the radius 
of curvature of its path, we may sometimes also use with advantage 



forces along the tangent and radius of curvature of the path of the 
centre of gravity. 

As a guide to a proper choice of the directions in which to 
resolve the forces or of the points about which we should take 
moments we may mention two important cases. 

132, First we should search if there be any direction fixed in 
space in which the resolved part of the impressed forces vanishes. 
By resolving in this direction we get an equation which can be 
immediately integrated. Suppose the axis of ir to be taken in 
this direction ; let M, M\ &c. be the masses of the several bodies, 
X, x', &c. the abscissiK of their centres of gravity, then by Arts. 78 
or 131, we have 



dt* 



dt' 



which by integration gives 

where C is some constant to be found from the initial conditions. 
This equation may also be again integrated if required. 

This result might have been derived from the general princi- 

files of the conservation of the translation of the centre of gravity 
aid down in Art. 79, For since there is no impressed force- 
parallel to the axis of r, the velocity of the centre of gravity of the 
whole system resolved in that direction is constant. 

133. Next we should search if there be any point fixed in 
space about which the moment of the impressed forces vanishes. 
By taking moments about that point we again have an equation 
which admits of immediate integration. Suppose this point to be 
taken as origin, and the letters to have their usual meaning, then 
by the first article of this chapter we have 



M' 



'df, 



■ de 



-0, 



the S referring to summation for all the bodie 
Integrating we have 



I the system. 
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where C is some constant to be determined by the initial condi- 
tions of the question. 

This equation expresses that if the impressed forces have no 
moment about any point, the angular momentum about that 
point is constant tnroughout the motion. This result follows at 
once from the reasoning in Art 78. 

134. Angular Momentum. As we shall have so frequently 
to use the equation formed by taking moments, it is important 
to consider other forms into which it may be put Let the point 
about which we are to take moments be fixed in space, so that 
it may be chosen as the origin of co-ordinates. Then the moment 
of the effective forces on the body M is 



iH4-yt)-'"'^- 



L. 



The attention of the reader is directed to the meaning of the 
several parts of this expression. We see that, as expliuned in 
Art. 78, the moment of the effective forces is the differential 
coefficient of the moment of the momentum about the same point 
The moment of the momentum by Art 76 is the same as the moment 
about the centre of gravity together with the moment of the whole 
mass collected at the centre of gravity, and moving with the velocity 
of the centre of gravity. The moment round the centre of gravity 
is by the first Article either of Chap. ni. or Chap. rv. equal to 

MV -jj and the moment of the collected mass is if fa; -^ — y -tt) , 

where (x, y) are the co-ordinates of the centre of gravity. Hence 
in space of two dimensions we have for any body of mass M 

angular momentum round) ,^ / dy dx\ . , -^ , dd 
the ongm j \ dt ^ dtj dt 

If we prefer to use polar co-ordinates, we can put this into 
another form. Let (r, <h) be the polar co-ordinates of the centre of 
gravity, then, 

angular momentum round) _ ^ , d<f> • .p dO 
the origin J dt dt' 

If t; be the velocity of the centre of gravity, and p the per- 
pendicular from the origin on the tangent to its direction of 
motion, the moment of momentum of the mass collected at the 
centre of gravity is Mvp, so that we also have 

angular momentum round) ,, , ., « d6 
^, . . ^ = Mvp + ifAr -jr . 

the ongin J ^^ 

It is clear from Art 76 that this is the instantaneous angular 
momentum of the body about the origin, whether it is fixed or 
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moveable, though in the latter case its differential coefRcieat with 
regard to ( is not the moment of the effective forces. 

Since the iostantaneous centre of rotation may be regarded as 
a fixed point, when we have to deal only with the co-ordinates and 
with their first differential coefficients with regard to the time, we 
have 

angular momentum round thel _ w , . j,, dO 
instantaneous centre J dt' 

If JfA" be the moment of inertia about the instantaneoos 
centre, this last moment may be written Mk^ -jr . 

In taking momenta about any point whether it be the centre 
of gravity or not, it should be noticed that the J/it' in all these 
fonnulse is the moment of inertia with regard to the centre of 
gravity, and not wil.h regard to the point about which we are 
taking moments. It is only when we are taking moments about 
the instantaneous centre or about a fixed point that we can use 
the moment of inertia about that point instead of the moment 
of inertia about the centre of gravity, and in these cases our 
expression for the angular momentum includes the angular mo- 
mentum of the mass collected at the centre of gravity. 

135. Cteoeral Mode of Solution. Suppose we form the i 

equations of motion of each body by resolving parallel to the axes | 

of co-ordinates and by taking moments about the centre of gravity, i 
We shall get three equations for each body of the form 

M^ = Fcoat}>-^Scoaf+.. 



I 



d? 



Fp 



Me—'- 



t-Rq 



..(1). 



where F is tmy one of the impressed forces acting on the body, 
whose resolved parts are Fcoatp, i^sin^, and whose moment 
aboiit the centre of gravity is Fp, and R is any one of the re- 
actions. These we shall call the Dynamical equations of the body. 

Besides these there will be certain geometrical equations 
expressing the connections of the system. As every such forced 
connection is accompanied by a reaction and every reaction by 
some forced connection, the number of geometrical equations will 
bo the same as the number of unknown reactions in the system. 

Having obtained the proper number of equations of motion 
we proceed to their solution. Two general methods have been 
proposed. 
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First Method of Solution. Differentiate the geometrical equa- 
tions twice with respect to t, and substitute for -^^ -^, -^, 

from the dynamical equations. We shall then have a sufficient 
number of equations to determine the reactions. This method 
will be of great advantage whenever the geometrical equations are 
of the form 

Ax-\-By^-C0-^D (2), 

where A,B,C,D are constants. Suppose also that the dynamical 
equations are such that when written in the form (1) they contain 
only the reactions and constants on the right-hand side without 
<uiy 'i ^1 or 6, Then, when we substitute in the equation 

.cP« ^cPv ^d^O ^ 

obtained by differentiating (S), we have an equation containing 
only the reactions and constants. This being true for all the 
geometrical relations, it is evident that all the reactions will be 
constant throughout the motion and their values may be found. 
Hence when these values are substitute in the dynamical equa- 
tions (1), their right-hand members will all be constants and the 
values of x, y, and may be found by an easy integration. 

If however the geometrical equations are not of the form (2), 
this motluHi of solution will usually fail. For suppose any geo- 
metrical equation took the form 

x* + / = c^, 

containing squares instead of nrtt powers, then its second dif- 
ferential eiiuution will be 






rf«v irV /rfv * ^ 



and though we onn sul>stilute for ,^ , -j^, we cannot, in general. 



^Hminato the tomis i *t- 1 and i * :'') . 



1S(1 Tho ri\vti«^us in a dynamical problem are in many 
(HMioM pnvhu^Hl hv tho pro;ssuivs of some smooth fixed obstacles 
>vhiol\ inv touoht^\ by tho movinc Kxlios. Such obstacles can only 
jHijifc, aiul thoivfort^ if tho o^juAtit^n showed that such a reaction 
ohnu^^H mjjn At huy inst^-^nts it is oloar that the body will leave the 
i>Utn«'lo At thnt it\st,*ints This will ivvasionally introduce discon- 
tinuity xwU^ o\tr isjUAtions. At first tho system moves under 
rt*lu iNvtrntt^rtitUj*. Athl o\ir o^^uations are fcmnd on that suppo- 

HI, A( m\mo iuMAUt whioh may be determined by the vanish- 
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ing of some reaction, one of the bodies leaves its coaBtraints and 
the equations of motion have to be changed by the omission of 
this reaction. Similar remarks apply if the reactions be produced 
by the pressure of one body against another. 

It is important to notice that when this first method of solu- 
tion applies, the reactions are constant throughout the motion, so 
that this kind of discontinuity can never occur. If a moving 
body be in cwitact with another, they will either separate at ike 
beginning of tfie motion or will always continue in contact. These 
reactions are also independent of the initial conditions, and are 
therefore the some as if the system were placed in any position- 
at rest. 

137. Suppose that in a dynamical system we have two bodies 
which press on each other with a reaction R; let us consider 
how we should form the corresponding geometrical equation. 
We have cleaily to express the fact that the velocities of the 
points of contact of the two bodies resolved along the direc- 
tion of R are equal. The following proposition will be often 
useful. Let a body be turning about a point with an angular 

velocity ji =<» in » direction opposite to the hands of a watch, 
and let G be moving in the direction OA with a velocity V. It 
is required to find the velocity of any point P resolved in any 




direction PQ, making an angle 6 with 0.1. In the time dt the 
whole body, and therefore also the point P, is moved through a 
apace VJt parallel to OA, and during the same time P is moved 
perpendicular to OP through a space oi.GP.dt. Resolving 
parallel to PQ, the whole displacement of P 

= ( Kcos (f- f. OP sia QPN) dt. 
If QN=p be the perpendicular from Q on PQ, we see that the 
velocity of P parallel to PQ is = F coa '^ — tap. 

It should be noticed that this is independent of the position of 
P on the straight line PQ. It follows that the velocities of all 
points in any straight line PQ resolved along PQ are the same. 
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In practice, therefore, we only use that point in the direction 
of PQ which is most convenient, and this is generally the foot of 
the perpendicular from the centre of gravity. 

If (x, y, 0), {x\ y\ ff) be the co-ordinates of the two bodies, 
q^ q' the perpendiculars from the points {x, y), (x\ y) on the direc- 
tion of any reaction ii, -^ the angle the direction of R makes with 
the axis of x^ the required geometrical equation will be 

dx , dy . , dO dx' , . dy . , d0 , 

If the bodies be perfectly rough and roll on each other with- 
out sliding, there will be two reactions at the point of contact, 
one normal and the other tangential to the common surface of the 
touching bodies. For each of these we shall have an equation 
similar to that just found. But if there be any sliding friction 
this reasoning will not apply. This case will be considered a little 
further on. 

138. Second Method of Solution. Suppose in a dynamical 
system two bodies of masses Jlf, M' are pressing on each other 
with a reaction R. Let the equations of motion of M be those 
marked (1) in Art. 135, and let those of M' be obtained from 
these by accenting all the letters except i2, yfr and t, and writing 
— R for R, yfr and t being of course unaltered. Let us multiply 

the equations of motion of if by 2-i-, 2-^, 2 -j- respectively, 

and those of AT by corresponding quantities. Adding all these six 
equations, we get 

cT^rfdxd^x . dyd'y ^^d0d^0\ . 

+ 2R (cost l+sint |+?D-25 (cos^r^+sin^rf +?'f ) . 

The coefficient of R will vanish by virtue of the geometrical 
equation obtained in the last Article. And this reasoning will 
apply to all the reactions between each two of the moving bodies. 

Suppose the body M to press against some external fixed 
obstacle, then in this case R acts only on the body M, and its 
coefficient will be restricted to the part included in the first 
bracket. ; But the velocity of the point of contact resolved along 
nhe direction of R must vanish, and therefore the coefficient of 
R is again zero. 
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Let A be the point of application of the impressed force F, 
and let the velocity of A resolved along the direction of action of F 

be -j- . Then we see that the coefficient of 2f 18 -r . It olao 
at at 

follows from the definition of d/ that Fdf is -what is called in 

Statics the virtual moment of the force F. 

We have tluia a general method of obtaining an equation free 

from the unknown reactions of perfectly smooth or perfectly 

rough bodies. The rule is. Multiply the equations having 



M 



. M 



d</ d0 



, Ml^ 



-TT . &c. on their left-hand sides by -^ , 
ar at 

,-, -J- , &c., and add together all the resulting equations for all 

the bodies. The coefficients of all the unknown reactions will be 
found to be zero by virtue of the geometrical equations. 

The left-hand side of the equation thus obtained is clearly 
a perfect differential. Integrating we get 

where C is the constant of integration. 

In practice it is usual to omit all the intermediate steps and 
write down the resultiag equation in the following manner : 



\dt, 



'^a 



.dtir 

the virtual moment of the forces. 



where U ia the integral o 

This is called the equation of Vis Viva. Another proof will 
be given in the chapter under that heading. 

139. Vli Viva of a body. The left-hand side of this equa- 
tJOQ is called the vis viva of the whole system. Taking any ona 
body M, we may say that 

,U^..f^ = 3,{(f)V(|)Vv(f)]. 

If the whole mass were collected into its centre of gravity and 
were to move with the velocity of the centre of gravity, k would be 
zero, and the via viva would be reduced to the two first terms. 
These terma are therefore together called the vis viva of transla- 
tion , and the last term is called the vis viva qfrot aiion. 

If » be the velocity of the centre of gravity, we may write this 
equation 

via viva of M = Mv' + Mk^ (^V . 
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If we wish to use polar co-ordinates, we have 

.i„i™.r^.ir{(|)V^@)'.*-(f 

where (r, </>) are the polar co-ordinates of the centre of gravity. 

If p be the distance of the centre of gravity from the instanta- 

fid 
neous centre of rotation of the body, p --f'^^ clearly the velocity 

of the centre of gravity, and therefore 

^is viva of 3f= Jf (p* + k^) i^ . 



VIS 



140. Force Function and Work. The function U in the 
equation of vis viva is called the force f unction of the forces. It 
'may always be obtained, when it exists, by writing down the virtual 
moment of the forces according to the rules of Statics, integrating 
the result and adding a constant. This definition is sufficient for 
our present purpose ; for a more complete explanation, the reader 
is referred to the beginning of the chapter on Vis Viva. 

When the forces are functions of several co-ordinates, it might 
be supposed that it would often happen that the virtual moment 
could not be integrated until the relations between these co-ordi- 
nates had been found by some other means. But it will be shown 
in the chapter on Vis Viva that this is not so. In nearly all the 
cases we have to consider the virtual moment will be a perfect 
differential. In the remarks which follow in this and in the next 
three articles it will therefore be convenient to suppose that the 
function V exists, and is a known function of the co-ordinates of the 
system. 

In a subsequent chapter we shall discuss more particularly the 
various forms which the force function may assume. For the 

E resent we shall merely show how to find its form for a system of 
odies which are falling under any constraints by the action of 
gravity alone. 

^ Let Xy y be the horizontal and vertical co-ordinates of any 
particle of the system and let the latter co-ordinate be measured 
downwards. Let m be the mass of the particle. The virtual 
moment is therefore Xmgdy. The force function may therefore be 
written 

U—jXmgdy = %mgy + C 

^gyXm-\-C, 

where y is the depth of the centre of gravity of the whole system 
below the axis of x. 

Sometimes to avoid the constant C we take the integral be- 
tween limits. The force] function is then called the work of the 



ON TBE EQUATIONS OF MOTION. 121 

forceB as the ayatem passes from the position indicated by the 

lower limit to that indicated by the upper limit. 

The result just arrived at may therefore be stated thus. If, as 
1 a ayxtem moves from one position to another, its centre of gravity 
I descends a vertical space h, the work done by gravity is Mgh wkera 
I a is Ute whole mass of the system. 

We notice that this result is independent of any changes in 

the arrangement of the bodies which constitute tlie syatem, it 

depends solely on the vertical space deaceuded by the centre of 

gravity. 

141. Principle of Vli Viva. Sometimes a system may- 
move from one potiition to another in several different ways. Per- 
haps we do not want the intennediate motion but only the motion 
in the last position when that in the furmer is given. In such a"^ 
cane we avoid introducing the constant C in the equation of vis j 
viva by taking the integral in Art. 133 between limits. Thus we 
say 

change in the) (twice the work done 
vis viva ) 1 by the forces. 
In this equation the change in the via viva is found by subtracting 
from the vis viva in the final position, the vis viva in the first. In 
finding the work done by the forces, the upper limit of the integral 
(as already explained) depends on the final position of the system 
and the lower limit depends on the first position. 

The great importance of this equation is that we have a result 
free from all the reactions or constraints of the system. The 
manner in which the system moves from the first position to the 
last is a matter of indifference. So far as this equation is con- 
cerned, we may change the mode of motion in any way by intro- 
ducing or removing any constraints or reactions provided only 
they are such as would not appear in the equation of virtuiu 
moments as used in Statics. 

We must notice that some reactions will not disappear from 
the equation of virtual velocities in Statira, for example, fric ' 
between two areas which slide over each other. In forming 
equation of vis viva in Dynamics, this kind of friction when it 
occurs will appear along with the other forces on the right-hand 
side of the equation. 

Aa the system moves from one given position to another, it ia 
evident that the change in the vis viva produced by each force 
is twice the integral of the virtual moment of that force. It 
follows that the whole change is the sum of the changes produced 
by the separate forces. Taking then any one force F, we see that 
when its direction makes an acute angle with the direction 
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motion of the point A of the body at which it acts, F and df 
will have the same sign, and the integral in the equation of 
vis viva is positive. The effect of the force is therefore to increase 
the vis viva. But when the direction of the force is opposed to 
the direction of the motion of A, i.e. when the force makes an 
acute angle with the reversed direction of the motion of A, the 
effect of the force is to decrease the vis viva. This rule will enable 
us to determine the general effect of any force on the vis viva 
of the system. 

142. Suppose, for example, a body moves or rolls under the 
action of gravity with one point in contact with a fixed surface 
which is either perfectly rough or perfectly smooth so that there 
can be no sliding friction. Let it be started off in any manner, 
then the initial vis viva is known. The vis viva decreases or 
increases according as the centre of gravity rises above or falls 
below its original level. As the body moves the pressure on the 
surface will change and may possibly vanish and change sign. In 
this case the body will jump off the surface. The centre of gravity 
by Art. 79 will then describe a parabola and the angular velocity 
of the body about its centre of gravity will be constant. Presently 
the body may impinge again on the surface, but until this last 
event occurs the equation of vis viva is in no way affected by the 
body leaving the surface. But the case is different when the body 
impinges on the surface. To make this point clearer, let F be 
the reaction of the surface, A the point of the body at which it 
acts, and Fdf its virtual moment as in Art. 138. Then as the 
body moves on the surface, df is zero, and when the body has left 
the surface, F is zero, so that during the motion until the impact 
occurs the virtual moment Fdf is zero for the one reason or the 
other. This reaction therefore does not appear in the equation 
of vis viva. But when the body impinges on the surface, the 
point A is approaching the surface and the reaction F is resisting 
the advance of A so that neither F nor df is zero. Here we 
measure F in the same manner as in the first part of the motion, 
regarding it as a very great force which destroys the velocity 
of ^ in a very short time (Art. 84). During the period of com- 
pression, the force F resists the advance of A, and therefore the 
vis viva of the body is decreased. But during the period of 
restitution the force assists the motion of A and thus the vis 
viva is increased. We shall show further on, that the vis viva 
is decreased by an impact except in the extreme case in which the 
bodies are perfectly elastic, and we shall investigate the amount 
lost. As a general rule we may notice that the equation of vis 
viva is altered by an impact. 

We may find a superior limit to the altitude y to which the 
centre of gravity can rise above its original level. The equation of 
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nnitial visN __„ 
^ viva / 



vis viva may be written 

/via viva in anyS /iaitial vi3'\ 

I, posit ioQ ) \ viva 
where M is the mass of the body. Now the vis viva can never be 
negative, hence the centre of gravity cannot rise so high that 

2Mgy> initial vis viva. 
In order that the centre of gravity should reach this altitude it is 
necessary that the vis viva of the body should vanish, i.e. both 
the velocity of translation of the centre of gravity and the angular 
velocity of the body must simultaneously vanish. This cannot 
in general occur if the body jump otf the surface, for both the 
angular velocity and the horizontal velocity of the centre of 
gravity will not usually vanish at the moment of the jump, and 
both of these will remain constant, as explained above, during the 

Earabolic motion. After the subsequent impact a new motion may 
e supposed to begin with a diminished vis viva and therefore a 
diminished superior limit to the altitude of the centre of gravity. 

143. Sometimes there is only one way in which the system 
can move. In such a case all we have to find is the velocity of 
the motion. The geometry of the system will determine the x, y, 6 
of each body in terms of some one quantity which we may call ^. 
The vis viva of the body M, as given by Art 139, will now take 
the form 

©". 

where P is a known function of the co-ordinates of M. The equa- 
tion of vis viva will therefore take the form 



v.,i.ori,=.{(|)V(^;)VpQ](ty 



■fpf 



d4,\'_ 



-T can be found for any given position of the system. 



and thus 



It follows that if there is only one way in which the syBtem 
can move, that motion will be determined by the equation of vIr 
viva. But if there be more than one possible motion, we must 
find another integral of the equations of the second order. What 
should be done will depend on the special case under considera- 
tion. The discovery of the proper treatment of the equations is 
often a matter of grfeat difficulty. The difficulty will be increased, 
if in forming the equations care has not been taken that they 
should have the simpbst possible forms. 

141. Examples of t&ese Principlei. The following ex- 
amples have been constructed to illustrate the methods of applying 
these principles to the solution of dynamical problems. In some 
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cases more than one solution has been given, to enable the reader 
to compare diflferent methods. The mode of forming each equation 
has been minutely explained. Running remarks have been made 
which it is hoped will clear up those diflSculties which generally 
trouble a beginner. The attention of the student is therefore 
particularly directed to the different principles used in the follow- 
ing solutions. 

A homogetuous iphere rolU directly down a perfectly rough inclined plane under 
the action of gravity. Find the motion. 

Let a be the inclination of the plane to the horizon, a the radius of the sphere, 
mk* its moment of inertia about a horizontal diameter. 

Let be that point of the inclined plane which was initially touched by the 
sphere, and N the point of contact at the time t. Then it is obviously convenient 
to choose for origin, and ON for the axis of x. 

The forces which act on the sphere are, first, the reaction R perpendicular to 
ONt secondly, F the friction acting at AF along NO and mg acting vertically at C 

the centre. The effective forces are m -i-. , m -j^ acting at C paraUel to the axes 

at' at' 

of X and y and a couple mi^ ^ tending to turn the sphere round C in the direction 




•■tt 



NA. Here $ is the angle any fixed straight line in the body makes with a fixed 
straight line in space. We shall take the fixed straight line in the body to be 
the radius CA, and the fixed straight line in space the normal to the inclined * 
plane. Then $ is the angle turned through by the sphere. 

Resolving along and perpendicular to the inclined plane we have 

m -[^=^9 sino-F (I), 

m ^= -mg oosa + i2 (2). 

Taking moments about N to avoid the reactions, we have 

d^x ,.d*^ 
'"^ dfi +'"*^5S=''*^* ""** W- 

Since there are two unknown reactions F and 22, we shall require two geome- 
trical relations. Because there is no slipping at N^ we have 

x=a0 (4). 

Also because there is no jumping y=a (5). 
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Both thcie eqaationa are oF the tonn described in the first method. Dtfferen- 
tuting (4) ve get -j^ ~a j--^ . Joining this to (3) tre have 



' df^ 



^x a' 
55 = ^^*" 



- (6). 



Since the sphere is homoganeoua, ifl^ 






dh: 5 



di'-?" 



It the aphere bad been sliding down a ivioolh plane, the equation oF nfotion 
woold have been -^-^ = g aina, bo that two-sefentha oF gravity is used in turning 
the sphere, and five-sevenths in urging the sphere doivnnardB, 

Supposing the sphere to start froni rest vra have clearly 
x = l.^aina.,» 

a"?" ' 

mi the whole motion is determined. 

Id the above solutions, only a Few of the oquatione oF motion have been used, 
and if only the motioti had been required it would have beeo unoecesBar; (o write 
down any equations except (H) and (4). If the reactions also be required, we must 
use the remainiug equaliona. From (1) we have 



F=-mg 



From (9) and (») we have R = mg ooso. 

It is usual to delay the substitution of the valae of J^ in the equations until the 
end oF the investigation, For this value is often very complicated. But there is 
another advantage. It serves as a verification oF the signs in out original equa- 
tion*, for it equation (6) had been 

(Pi a> 



we should have expected eoi 
thai the acceleration could ni 
structure of the sphere. 

^ Ei. IF the plai 
■ M 



e error to exist in the solution. Foi it seema clear 
; be made infinite by any alteration of the internal 



mpertectly rough with a coefficient of friction /> 1< 



than f tan b, show that the angular velocity of the sphere after a time ( from rest 
would be - 



145. A homogetuofii ipkere rolU o 
Find the nu)tim. 



1 another ptrfeclly rough jixed iphir^ 



Let a and b be the radii of the moving and fixed spheres, respectively, C and 
the two centres. Let OB be the vertical radius oF the fixed sphere, and ^ = ^ BOC, 
Let F and R be the friction and the normal reaction at N, Then resolving 
tangentially and normally to the path of C, we have 



I 



^i}(g)'=l»eoi* 
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Let A be that point of the moying sphere which originally ooinoided with B. 




Then if be the angle which any fixed line, as CA, in the body makes with any 
fixed line in space, as the yertical, we have by taking moments about C 

d*$ _ Fa 

dfi'mk* ^^^' 

It shonld be observed that we cannot take tf as the angle AGO because, though 
CA is fixed in the body, CO is not fixed in spac^. 

The geometrical equation is clearly a(^-0)=&0 (4). 

No other is wanted, since in forming equations (1) and (2) the constancy of the 
distance CO has been already assumed. 

The form of equation (4) shows that we can apply the first method. We thns 
obtain 

and we are finally led to the equation 

By multiplying by 2 -^ and integrating we get after determining the constant 

the rolling body being supposed to start from rest at a point indefinitely near B. 

This result might also have been deduced from the equation of vis viva. The 
vis viva of the sphere is m ji;^ + fta ^ j | ^nd i'= (a+6) -^ . The force function by 
Art 140 ifi^mgy if y be the vertical space descended by the centre. We thus have 

which is easily seen to lead, by the help of (4), to the same result. 

To find where the body leaves the sphere we must put B=0. This gives by (2) 

(a + 6) ( jt) =(7 0080; .*. -=- j7(l'Cos0)=j7 cos0; .'. 006^=^;=. It may be re- 
marked that this result is independent of the magnitudes of the spheres. 
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l^ ' Ex. 1. If the Bpheres had been smooth the upper Hphere woold have left the 
r loner sphere when cob ^ == {. 



J Ei, a. A rod restfl with one eitremity on i 
other on a smooth vertical wnll at an inalinatioi 
down, show that it will leave the wall when ib ii 



Emooth horizontal plane and (ho 
a to the horizon. If it then Blips 






-'(J 



i«). 



Ei. 3. A beam is rotating on a smooth horizontal plane abont one eitremity, 
which 'a filed, un[iet the action of no forces eicepl tlie retuBtance of the almosphere. 
Sappoeing the retarding effect of the reaietance on a small element of the beam of 
length a to be .1(1 (tgI.)*, then the angidar velocity at the time t is given by 



1 



Aa* 



[Qneens' Coll.] 



J Ei. 1. An inolined plane of maBB 31 a capable of moving beel; on a smooth 
horiioDtal plane. A perfectly roagh sphere of maas m is placed on its inclined faoe 
And rolla down amter the action of gravity. If ^ ' be the horizontal spaoe advanced 
by the inclined plane, x the part of tho plane roiled over by the sphere, prove that 

iir + m)x' = mxcoBa, fi- I'cosa^isl'Bina. 

where a is the inclination of the plane to the horuon. 

V Ei. 5. Two equal perfectly rongh spheres arc placed in unstable equilibrinm, 
one on the lop of the other ; the lower sphere raating on a perfectly graooth table. 
The slightest dislnibance being given to the system, show that the spheres will 
oontinue to touch each other at the same points and if S be the inetination to the 
vertical of the atraight hne joining the centres. 



CM 



— >©'■ 



2ga (1 - 



,8fl^ 



Ei. 6, Two unequal perfectly smooth spherea are placed in unstable equili- 
brinm one on the top of the other; the lower sphere resting on a perfectly smooth 
table. A very alight dietTirbance being given to the system, show that the spheres 
will separate when the straight tine joining the centres makea on angle # with the 

vertical, given by the equation tj oos'^-3 cos ^■1-2 = 0, where U is the mass of 

Uw lower and m of the npper sphere, 

Ex. 7. A sphere of mans M and radius n is conatTBined to roll on a perfectly 
rough curve o( any form and initially the velocity of its centre of gravity is V. U 
the initial velocity were changed lo [", show that the normal reaction would be 
and that the fricUon would ba unaltered, p being the radius 



inoreaaed by Jf 

of envature of (he ci 



V at the point of contact. 



116. A rod Ok can turn about a binge a 

trtdge ir ft left can tlide along a imoath horuon 

Let a = tbe inclination of the wedge, 31= 



«tthebea4n,m=itsmaBaandtf = J0C. Letit^theri 
■ tic dyumieal tfualitna, 



0. nbiU l/ie end A riril* on a tmnoth 
al plane tliroiigh 0, Find ihe motion. 

ndx = OC. Letl = thBlen^b 
A. Then we have 
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ePx _ R Bing 

dfi - M ^ '• 

« i^Z . cob(o - ^) - m^ ^ costf 

d? "^ "■"""nSF"""""'"" ^^)' 

ofui th4 geometrical equatiorit 

x= -; — .8m(a-^) (3). 




It is obvious we zniiBt apply the second method of solution. Henoe 
dx <Px ^ ,^de d?$ , ^d$ \ . dx 



^^,dx<Px,^ t.d^d'v , ^«W.._i . dx , , ^^dd) 

The coefficient of 22 is seen to yanish by differentiating equation (8). Integrating 
we have 

This result might have been written down at once by the principle of vis viva. 
For the vis viva of the wedge is clearly M ( -^ j and that of the rod JCb* (-^ ) . 

If y be the altitude above OC of the centre of gravity of the rod OA, 
twice the force function is C - 2mgy by Art. 140. Since y^\l sin 0, this reduoea 
to the result already written down. 

Substituting from (8) we have 

If the beam start from rest when 0=/3, then C=tngl sin^. 

This equation cannot be integrated any further. We cannot therefore find 6 in 
terms of t. But the angular velocity of the beam, and therefore the velocity oi 
the wedge, is given by the above equation. 

147. Two rods AB, BC are hinged together <U B and can freely $lide on a 
smooth horizontal plane. The extremity A of the rod AB it attached by another 
hinge to a fixed point on the table. An elastic string AC, whose unstretched length 
is equal to AB or BC, joins k to the extremity C of the rod BC. Initially the two 
rods and the string form an equilateral triangle and the system is started with an 
angular velocity fi round A. Find the greatest length of the elastic string during the 
motion. Find also the angular velocities of the rods when they are at right angles^ 
and the least value of Q that this may be possible. 



ON THE EQUATIONS OP MOTION. 

Let the length ot either rod be 2a, mk' the moment of inertift o( nther ftbont ita 
centre of graTity, so that ji[' = Ju'. Let JJ and E bo the middle pointe of the rods, 
and let {r, 81 be the polar coordinnt 

The only forces on the BTStem an 
at tbe elastic string AC. If ve seorali for 
resolved parts of these vanishes, ' 
reaction is at present unknoiFD. But si 
pass thiongh A. their momeDts about A vanish, and therefore, by Art. 1S3, tbe 
angular momcntnm about A in constant thron^hont the motion and eqnal to its 
initial value. Let u, u' be the angular velocities of AB, BO at any instant C. The 
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B origin. 


he reaotion of the hinge at A and the tension 


1 for any direetion i 


In which the son. of tbe 


can &nd none, sin 


ce the duwtion of the 


since the lines of act 


Lion of both these forces 




ugnlar mom«ntvm of BC abont A iabj Art. 184 "> ( (^ -r. + f^' ) ■ "^^ angular 
momentniDof J£ is by the same article m():* + a')u. mnoe AB is tarniogabont A 
aa a fixed point. The initial valnes of these are respecliTsly m(3a'(l ■*-&%), and 

M(i' + a*)D, siaoe w. i^ and r. ue each initially equal to O, and r is initially 
•qnal to the perpendionlar from A on the opposite side of the equilateral triangle 
formed by tbe system. Henoe 

m(i> + a')u + mi'a.'+mr>^ = m(af+4a')0 (1). 



Wa may obtain another equation by (he u 
li vi»a of the rod BC is by Art. 189 m j (^\ 



of the principle ot vis viva. The 

AB is by the same article m(Jc* + d')iii' since it is turning ronnd ^ asa fixed pcunt. 
The initial values of these are respectively m (3a''' + ):')(]> and m {1^ + 11*) IP. Itrbe 
the tension of the string, p its length at time i, the force function of the tension is 
{- T)dp. According to the rule given in Statics to calonlale virtual n: 
to diminish p ; and t 
I initial length 3a ti 
thai, by integration, tbe force fanction = - B —"' 



I'J 



«re2< 

Hooke's law r- 
R. D. 



lign is given to the tension because it acta 
bocauBo the siring has stretched from ii 



-Jaf 



in 



130 MOTION IN TWO DIMENSIONS. 

The reaotion at A does not appear by Art. 141. The equation of vis yiva is 
therefore 

There are only two possible independent motions of the rods. We can torn AB 
about A and BC about B, all other motions, not compounded of these, are incon- 
sistent with the geometrical conditions of the question. Two dynamical equations 
are sufficient to determine these, and these we have just obtained. All the othei 
equations which may be wanted must be derived from geometrical considerations. 

We must now express the geometrical conditions of the question. Let be the 
supplement of the angle ABC, then 

r«=6a"+4a* oos0 (8). 

Since ^ is the relative angular velocity of the rods BC, AB, ^ = w' - w .. . (4), 

.'. *'^= -2a' sin0(ci/-(i;) (6). 

Let ^ be the angle EAB^ then sin^^sin^ - (6), 

and since -^ = -j: - »• we have 
at at 

oos^ r^ - wj = (^ CO80 + -^ sin»0 j («'- w)., (7). 

Also from the triangle ABC p'+2a*=2r» (8). 

From these eight equations we can eliminate u, u/, ^t y;* Pt ^ (^^ -r: • ^® ^^^ 

then have a differential equation of the first order to solve, containing A and ^ . 

at 

It ii required to find the greatest length of the elastic string during the motum 

At the moment when p is a maximum, ^=0 and the whole system is therefor 

moving as if it were a rigid body. We therefore have for a single moment w, c 

and -ji all equal to each other and 3-^=0. The two first equations become, whe 
at at 



o» 



we have substituted for ib* its value -^ , 



(6a*+3f*)« =14a'Q 

(6o«+ 8f^ (o"=14a«0« - 1^ 

dcun 



(p-2a)«j"- 



wHiM^ti^titig w and substituting for r from (8) we have the cabio 

(8p»+16a>)(p-2a)=??^'(p+2a). 
which has one positive root greater than 2a. 



It is also required to find the motion at the instant when the rods are at rig} 



ir t- dr ^ 

angles. At this moment 0=- and henoe by (8) r=^atj6, by (5) 3^= — 7^ a (c/- m 
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r) j7 = c("'+^")- SabBtitating in eqnationa (1) and (2) « 



l^+„i= 



(P-^ 



3 (V3 - !)■ 



From thew two equationa <ve may easily find u and u'. It is easily Been that the 
«lue« of w. ■/ wm not be real unless 0>>y -- ( ^2 - 1)«. 

We may often save onnelveB the trouble of some elimination if at fom ttie 
tguatioHi dtripfd from Ihe principUi of angular mamenlunt and I'l'i viva in a lUghtlif 
digerrat inuiin*r, The rod BC is turning round B with so angular Tslodty u', 
while at the saroe lime B is moving perpeadicutarly to AB with a velocity iaa. 
Tha velocity of £ is therefore the resultant of ou' perpendicular to BC and Saw 
petpondicnUr to AB. both velocities, of oouree, being applied to the point E. When 
we wish onr reenlta to be eipressed io terms of u, iJ no may use these vclooities to 
eipieae the motion of £ instead of the polar co-ordinates |r, 9). 

Tbos in applying the principle of angular momentum, we have to take the 
moment of the velocity of E about A. Sinoe the velocity 2aiii is perpendioular to 
AB, the length of the perpendicular from A on its direction is AB together with 
the projection of BE on AB. which is 2a + (ieoB#. Since the velocity W ia 
perpendicular to BE, the length of the perpendioular from A on its line of action 
to BE together with the projection of AB on BE, which is a + 2a oos^. Henoe 
the angular momentum at the rod BG about A is, by Art. 134, 



ntPw'-H2mau(2a- 



i..'(u + 2aeo8*). 
The principle of angular momentmu lor the two rods gives therefore 

m(t'-i-5o' + 2o'ooa*)u + i»(i2 + a" + 2(i'oos^)g)' = m(2P + 4a')0. 
The right-hand side of this ci^uation, being the initial value of the angolar roomen- 
tom. is derived from the teft-hand side by putting cob#=! -4 and w = ui'-Q. 

In applying the principle of vis viva, we require the velocity of E. Begardiog 
it as the resultant of 2aui and W we see that, if v be this velocity, 

v'^(2aiii)'-i- (ou^'-t-S . 'iaa.aiJ cos^. 
The initial valne being found, as before, by patting eoB^= -\, »=»'=□, the 
principle of via viva gives, by Art. lit, 

Il(^' + 6o')l^■^■m{fc'-^a'l(»■'t■lma"<«yoot*=m(^f + 4a')Q'-£55^^|^. 
The foroe (iinotion ia (onnd in the same manner as before. It we join to thi* 
equation (4) ^ven above, and substitute /i = 4a oos~, we have just three equations 

to find w. iJ, and ^. If these quantities are all that ate required, aa in the two 
MtM eotuudercd above, this Torm of solution has the advantage of brevity. When 



I, we put a — J, when the rods are 
The equations then lead to the results already given. 



angles, we put qos#=0. 
a tjiherical cavity v>kich it filled 



148. Tkt bob of a htavy pendulum contain 
with tealer. To deUrmine tkt motion, 

I<et U be the point of suspension, G the centre of gravity of the solid pact of tbe 
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peodnlum, MK^ its moment of inertia abont and let 00 = h. Let (7 be the centre 
□rtlie sphere of water, a ita radius and OC = c. Let m be the mass of the vritec. 

It we nappose the watt-'r to be a perfect fluid, the action between it and the case 
mnsti by the deScitioD uf a fluiJ, be □ormal to the spherical bonndiiry. There will 
therefore be no force tending to turn the flnid round its centre of Rravity. As the 
pendulum oscillates to and fro, the centre ol the sphere will partake of its motion, 
bnt there will be no rotation of the water. 

The effective forces of the water are by Art. 131 equivalent to the effective force 
of the whole maaB coUeoled at its centre of gravity together with a couple w^'-j: 
where ui is the angular velocity of the water, and ml:' ita moment of incrtta abont 
a diameter. But ui has just been proved zero, hence this couple may be omitted. 
It follows that in all problems of tbie kind where the body doea not turn, or tuma 
with uaiform angular velocity, we may ootleot Oie body into a single particle placed 
at ita centre of gravity. 

The pendulum and the collected fluid now form a tigid body turning abont 
a fixed axis, hence if 8 be the angle CO a fixed line in the body makes with the 
vertioal, the eciuation of motion by Art. 8!! is 

{JIA'' + nu;')^, + (Jlrt + mc)(7Hinfl = 0, 

where in finding the moment of gravity, O, O and C have been supposed to lie in 
a straight line. The length L' of the simple equivalent pendulum in, by Art. BS, 
«K* + 

m+ 

LeC mlc' be the moment of inertia of the sphere of water about a diameter. 
Then if the water were to become solid and to be rigidly connected with the case, 
the length L of the simple equivalent pendulum would be, by similar reaooning, 

a time of oscillation is lees than when the 



149. Characteristlci of a body. If we refer to the 

equations of motion of a body given in Art. 13-5, we see that the 
naotion depends on (1) the mass of the body, (2) the position of 
the centre of gravity, (3) the external forces, {4) the moments of 
inertia of the body about straight lines through the centre of 
gravity, (5) the geometrical equations. Two bodies, however 
different they may really be, which have these characteristics the 
same, will move in the same manner, i.e. their centres of gravity 
will describe the same path, and their angular motions about their 
centres of gravity will be the same. It is often convenient to use 
this proposition to change the given body into some other whose 
motion can be more simply found. 

For example, if a sphere have an eccentric spherical cavity 
filled with fluid of the same density as that of the solid sphere. 
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the niotioD of the sphere in independent of the position of the 
cavity, so that, if it be more couvenient, we may put the cavity at 
the centre. To prove tliis, we may notice that since the sphere of 
fluid does not rotate, or rotates with uniform angular velocity, the 
motion is uualtered by collecting the fluid into a particle placed 
at its centre. This being done, the first, second, third, and fifth 
characteristics are clearly independent of the position of the cavity. 
As for the fourth characteristic, let o be the radiuii of the sphere, 
6 that of the cavity, c the distance of its centre from the centre 
of the sphere, B the density, then the moment of inertia of the 
solid part of the sphere ia j7ro'.|a*— ^iri'. {J6' + o'), The 
moment of inertia of the fluid collected into its centre is jiri'.c*. 
When we add these together c disappears, su that the whole 
moment of inertia ia independent of the position of the cavity. 

The motion of a uniform triangular area moving under the 
action of gravity is another example. If we replace the area by 
three wires forming its perimeter but without weight, the geome-. 
trical conditions of the motion will in general be unaltered, and if 
we also place at the middle points of these wires three weights, 
each one-third of the mass of the triangle,' this body will have 
all its characteristics the same as that of the real triangle, and 
may replace it in any problem. 

- Ei. 1. A triaogular area at rest ia alniek by a blow perpenriicalar to its plane 
Bl the miildlo point of one tide, show thai the mBtantaiioouB axis bietKle the other 
two lidea; but if the blow be delivered At a corner the iDstaiitaiiDoila sxix divide! 
in the ratio of three to one each of the sides which meet at that comer. 

Tbie le not strictlj a motioa ia two diiQeoiuDQa, but we rtmy deduce the renilla 
from Gnt principles, by takinjf momeuts about any straight Una which pasa^ 
tbrDugh the point of application of the blow anH one of the particles. 

__ Ei. 3. A triangular area ABC oscillates about one aide AB aa a horiiontal 
aiia under the action of gravity, ahow that the pres^ares on the Bxed aiis are 
equiv&leat to a vertical pteasure at a point O which biaecte AB, and a preamre in 
the plane of the triangle whieb biaecta the diatanoe betvreen and the piojeotioa of 

When a string connecting two parts of a dynamical system 
passes over a rough pulley, it was formerly the custom to take 
account of the inertia of rotation by replacing the pulley by 
Einother of the same size but without mass and loaded with 
a particle at its circumference. If a be the radius of the 
pulley, k its radius of gyration about the centre, m its mass, the 

mass of the particle is -j m, so that in a cylindrical pulley the 

mass of the particle is half that of the pulley. This mass miist 
then be added <jn to the other particles attached to the string. 
For example, if two heavy masses M, M' bo connected by a string 
passing over a cylindrical pulley of inaas m, which can turn freely 



i' 
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ibout its axis, the equation of motion is 

where v is the velocity. Here the inertia of the pulley is taken 

account of by simply adding ^ to the mass moved. T£ the pulley 

be moveable in space as well as free to rotate, its inertia of trans- 
lation is as usual taken account of by collecting the whole mass 
into its centre of gravity. As this representation of the inertia of 
rotation is not often used now, the demonstration of the above 
remarks, if any be needed, is left to the reader. 

Ex. 3. A rod AB whose oentre of gravity is at the middle point C of AB has 
its extremities A and B constrained to moye along two straight lines Oae, Oy inclined 
at right angles and is acted on by any forces. Show that the motion is the same as 
if the whole mass were collected into its centre of gravity and all the forces redooed 

In the ratio 1+-] : 1, where 2a is the length AB and ik is the radios of gyration 

about the oentre of gravity. 

Ex. 4. A dnmlar disc whose centre of gravity is in its oentre rolls on a perfeotly 

ron^ carve under the action of any forces, show that the motion of the centre is 

the same as if the curve were smooth and all the forces were reduced in tlie ratio 

k^ 
1 + -j : It where a is the radius of the disc and 1; is the radius of gyration about 

the centre. But the normal pressures on the curve in the two cases are not the 

same. In any position of the disc they di£fer by X -^ — =3 , where X is the loroe on 

the disc resolved along the normal to the rough curve. 

On the stress at any point of a rod. 

150. Suppose a rod OA to be in equilibrium under the action 
of any forces, it is required to determiue the action across any 
section of the rod at P. This action may be conceived to be the 
resultant of the tensions positive or negative of the innumerable 
fibres which form the material of the roa. All these we know by 
Statics may be compounded into a single force R and a couple u 
acting at any point Q we may please to choose. Since each por-> 
tion of the roa is in equilibrium, these must also be the resultants 
of all the external forces which act on the rod on one side of the 
section at P. If the section be indefinitely small it is usual to 
take Q in the plane of the section, and these two, the force R 
and the couple &, will together measure the stress''^ at the section. 

* Sir W. Thomson has appropriated the word «tratn to the alterations of volume 
and figure produced in an ehMtic body by the forces applied to it, and the word 
»tr€89 to the elastic pressures. 
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If the rod be bent by the action of the forces, the fibres oa 
one side will all be stretched and on the other compressed. The 
rod wiU begin to break as soon as these fibres have been suffici- 
ently stretched or compressed. Let us compare the tendencies of 
the force R and the cowple G to break the rod. Let A be the 
area of the section of the rod, then a force F pulling the rod will 
cause a resultant force R = F, and will produce a tension in the 

fibres which when referred to a unit of area is equal to -^ . The 

same force F acting on the rod at an arm from P whose length 
is p, will cause a couple Q = Fp. which must be balanced by the 
couple formed by the tensions. Let 2a be the mean breadth of 
the rod, then the mean tension referred to a unit of area produced 



by (? is of the order - 



Now if the section of the rod be very 



small - will be large. It appears therefore that the couple, when 

it exists, will generally have much more effect in breaking the 
rod than the force. This couple is therefore often taken to 
measure the whole effect of the forces to break the rod. The 
" tendency to break " at any point P of a rod OA of very small 
section is measured by the moment about P of all the forces which 
act on either of the sides OP or PA of the rod. 

The resolved part of the force S perpendicular to the rod is 
called the shear. This is therefore equal to all the forces which 
act on either of the aides OP or PA resolved perpendicular to the 
rod. 

If the rod be in motion the same reasoning will, by D'Alem- 
bert's principle, be applicable; provided we include the reversed 
effective forces amoog the forces which act on the rod. 

In most cases the rod will be so little bent that in finding 
the moment of the impressed forces we may neglect the effects 
of curvature. 

If the section of the rod be not very small, this measure of 
the " tendency to break " becomes inapplicable. It then becomes 
necessary to consider both the force and the couple. This does 
not come within the limits of the present treatise, and the reader 
is referred to works on Elastic Solids. 

In the case of a strii^ the couple vanishes and the force acts 
along a tangent to the string. The stress at any point is there- 
fore simply measured by the tension, 

IGt. A rod OA, 0/ length 2a, and mau m, vhieh ean turn fretly oAout one «x- 
tremitg O.fallM uiuUr the action of gramty in a vertical plane. Find the "tendency 
M break" at any point P. 

Let du be any d^miiiit of the rod distant u trom P and on the tide □( F nearer 



I 
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the end A of the rod, and let OP=x. Let ^ be the angle the rod makes with the 
vertical at the time t. The effectiye forces on du are 

du 



2a 



, ^d^e . du, . ./d$y 
(x + u)2^, and ^m^{x+u)^-^j 



dm 

lespectiTely perpendionlar and along the rod. The impreseed force iam^g acting 

vertically downwards. The effectiye forces being rerersed the tenden<7 to break 
at P is eqoal to the moment about P of all the forces which act on the part PA of 
the rod. If this be called L, we haye 



r f du ' i, , [ du, , . d^ 
L^jf^^ff^^O+jm^{x+u)u-^, 



the limits being from tt=0 to u=2a-x. Also, taking moments about O, tba 

equation of motion is 

ia*d^$ 
m-o- -^ = ^mgatanff. 

Hence we easily find It=- ^^^ x(2a^x)\ 

The meaning of the minus sign is that the forces tend to bend PA round P in the 
opposite direction to that in which $ has been measured. 

To find where the rod, supposed equally strong throughout, is most likely to 

break, we must make L a maTJmnm. This giyes -^=0 and therefore flB=-g- • The 

point required is at a distance from the fixed end equal to one-third of the length of 
the rod. This point, it should be noticed, is independent of the initial conditions. 

To find the shear at P we must resolye perpendicularly to the rod. If the 
result be called Y, we have 

V f du ' n , f du, ^ .d^0 
Y=jm^gBm0 + jm^(x+u)-^,. 

the limits being the same as before. This gives 

which vanishes when the tendency to break is a maximum, and is a nift.-r4fw^ T ^ |^ 
a distance from the fixed end equal to two-thirds of the length of the rod. 

To find the tension at P we must resolve along the rod. If the result be called 
X, and be taken positive in the direction OA, we have 

If the rod start from rest at an inclination a to the vertical, we find, by integratjng 
the equation of motion, f -^ j = =^ (ooaO - cos a). Hence 

i:= g^ (2a - «) { - 4a cos^ + 8 (cosa - COS ^ (2a + op)}. 

From these equations we may deduce the following results. (1) The magnitudee 
of the stress couple and of the shear are independent of the initial 
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{3} The magnitude ol either tht; couple or the shear &t ao; given point of the rod 
Tirita as the sine of the inclinutioD of the tod to the Tcrtieat. (3) The ratio of the 
magnitudes oF the «trC8B couples at any two given points of the rod is alvafs the 
same, and the same propoiition is oIho troe of the Bhear. (4) The tension depends 
on the initial oanditians and anleflii the rodetart from rest in the horizontal position, 
(he ratio of the tensioiiH at any two given points varies with the position of the rod. 

163. A rij)iil hoop cuinplttely crackid at one point rolU on a perfectly rouph 
horuoittal plane and t* acted vn by vo forcet but gravity. Prove that the vrench 
eauple at the point of the hoop moil revuite from the crack will be a maximum when- 
tvtr, tht crack being Uncrr than the eenlre, the iiKliaaiioii of the diaToeler through 



tht crack to the horiion u 



[Math. Tripos, 1861.] 



Let u 



e the a 



r velocity of the hoop, a its radios. The velocity of My 
point P of the hoop is the resultant of a velocity aui parallel to the horizontal pluie 
and an equal velooity au along a tangent to the hoop. The first is constant in 
dirtfotion and magnitude and therefore gives nothing to the aooeteration of P. The 
latter is ooastaot in uagnitude but variable in direction and gives av* as the 
■oceleration which is direeted along a radius of the hoop. Ijet A be the oiaoked 
point, li the other end of the diameter, C the centre, 8 the iuollnalion ot AC13 to 
the horizon. Let PP be any element on the upper half of the circle, l!CP = p. 
Then the wrench couple, or tcndenoy to break, at B ia proportional to 

I [-aw*a aa(p+giatioa9~a vo6^^-^ e)\]ad<l>— - Ta'tM? * go' {caeSr + 2 laae). 

nUa is a ma n'"'"'" when taii9=- . 

^Ei. 1. A semicircular wire AB of radius a is rotating on a saooth horizontal 
plane about one extremity A with a coDstant angular velocity u. It o^ be the arc 
between the Gied poiut A and the point nhere the tendenoy to break is greatest, 
prove that tan^^r-^ U the extremity B be suddenly Gied and the extretaitj 
A let go, prove (hat the tendenrj' to break ia greatest at a point P where 
itauPBA = PBA. 

Ex. 2. Tico of the angles of a heavy square lamina, a aide of which is a, are 
eonneoted with two points equally distant from the ixntre of a rod of length 2a, so 
that the square can rotate abont the rod. The weight of the square in equal to the 
weight of the rod. and the rod when Bupportad by its eitremities in a horizontal 
position is on the point of breaking. The rod is then held by its extiemtliea in 
a vertical position, and an angular velocity u is then impressed on the square. 



Shoo (hat it will break 



"">\/?- t*^"- 






i Ex. B. A wire in the form of the portion of the corvHf = ii(l-t-Gos9) mil off b; 
(he inititt line rotates about the origin with angular vebioity u. Prove (hat the 



tendency to break at the point B-^ is measured by ih 



'^a'. [St John's Coll.] 
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On Friction between Imperfectly Rough Bodies. 

153. Oomponents of a Beaction. When one body rolls 
on another under pressure, the two bodies yield slightly, and are 
therefore in contact along a small area. At every point of this 
area there is a mutual action between the bodies. The elements 
just behind the geometrical point of contact are on the point of 
separation and may tend to adhere to each other, those m firont 
may tend to resist compression. The whole of the actions across 
the elements are equivalent to (1) a component R, normal to the 
common tangent plane, and usually called the reaction; (2) a 
component F in the tangent plane usually called the friction; 
(3) a couple L about an axis lying in the tangent plane and which 
we shall call the couple of rolling friction ; (4) if the bodies have 
any relative angular velocity about their common normal, a couple 
N about this normal as axis which may be called the ooupls of 
twisting friction. 

These two couples are found by experiment to be in most cases 
very small and are generally neglected. But in certain cases 
where the friction forces are idso small it may be necessary to take 
account of them. We shall therefore consider first the laws which 
relate to the friction forces as being the most important, and after- 
wards those which relate to the couples. 

154. Laws of Frictioii. In order to determine the laws 
of these frictions we must make experiments on some simple 
cases of equilibrium and motion. Suppose then a symmetrical 
body to be placed on a rough horizontal table and acted on by a 
force so placed that every point of the body is urged to move or 
does move in the direction of this force. It is found that if the 
force be less than a certain amount the body does not move. The 
first law of friction is therefore that the friction acts in such a 
direction and has such a magnitude that it is just sufficient to 
prevent sliding. 

Next, let the force be gradually increased, it is found by 
experiment that no more than a certain amount of firiction can 
be called into play, and when more is required to keep the body 
from sliding, sliding will begin. The existence of this limit to 
the amount of friction which can be called into play, is the 
second law of friction. This amount is called limiting friction. 

The third law of friction is that the magnitude of this limiting 
friction is found by experiment to bear a ratio to the normiu 
pressure which is very nearly constant for the same two bodies in 
contact, but is changed when either body is replaced by another 
of different mateiial. This ratio is called the coefficient of friction 
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of the materials of the two bodies. Its cortstancy ia generally 
assumed hy mathematicians. 

Though all experimenters have not entirely agreed as to the 
absolute constancy of the coefficient of friction, yet it has been 
found generally that, if the relative motion of the two bodies be 
the same at all points of the area of contact, the coe^tdent of 
friction ia nearly independent of the extent of the area of contact 
and of tiie relative velocity. 

155. Coulomb has pointed out a distinction which exists 
between statical friction and dynamical friction. The friction 
which must be overcome to set a body in motion relatively to 
another is greater than the friction between the same bodies when 
in motion under the same pressure. Ho found also that if the 
bodies remained in contact for some time under pressure in a 
position of equilibrium, the friction which must be overcome was 
greater than if the bodies were merely placed in contact and 
immediately started from rest under the same pressure. In some 
bodies this distinction between statical and dynamical friction was 
found to be very slight, in others the difference was considerable". 
The experiments of Morin in general confirmed the existence of 
the distinction between the two kinds of friction. According to 
some experiments of Messrs Fleeming Jenkin and J. A. Ewing, 
described in the Phil. Trans, for 1877, the transition from statical 
to dynamical friction ia not abrupt. By means of an apparatus 
which differed essentially from any previously employed they were 
able to make definite measurements of the friction between sur- 
faces whose relative velocity varied from about one hundredth of 
a foot per second to about one five- thousandth of a foot per 
second. Between the limits of these evanescent velocities the 
coefficient of friction was found to be decreasing gradually from its 
statical to its dynamical value as the velocity increased. 

The experiments of Coulomb and Morin were made with bodies 
moving at moderate velocities, but some experiments have been lately 
made by Capt. Douglas Gaiton on the friction between cast-iron 
brake blocks and the steel tyres of wheels of engines moving with 
great velocities. These velocities varied from seveu feet per second 
to eighty-eight feet per second, i.e. five to sixty miles per hour. 
Two results followed from these experiments: (1) the coefficient of 
friction was very much less for the higher than the lower velocities, 
(2) the coefficient of fiiction became smaller after the wheels had 
been in motion for a few seconds. See the Report of the British 
Association for the meeting in Dublin, 1878. The reader will also 

* The reanltB of Coolomb's ci:perimctitB are given in hia Thioiie da maehinet 
timpUt, ilimoiret ia Savanlt ilrangen, tome x. This paper gained the Prize of 
Um AatUinU da Seiencti ia ITSl and was ptibliabed aep&rBtelj' in Faris, IB09. 
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find an account of some experiments on rolling /riction by Pro£ 
Osborne Reynolds in the Phil Trans, for 1 876. 

156. When the bodies are said to be perfectly rough it is 
usually meant that they are so rough that the amoimt of fnction 
necessary to prevent sliding under the given circumstances can 
certainly be called into play. The coefficient of friction is there- 
fore practically infinite. By the first law of friction, the amount 
which is called into play is that which is just sufficient to prevent 
sliding. 

167. Application of the laws of Frictioii. Let us now 

extend the theory deduced from these experiments to the case in 
which a body moves or is urged to move in any manner in one 
plane. It is a known kinematical theorem, which will be proved 
at the beginning of the next chapter, that the motion of snob a 
body may be represented by supposing it to be turning round 
some instantaneous centre of rotation. Let be this centre of 
rotation, then any point P of the body is moving or tends to 
move perpendicular to OP. 

The friction at P, by the first rule just given, must also act 
perpendicular to OP but in the opposite direction. If P move, 
the amount of the fnction at P is limiting friction and is equal 
to fiR, where B is the pressure at P and /i the coefficient of 
firiction. Thus in a moving body the direction and magnitude of 
the friction at every sliding point are known in terms of the co* 
ordinates of the point and the pressure at the point. * 

Suppose for example it were required to find the least couple 
which would move a heavy disc resting by several pins on a hori- 
zontal table, the pressures at the pins being known. By resolving 
in two directions and taking moments about a vertical axis we 
obtain three equations. From these we can find the required 
couple and the two co-ordinates of 0. 

It sometimes happens that coincides with one of the points 
of support of the body. In this case the friction at this point of 
support is not limiting. It is only just sufficient in amount to 
prevent the point from sliding. 

Ex. A heavy body rests by three pins A^ B, C on a roagh horizontal table, the 
pressures at the pins being P, Q, R. If the body be acted on by a coaple so that it 
is jnst on the point of moving, show that the centre of rotation is at a point O snoh 
that the sines of the angles AOB, BOC, COA are as 12, P, Q, Bat if the point O 
thus determined does not lie within the triangle ABC, the centre of rotation coin- 
cides vrith one of the pins. 

These results follow immediately from the triangle of forces. 

158. Discontinuity of Friction. The reader should par- 
ticularly notice the discontinuity just mentioned. The friction at 
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any point of support which slides is fiB, where R is the normal 
pressure. But if the point of support does not slide, tho friction 
IS some quantity F which is unknown, except that it must be less 
than fiR. The magnitude of Fmust be found from the equations 
of motion. This difference will often introduce a discontinuity 
into the equations. 

As this is important let us present the ailment in a slightly 
different form so as to consider the case of rolling. 

Suppose a body rolls on a rough surface, the friction called 
into play just prevents sliihng, and is possibly variable in magni- 
tude and direction. By writing down and solving the equations 
of motion we can find the ratio of the friction F to the normal 
pressure R. If this ratio be always less than the coefhcient ^ of 
friction, enough friction can always be called into play to make 
the body roll on the rough surface. In this case we have obtained ■ 

the true motion. But if at any instant the ratio j^ thus found 

should be greater than the coefficient of friction, the point of 
contact will begin to elide at that moment. In this case the 
equations do not represent the true motion. To correct them we 
must replace the unknown friction F by fiR, and remove the 
geometrical equation which expresses the fact that there is no 
Blipping between the lH>dies. The equations must now be again 
solved on this new supposition. It is of course possible that 
another change may take place. If at any instant the velocities 
of the points of contact become equal to each other, all the pos- 
sible fnction may not he called into play. At that instant the 
friction ceases to be equal to fiR and becomes again unknown in 
magnitude and direction. 

159. Discontinuity may also arise in other ways. When, for 
example, one body is Bliding over another, the friction is opposite 
to the direction of relative motion, and numerically equal to the 
normal reaction multiplied by the coefficient of friction. If then, 
during the course of the motion the direction of tho normal re- 
action should change sign, while the direction of motion remains 
unaltered ; or if the direcrion of motion should change sign while 
the normal reaction should remain unaltered, the sign of the 
coefficient of friction must be changed. This may modify the 
dynamical equations and alter the subsequent solutio.i. The same 
cause of discontinuity uperates when a body moves in a resisting 
medium, when the law of resistance is an even function of the 
velocity, or any function which Joes not change sign when the 
direction of motion is changed. 

160. Indeterminate Motion. In some cases the motion 
may be rendered indeterminate by the introduction of friction. 
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Thus, we have seen in Art. 112, that when a body swings on two 
hinges, the pressures on the hinges resolved in the direction of 
the straight line joining them cannot be found. The sum of these 
components can be found, but not either of them. But there 
was no indeterminateness in the motion. If however these hinges 
were imperfectly rough, there would be two friction couples, one 
at each hinge, acting on the body. The common axis of these 
couples would be the straight line joining the hinges. The mag- 
nitude of each would be equal to the pressure resolved along its 
axis multiplied by a constant depending on the roughness of the 
hinge. If the hinges were unequally rough, the magnitude of 
the resultant couple would depend on the distribution of the pres- 
sure on the two hinges. In such a case the motion of the ix>dy 
would be indeterminate. 

161. Ihrampl— of Metton. A homogeneout tphere U placed at re$t on a rough 
inclined plane, the coefficient of friction being /i, determine whether the tphere wUl 
tlide or roU, 

Let F be the friction required to make the sphere roll. The problem then 
becomes the same as that discassed in Art. 144. We have, therefore, F= f tana A, 
where a is the inclination of the plane to the horizon. 

If then f tana be not greater than /i, the solution given in the article referred 
to is the correct one. Bnt if /i<f tana the sphere will begin to slide on the 
inclined plane. The subsequent motion will be given by the equations 

m^ =OT5f Buia-fiR 

0= -mg oosa + 'R 

ma j7i +w** jp = '»>^« Bioo 

whence we have, remembering that ft'=fa', 

dhc , . d^O a 

^=^(sino-M0oso), ^a = *A*^C08a. 

Since the sphere starts from rest, we have by integration 

«=i^t'(8ina-/iC0Sa), ^=4/x- t*cosa. 

a 

The velocity of the point of the sphere in contact with the plane is 

dx do 
^-«^^=^^(8mo-jMCoso). 

But since, by hypothesis, /x is less than f tana, this velocity can never yaniflh.^ 
The friction therefore will never change to rolling firiction. The motion has thoal 
been completely determined. 

162. A homogeneout sphere it rotating about a horizontal diametert and is gently 
placed on a rough horizontal plane, the coefficient of friction being fi. Determine 
the tubsequent jnotion. 

Since the velocity of the point of contact with the horizontal plane is not leio, 
the sphere will evidently begin to slide, and the motion of its centre will be along 
a straight line perpendicular to the initial axis of rotation. Let this straight line be 
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taken M ihe axis of 3, and let B be the angle betveen the vertioal aad tbat radioi ol 
the iphere nhicb was initially vertical. Let <i be the radius at the Bph«ro, mM ita 
moment ol iaerti» about a diameter, and n tbe imtial angular velocitj. Let R be 
the normal reaction of the plane. Then the eqaationa of motion ore clearly 

"'dr^ = Wt 1 

= mp-Ji L (I), 

whence we have -^^. = 113, ^,= -4m- (2)- 

Intogratmij, and remembering that the imtial valae of -r- is D, wo hsve 

i = W'. B=Qt-\».U* (8). 

Bat it IB evident that these equations cannot repreaent the whole motion, tor 

tbe7 would make -- . (ho velocity of tlie centre of the sphere, increase continoally. 

TMb ii qoite oontrary to eiperienoe. The veloci^ of the point of tbe sphere in 

contact with the plane is 

Tbia ^Tmishaa at a time \ = \— (4). 

At ^» instant the biotion niddenly changes its character. It now beoomeail 
only of sUBcient magnitude to keep the point of contact ot tbe sphere at rest. Let 
F be the friction reqoired to eQect tbia. The equations of motion will then be 



and the geometrical equation will be x=a9. 

Differentiating this twice, and anhstitoting Irom tbe djniamicsl eqaationa, we 
get F(a' + P) = 0, and therefore f=tl. That ia, no friction is required to keep 
the point of contact of the sphere at rest, and therefore none will be called Into 
play. Tbe sphere will therefore move aniformly with the velocity which it had 
at the time tj. Substituting the value of f, in tbe oipression for -j obtained from 
•qiutio&H (8) we find that this velocity is faD. It appears therefore that the 
•pfaere will move with a uniformly increasing velocity for a time f — and will 

then move nni/onnlj with b velocity JaO. It may be remarked that this velocity 
ia independent of fi. 

If the plane be very rough, ^ ia ver; great and the time (, ia very small. Taking 
the limit when n is infinite we find that the sphere begins Immediately to move with 
ita uniform velocity. 
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163. In this mvestigation the couple of rolliog friction has been negleetecL 
Its effect would be to diminJBh the angular velocity. The velocity of the lowest 
point of the sphere would then tend to be no longer zero, and thus a amalL eUding 
friction will be required to keep that point at rest Suppose the moment of the 
friction-couple to be measured hyfmg, where/ is a constant. Introducing this into 
the equations (5) the third is changed into 

the others remaining onaltered. Solving these as before we find 

J? ^^ 

We see from this that F is negative and retards the sphere. The effect of the 
couple is to call into play a friction-force which gradually redooes the spliere to 
rest. ^ 

As the sphere moves in the air we may wish to determine the effect of its resist- 
ances. The chief part of this resistance may be pretty accurately represented bj 

a force m/9 — acting at the centre in the direction opposite to motion, v being the 

velocity of the sphere and /3 a constant whose magnitude depends on the density of 
the air. Besides this there will be also a small friction between the sphere and air 
whose magnitude is not known so accurately. Let us suppose it to be l eprose nted 
by a couple whose moment is mf^ where 7 is a constant of small magnitude. The 
equations of motion can be solved without difficulty, and we find 

tan-ir /^-tan-iF >^±^= . ?Vi«±M « 
where V is the velocity of the sphere at the epoch from which t is measured. 

164. Friction couples. In order to determine by experi- 
ment the magnitude of rolling friction, let a cylinder of mass M 
and radius r be placed on a rough horizontal plane. Let two 
weights whose masses are P and P + p be suspended by a fine 
thread passing over the cylinder and hanging down through a slit 
in the horizontal plane. Let F be the force of friction, L the 
couple at the point of contact A of the cylinder with the horizontal 
plane. Imagine ^ to be at first zero, and to be gradually increased 
until the cylinder just moves. When the cylinder is on the point 
of motion, we have by resolving horizontally F= and by taking 
moments L =pgr. Now in the experiments of Coulomb and Morin 
p was found to vary as the normal pressure directly, and as r 
mversely. When p was great enough to set the cylinder in motion, 
Coulomb found that the acceleration of the cylinder was nearly 
constant, and thence we may conclude that the rolling friction was 
independent of the velocity. M. Morin found that it was not in- 
dependent of the length of the cylinder. 

The laws which govern the couple of rolling friction are similar 
to those which govern the force of friction. The magnitude is 
just sufficient to prevent rolling. But no more than a certain 
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amount can be called into play, and this is called the limiting 
rolling couple. The moment of this couple bears a constant ratio 
to the magnitude of the normal pressure. This ratio is called the 
coefficient of rolling friction. It depends on the materials in con- 
tact, it is independent of the curvatures of the bodies, and, in 
in some cases, of the angular velocity. 

No experiments seem to have been made on bodies which 
touch at one point only and have their curvatures in all direc- 
tions unequal. But since the magnitude of the couple is inde- 
pendent of the curvature, it seems reasonable to assume that the 
axis of the rolling couple, when there is no twisting couple, is the 
instantaneous axis of rotation. 

165. In order to test these laws of friction let us ^ compare 
the reeults of the following problem with experiment. 

FrlcUOD of a caxrlaca. A rarriage on u pain of tehttU u dragged on a Inrt 
horiiontal plaie by a koTisonlal force 2P tailh uniform motion. Find the magnitude 

Lot the r&dii of the wheela be reBpectivelj r,, r,, &c., their weights w,, te,, Ac.. 
uid the radii or the ailBfl p,, p^ 4c. Let an' be the whole weight of the oirriage, 
^Qi- ^Qv **■ 'l"" presanieB on the aoveral axles, bo that W='LQ. Let the presBoies 
between the wheels and axles be ii,. A,, io. and the pressurei on the ground 
R,', J!,', iSe. Let C bo the common centre uf anj wheel and aile, B their point of 
contact, and A the point of contaot of the wheel wilh the groand. Lot the angle 
ACB = S aoppoaed positiTe when B ia behind AC. Let u be the coefficient of the 
toroe of sliding friction at fi and / the eoefficient of the conple of rolling friction 
at A. The eqaations of eqailibrinm for aay wheel, found by resolving vertically 
and taking moments about A, are 

ir-Q + w (1). 

;.n[roo9S-p)-Br8inff=/R' (3). 

The friction force at A does not appear bccauao we have not resolved horizontally. 
The eqaationi of equilibrinm of the carriage, found by resolving vertically and 
borizoutaUy, are 

H ooafl + ,ifi aine = l3 (8), 

i;(RBine-;iRcos9) + P=0 (*). 

The efteotire forces have been omitted because the carriage ia Enppoeed to more 
nniformly, «o that the Sf j- of the carriage and the mi* j- of the wheel are both 
aero. The first three uf these equations give by eliminating R and 11' 

\„,^;iL, — H'*i) '"■ 

This gives the valne of 6. In moiit wheels - and ^ are both small as well as /. In 

such a CABe li eoitf-ainS is a small quantity. If therefore ;i — tane we have e = t 
very nearly. The third and tonrth of these equations give by eliminating it 

li, 11. 10 
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lij equation (5). If ^ be Bznall, it wiU be soffioient to snbetitate for ^ in tha fint 
term its approximate Taloe e. This gives 

P=2 |Bine|(?+/i±^| (6). 

Here we have neglected terms of the order ( ^ j Q, 

If all the wheels are equal and similar we have, since ZQstW, 

P=sme^Tr+/ - (7). 

Thns the force required to drag a carriage of given weight with any oonstani 
velocity is very nearly independent of the nomber of wheels. 

In a gig the wheels are usually larger than in a four-wheel csrriage, and there* 
fore the force of traction is usually less. In a four-wheel carriage the two fore 
wheels must be small in order to pass under the carriage when turning. This will 

cause the term sine^^ Q^ in the expression for P containing the radius r^ of tha 

fore wheel to be large. To diminish the effect of this term, the load should be so 
adjusted that its centre of gravity is nearly over the axle of the large wheels, tha 
pressure Qi in the numerator of this term will then be small. 

A variety of experiments were made by a French engineer, M. Morin, at Meti 
in the years 1837 and 1838, and afterwards at Courbevoie in 1839 and 1841, with 
a view to determine with the utmost exactness the force necessary to drag carriages 
of different kinds over the ordinary roads. These experiments were undertaken hj 
order of the French Minister of War, and afterwards under the directions of the 
Minister of Public Works. The effect of each element was determined separately, 
thus the same carriage was loaded with different weights to determine the effect oi 
pressure and dragged on the same road in the same state of moisture. Then the 
weight being the same, wheels of different radii but the same breadth were oaed, 
and so on. 

The general results were that for carriages on equal wheels, the resistanoe varied 
as the pressure directly and the diameter of the wheels inversely, and was independent 
of the number of wheels. On wet soils the resistance increased as the breadth of 
the tire was decreased, but on solid roads the resistance was independent of the 
breadth of the tire. For velocities which varied from a foot pace to a gallop, the 
resistance on wet soils did not increase sensibly with the velocity, but on solid roads 
it did increase with the velocity if there were many inequalities on the road. As 
an approximate result it was found that the resistance might be expressed by a 
formula of the kind a-\-hV^ where a and h are two constants depending on the 
nature of the road and the stiffness of the carriage, and V is the velocity. 

M. Morin*s analytical determination of the value of P does not altogether agree 
with that given here, but it so happens that this does not materially affect the 
comparison between theory and observation. See his Notions Fondamentalu di 
Micanique, Paris, 1855. It is easy to see that M. Morin's experiments tend to con- 
firm the laws of rolling friction stated in a previous article. 

4 166. Vroldaina on Frletion. Ex. 1. A homogeneous sphere is pzojeotad 

without rotation directly up an imperfectly rough plane, the inclination of wlnoh 
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to tbs horizon is n, and tha coefficiect of friction m Show that the vbole time 
during which the aphere osoende the pl&ne is the time as if the plane were Emootb, 
and that the time during whiah the sphere ihdai ia to tlia time during which it 
roUa a ^ *^'' . 1 

J Ei. 2. A homogeneons Bphere of miaa M ig placed on an impeTfeotly rongh 
tablts the coefGcieut o( friction of which ia ^. A particle of moss m ia attached to 
the eitietnit]' ol a horizontal diameter. Show that the sphere will begin to roU or 

riide according hs n is greater ot leas than .^ii ^ ..,t."' > . ■ M |i bo equal to 
thiB valae, show that the aphere will begin to tolL 

Ex. 3. A rod AB has two small rings at its eitremitiea which elide on two 
rough horizontal rods Os, Oij at right angles. The rod ia started with an angular 
velocity when very nearly coincident with Ox. Show that if the coefficient ot 

friction ialeaa than ,^2, the motion of the rod ia given by fl = — ^-^ log I 1 + , 1 
nntil tanff= - . and that when the rod reaches Oy, its angnlar velocity ia n, when 



What ia the motion if ^*3-2r 

167. Rigidity of Cords. After using the apparatus de- 
scribed in Art. 164, with a fine cord to determine the laws of 
friction, Ciiulomb replaced the cord by a stiffer one and repeated 
his experiments with a view to obtain a measure of the rigidity of 
cords. His general result may be stated as follows. Suppose a 
cord A BCD to pass over a pulley of radius r, touching it at B and 
C, and moving in the direction A BCD. Then the rigidity may 
be represented by supposing the cord perfectly flexible and the 
tension T of the portion AB of the cord which is about to be 
rolled on to the pulley to be increased by a quantity R. This 

force R measures the rigidity. The quantity B is equal to , 

where a and b are constants, which depend on the nature of the 

cord. 

It appears therefore that in the equation of moments about 
the axis of the pulley, the rigidity of the cord which is being wound 
on to the pulley is represented by a resisting couple whose magni- 
tude is a + bT, where T is the tension of the cord which is being 
bent, and a. 6 are two constants which depend on the nature of 
the cord. The rigidity of the cord which ia being unwound will 
be represented by a couple whose magnitude ia a similar function 
of the tension of that cord. But aa its magnitude is very much 
less than the first, it is generally omitted. 

Besides the experiments just alluded to, Coulomb made many 
others on a dtflferent system. He also constructed tables of the 

10— a 
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values of a and b for ropes of different kinds. The degrees of 
dryness and newness and the number of independent threads 
forming the cord were all considered. Rules were given to com* 
pare the rigidities of cords of different thicknesses. 



On Impulsive Forces. 

168. Equations of motioii. In the case in which the 
impressed forces are impulsive the general principle enunciated in 
Art 131 of this chapter requires but slight modification. 

Let (u, v), (u', v) be the velocities of the centre of gravity of 
any body of the system resolved parallel to any rectangular axes 
respectively just before and just after the action of the impulses. 
Let a> and to be the angular velocities of the body about the centre 
of gravity at the same instants. And let MV be the moment of 
inertia of the body about the centre of gravity. Then the effective 
forces on the body are equivalent to two forces measured by 
M(u—u) and M(v-'v) acting at the centre of gravity parallel 
to the axes of co-ordinates together with a couple measured 
by ifA«(a>'-«). 

The resultant effective forces of all the bodies of the system 
may be found by the same rule. By D'Alembert's principle 
these will be in equilibrium with the impressed forces. The 
equations of motion may then be found by resolving in such 
directions and taking moments about such points as may be found 
most convenient. 

In many cases it will be found that by the use of Virtual 
Velocities the elimination of the unknown reactions may be 
effected without difficulty. 

169. We notice that these expressions for the effective forces 
depend on the differeuce of the momenta just before and just 
after the action of the impulses. We may therefore conveniently 
sum up the equations obtained by resolving in any direction, and 
taking moments about any point in the two follovring forms : 

/Res. Lin. Mom.\ ^ /Res. Lin. Mom.\ _ /Resolvedx 
V after impulse / V before impulse/ ~ v impulse / * 

/Ang. MomentumN _ /Ang. Momentum\ _ /Moment of \ 
V after impulse / v before impulse / V impulse J ' 

An elementary proof of these two results is given in Art. 87. 
The expression for the Linear Momentum is given in Art. 75, 
and the various expressions used for Angular Momentum are 
given in Art. l:U. 



ON IMPULSIVE FORCES. 

When a single blow or impulse acts on a system, we may 
conveniently take moments about some point in its line of action. 
We thus avoid introducing the impulse into the equations. We 
then deduce from the equations of moments that Me angular 
momentum of a system about any point in the line of action 0/ an 
impulse is unaltered by that tmpuke. 

170. Ei. A ttring U wovnd round Ihr cireumftrence of a cifeulai* IMl, and tM 
frte end i$ attached to a filed point. The rttl U then Hfled up arui let fall lo that 
al the moment when the ilring beeomu tight ft it vertical, and a tangent ta the reel. 
The wfiole motion being luppoied to lake place in one plane, dttermine the effect of 
the impuUf. 

The reel in the first instance f&lls vertically nitUout rotation. Let be the 
Telocity of the centre at the moment when the string becomes tight; c', u' the 
Telooity of the centre and the ftngulsr velocity jaat after the impulse. Let T be 
the impolsive tension, mk' the moment of inertia of the reel about its centre of 
gravit;. a its radius. 

In order to avoid introdnoing the unknown tension into the eqnations of motion, 
let ti9 take moments about the point of contact of the string with the reel; na 
lbenh«ve 

m[v'-v)a + mk'u' = Q (1). 

Jnat mHer the impact the pact of the reel in contact with the string h&a aa 
Telod^, HesM i'-obi'=0 (2). 




Solving theee we han »/ = 



+ *■■ 



If the reel be a homogeueoaa o^lindei 
- , i/=^D . U it be required to find the 



^^-nt >">d in this case we hkve »'=« -> i' 

impulsive tension, we have resolving vertically 

m(i/-r)=,-r (3). 

Hence T=~mv. 

To find the sobseqaent motion. The centre of the reel hegitu lo descend 
vertically, and there is no horiEoulat force on it. Hence it will coatiiiue to deaoend 
in a vertical atraigbc line, and throughout all the subsequent motion the string is 
vertical. The motion may therefore be easily investigated as in Art. 144. If we 
put a=l», sod let F=the finite tension of the string, it may he Rhown tiiat P=one- 
third of the weight, aud that the reel descends with a nniform acceleration = )g. 
The initial velocity of the reel has been found in this »rtiole = v', so that the space 



descended in a time t after the i 






flC. 



171. Impact of a lingle Inelastic body. A disc of any 
form is moving in its own plane m any manner. Suddenly a point 
O ts seised and made to -move in some given manner. Find the 
initial motion of the disc. 

Let Ox, Oy be two directions at right angles to which it is 
convenieDt to refer the motion. As explained in Art. 168, let 
(li, v) be the resolved velocities of the centre of gravity G in these 
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directions and a> the angular velocity of the body just before the 
motion of is changed. Thus if Ox can be chosen conveniently 
parallel to the direction of the motion of the centre of gravity we 
have the simplification v = 0. Let {u\ v) be the resolved velooities 
of the centre of gravity in the same directions and a the angular 
velocity just after the change. Let {x, y) be the co-ordinates of 
the centre of gravity referred to the axes Ox, Oy at the instant of 
the change, and let 00 = r. 

Since the angular momentum of the body about the point of 
space through which is passing is unchanged by the Diow, we 
have by Art 134, 

M {xv' — yu H- 4*6)') = if (a^ — ye* + &*(»). 

Let ( U\ V) be the resolved parts of the velocity of O just 
after the change. Then we have by Art 137, 

From these three equations we easily find 

( jfc» + O 6) ' = a; (v - FO - y ( t* - IT') + *■« • 

If the point O be suddenly fixed we have Z7' = 0, F' = 0, and 
then we find 

Comparing these two results we see (what indeed is obvious 
otherwise) that when is suddenly made to move in any given 
manner the initial angular velocity of the body is the same as 
when is reduced to rest, provided we subtract from the resolved 
velocities of before the change, the resolved velocities of after 
the change. 

Let (Z7, V) be the resolved velocities of just before the 
change, then by Art. 137 we have u = U — yo), t;= V+xm. Sub- 
stituting for u and v we find 

{lc' + r'){a>''-ay) = x(V''V')''y(U''U'). 

This result may be conveniently put into the form of a rule. If 
L, L' be the moments of the velocity of O about G jtist before and 
just after the change and k' be the radius of gyration about O, then 

L'-L 

tt> — a> = — jf^ ' . 

Another demoustration which leads directly to this result will be 
given a little further on in this chapter under the heading relatipe 
motion. 
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172. To find the Mow at necessary to p7-oduce Uie given 



Let XY be the cotoponeitts of the blow parallel to the axes 
Ox, Oy. Then by Art. 168, we have reaoiving parallel to the 

M{v:~u) = X, M{v'-v) = Y. 

If we take the axis of a; to pass through the centi-e of gravity, 
we have y = 0. We then find by substitution 

x=-iif(«-fo. y-jfji^fr-u-.+n 

Let (f/,, KJ be the resolved velocities of in the directions 00 
and perpendicular to OG just before the change; {U' K,') the 
resolved velocities after the change, then U^ = tt and V^ = v — rw 
by Art. 137. Hence these formula become 

where (X, F) are the resolved parts of the blow at in the 
directions in which fT, and F, are measured and r = 00. 

173. Ex. I. A drcolor area it taming about b fixed point A on ita droam- 
feience, saddenl; A is loosed and another point B also on lbs circamferenoa ia 
fixed. If AB is a quadrant sbow that the angtdar vcloci^* is tcdueed to one-third 
of its value. If AB is a third of the circumfereuee the area ia reduced to rest. 



Ex. 3. A diea of an? form ia moving i 
k point Q is changed , show that the increa; 






r. Suddenly the n: 



^»-('-i=?H)-"""('-i4). 

where IT', W are the resultant velooitiea of O just before and jnst after the change ; 
J), f' the perpendiculars from the centre of gravity on the directions of motion of O, 
and the rest □[ the notation is the same as before. 

If O be reduced to rest and the loss of via viva is to be a given quantity, then O 
must lie on a ceiiain conic which l>ecameB two coincident straight lines when the 
whole via viva is lost. 



Ex. 1. An inelastiu sphere 
1 a smooth horizontal plane, impinges on 
height c above the plane. Show (I) that 



of radius a. sliding with a velocity V c 
ft pailectly rough Gxed point or peg at i 

aniens the velocity V be greater than , / 2^c .., the sphere will not jump ovM 

the peg. Sapposing the velocity V to have this value ahow (2) that unless - be 

less than gr^^.j the sphere will immediately leave the peg. In this latter cose 
■how (3) that the sphere !ivil! again hit the peg after a lime I, giveu by the lesser 
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root of the equation JpV+lf8ino^«+lf'-apooBo=0, where U^sz^ge • « ■ y "^ 
000 as 1 - - . Show also that the roots of this qaadratio are real and poaitiTe. 

Ex. 2. A rectangular parallelopiped of mass Sm, having a square baae ABCD, 
rests on a horizontal plane and is moveable about CD as a hinge. The heigihi of 
the solid is 8a and the side of the base a. A partide m moving with a horiz<mtal 
velocity v strikes directly the middle of that vertical face which stands on AB and 
lodges there without penetrating. Show that the solid will not npaet nnleaa 

i^>-^ga. [King's Coll.] 

Ex. 3. A vertical column in the form of a right droular cylinder resia on 

a perfectly rough horizontal plane. Suddenly the plane is jerked with a Telooitj V 

in a direction making an angle e with the horizon. Show that the column will not 

be overturned unless (1) the direction of jerk be such that a parallel to it drawn 

through the centre of gravity does not cut the base, and (2) the yelooitj of jeik 

1 — eoa^ 
must be greater than U, where U is given by U* =igl {15 + cob^0) — -^j^ — i. 

Here 21 is the length of a diagonal of the cylinder and is the angle any Aiat^t%n^\ 
makes with the vertical. 

Ex. 4. If the velocity of the jerk of the horizontal plane be exactly equal to U, 
find the vertical pressure of the cylinder on the plane. Show that the cylinder 
will not continue to touch the plane during the whole ascent of the centre of 
gravity unless 1 + i sin9<3 cosO. What is the general character of the motion 
if this condition is not satisfied ? 

Let the cylinder touch the ground at the point A of the rim, and let ^ be the 
angle the diagonal through A makes with the vertical. Then by the principle of 
vis viva we have 

where *a=P(l cos2^ + ^ sin'^). by Art. 18, Ex. 8. If the angular velocity of the 
cylinder vanishes when the centre of gravity is at its highest we have C= 2gl, Lte 
mR be the vertical reaction at A, where m is the mass of the cylinder. Then 

-.-| {I cos^) = R-g, From these equations we find 

R —^=3 cosV-2 cos^+ J cos«^+J sin"^. 

If R vanish we have coB<f>=i(l^i sinB), In order that R may keep one sign both 
these values of <p must be excluded by the circumstances of the case, ie. both theee 
values of <p must be greater than 0, This leads to the result given above. 

175. Barthquakea. These two problems are interesting from their connection 
with Mallet's theory of earthquakes. Let us suppose that the action of an earth- 
quake on any building may be represented by such a motion of the base aa that 
of the plane just described. Then the direction and magnitude of the equiv€Uent 
jerk are both independent of the building operated on, and depend only on the 
nature of the earthquake at the place. 

On these principles Mr Mallet has constructed a seisometer of great simplicitj. 
A set of six right cylinders are turned in some hard material such as boxwood. 
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The cylinden are all ol the Mme height but varj in dinmeter. Thej itand upright 
on a plaiik fixed lo a level floor in the order of their size, nith a siiace bctweeo 
each pair greater than Ihm heigbti so Ilial when one falls it does not alrilre iti 
Deighboai. When it shock pasecB Rome of the ojliixlera are overturneil and b 
left BtandinB- Suppose the jerk knocks over the narrow baaed ^ylindera i, 5. 6, 
leaTing the broader baaed cylinders I, i, 3 standing, then the Jerk must have been 
greater than that required to oTertiim cjUoder No, i, bat not great enough to 
overturn cylinder No. ii. 

It IB possible to obtain the exact time at which the ahMk commeneea by con- 
necting the narronest based oylinder with the pendulum of a clock so aa to atop 
it at the instant of overthrow. 

Mr Mallet proposed to use two Bets of cylinders, but for thia we refer the readai 
to the article Earthquake in the Encychprdia Brilaituica, 9th edition. 

The formula used la that given in Ei. 3, which is aeoiibed by Hr Mallet to 
Dr Banghtcn. The valne of e is email when the origin or focus of the earthquake 
ii distant, m that as a first approximation we may put e^O. It does not appear 
to have been noticed that if we are to use thU formula for the itanding cylindtit 
the; must be snoh as to satisfy the conditions given in Ex. 4. 

In December, 185T, an earthquake of great violence occurred in the Eonthem 
provinces of Italy. Mr Mallet viaited the pUoe early in the next year for the 
express purpose of delfrmining the circumstances of the shock. The problem to 
be eoived was to some extent a mechanical one. Given the iwsitions of the oter- 
turned columns and buildings, find the depth and position of the focus or origin of 
the earthijoake. the velocity of the earthqaake ware, and the magnitude of the 
jerk at any place. In this case the depth of the focus was about three miles 
below the surface of the earth, the velocity of the wave was about 800 feet per 
second, while the velocity of jerk, which upset several buildings, was as little aa 
12 feet per second. This last is about the same velocity as that aeqnired by ■ 
particle foiling from rest under gravity through a height between two and three 
feet. The Great NeapoHlan Earthquake of ISHT. Two volumes, 1B62, by B. Mallet. 

Some recent experimenCa in connection with earthquakes are described in the 
Freeiedittgi of the Roynl Society for Deo. 18S1. The velocities and amplitudes of 
the waves of direct and transverse vibration were separately determined. The 
motioQ of a point on the earth's surface was found to be such u would result from 
the composition of two haimonio motions of different periods and in difierent 
directions. 

176, Imipaet of a Oonaponnd IimUMIo lMdr> Four equal rods each of Itngth 
2a and moMi m are freely jointed to at to form a rhombiu. The lyium fallt from 
rtti aiith a diagonal vertical uiiifer the aetion of gravity and ifrikes againit a Jlitd 
horitontal inelattie plane. Find the nibiequent motion. 

Let AB. BC, CD, DA be the rods and let AC be the vertical diagonal impinging 
on the horisonlal plane at A. Let i' be the velocity of every point of the rhombni 
just before impact oud let a be the angle any rod makes with the vertical. 

Let u, v be the horizontal and vertical velocities of the centre of gravity and h 
the angular velocity of either of the upper rods jUSt after impact. Then the 
effective forces on either rod are equivalent to the force m{v -V) acting vertically 
and mil horizontally at the centre of gravity and a couple mk'u tending to increoM 
the anifle a. Let H Ite the impulse at C. the direction of which by the rule of 



I 
I 



154 MOTION IN TWO DIMENSIONS. 

Bymmetry is horizontal. To avoid introdacing the reactions at B into our eqim tio iia, 
let OS take moments for the rod BC aboat B and we have 

mk*ta+m(v - V)a sina~mua co8a= -R.2a oosa (1). 

Each of the lower rods will begin to tarn round its extremity i4 as a fixed point. 
If c/ be its angular velocity just after impact, the moment of the momentom about 
A just after impact will be m(A:'+a^)w' and just before will be mVa sin a. The 
difference of these two is the moment about A of the effective forces on either of 
the lower rods. We may now take moments about A for the two rods AB, BC 
together and we have 

m{1^+a?)(i/ -mVa Bma~mJfiw + m(v 'V) a sina + mu .9a co8a=:i2.4acosa...(2). 

The geometrical equations may be found thus. Since the two rodiflMrt make 
equal angles with the vertical during the whole motion we hasm 

w'=«-- (8). 

Again, since the two xodft m eonnected at B the velocities of the extremities 
of the two mdi jbhI be the same in direction and magnitude. Besolving these 
ktaamMij and vertically, we have 

u+aw cosa=2ac/ cosa (4), 

v-ata 8ina=2aa/ sina (5). 

These five equations are sufficient to determine the initial motion. 

Eliminating B between (1) and (2), substituting for u, v, u' in terms of w from 
the geometrical equations, we find 

_3 Fsing 
""2*a(l + 3Bin2a) ^ '' 

In this problem we might have avoided the introduction of the unknown 
reaction R by the use of Virtual Velocities. Supposing we give the system such 
a displacement that the inclination of each rod to the vertical is increased by the 
same quantity So, Then the principle of Virtual Velocities gives 

mJb'wda - m (v - V)d{^a ooBa) + mui{a sina) + m(ib^+a^ w'da+mrd(a cosa)=:0, 

which reduces to 

{2k^+aP)<a -Va sino + 3(t; -F)a sina + ua cosa=0, 
and the solution may be continued as before. 

Ex. 1. Prove that the rhombus loses by the impact = — _ . , - of its 

*^ l + 3sm*a 

momentum. 

Ex. 2. Show that the direction of the impulsive action at the hinges B or D 

makes with the horizon an angle whose tangent is - . . 

tana 

To find the iubtequent motion. This may be found veiy easily by the method 
of Vi$ Viva, But in order to illustrate as many modes of solution as possible, 
we shall proceed in a different manner. The effective forces on either of the 

upper rods will be represented by the differential coefficients m--r-f ^^ » ^^"71 > 
and the moment for either of the lower rods will be m(^> + a') -^ . Let $ be the 



BD^ any rod m&kea -with tho vertical at the 
war u before, we hare 
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TakiDg 



niff + o')^ — mf -T- +m-!-aidaS + in^.Saco»S = R.iaaos$t2mgaaae...{2)'. 
at at at at 

The geometrical equations ore tho same as tboee given above, with 9 written 
for B. Eliminating R and lubatituting for u, i>, we get 

(2f + a^) ^ + a' j 9 Bin S ^^ (u, 8in fl) + C08 9 ^^ (.. COB S) I = 4ja Bii. S ; 
mnltipljring both sides by w--^: and integrating, we get 

(3 (t= + u*) + 8o> ein"flf w= = (7 - ejja cob S. 
Initially when 9=a, u has the valae given by equation (6). Henoe we find 
that the angular Telocity a when the inclination of any rod to the vertical is f 
is given by 



(l + SBin'tfj u>= Vt ■ r-^ 



^1,. 



M). 



177. Ei. I. A square is moving freely about a diagonal with sngnlar velocity a, 
when one of the angular points not in that diagonal becomes fiied; determine the 
impoUiTe pressure on the fixed point, and show that the instantaneoua angular 
velodtj will be ^. [Christ's Coll.] 

Ex. 3. Three eqaal roda placed in a straight line are jointed by hinges to one 
another ; they move with a velocity v perpendicular to their lengths ; if the middle 
point of the middle one become euddeoly dxed, abow that the extremities of the 
other two will meet in a time ^ , a being the length of each rod. [Coll. Exam.] 

Ex. 3. The points ABCD are the angular points of a square) AB, CD are two 
equal similar roda connected by the striDg BC. The point A receives an impulaa 
in the direction AD, show that the initial velocity of J is seven times that of the 
point D. [Queena' Coll.] 

Ex. 4. A series of equal beams AB, BC, CD ia connected by lunges; the 

beams are placed on a smooth horizontal plane, each at right angles to the two 
adjacent, so as to form a fignre resembling a set of steps, and an impulse is given 
at the end A along AB : detemune the impulsive action at any hinge. [Uath. 
Tripos.1 

BttttU. If JC, be the impolsiTe action at the n"* angular point, ahow that 
X,^,-fii'„^-2.y„^,=0and X,^- 5X^^,-2X^=0. Thence find JC„. 

178, Hie kick t»«fOre and behiniL A frte lamlTia o/ any form ii Umtinjf ia 

its own plaRf ubifuf an inslaiitaneoui centre of rotation S ani impingtt on OA 
oUtaeU at P. tiluaUd in the itraight tint joining the centre of gruvity Q to B. To 
find Iht point F tchen lite magniladt of the blow il a ma^mum *. 



* Foinsot, Bur la percussion d 
the AnnaU of Philoiophy, 1658. 



I corpa, LiowiUt'i Jaumal, 1SS7 ; tiauslated in 
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Fintt let the oUtacle P he a fixed point. 

Let GP=x, and let i2 be the force of the blow. Let 80=h^ and let «#, «/ be the 
angular velocities about the centre of gravity before and after the impect. Then hm 
18 the linear velocity of O just before the impact; let t/ be its linear velooitj jnet 
after the impact We have the equations 

*^-"=W' •'-*«=-| (!)• 

and supposing the point of impact to be reduced to rest, 

v'+zk/^O («). 

Substituting for c/ and t/ from (1) in equation (2), we get 

This is to be made a m ftTimg ni. Equating fo zero its differential eoeffioieiit 
with respect to x, we get 

x«+2fce-*2=0; .-. x=^-h^J^+l? .: (8>. 

One of these values of « is positive and the other negative. Both theee oosze* 
spond to maxifMim points of percussion, but opposite in direction. Thus there ie 
a point P with which the body strikes in front and a point P* with which it strikea 
in rear of its own translation in space more forcibly than with any other point. 

Ex. 1. Show that the two points P, P' are equally distant from 8, and if O be 
the centre of oscillation with regard to 5 as a centre of suspension, SP^^sSG • 80, 

Ex. 2. If P be made a point of suspension, P' is the corresponding centre of 
oscillation. Also PP" is harmonically divided in O and 0. 

Ex. 8. The magnitudes of the blows at P, F are inversely proportional to their 
distances from O, 

Secondly t let the obitacle be a free particle of matt m. 

Then, besides the equations (1), we have the equation of motion of the partaole 

m. Let V be its velocity after impact, .*. F'=- . 

tn 

The point of impact in the two bodies will have after impact the same velocity 
hence instead of equation (2) we have V'-v'-^-xtJ, 

Eliminating u/, rf, V, we get iJ=if„.k».^^-|^^J-J-^. 

This is to be made a maximum. Equating to zero its differential coefficient 
with respect to «, we find 



= -**x/*'+*'(i+|) w- 



This point does not coincide with that found when the obstacle was fixed, unless 
m is infinite. To find when it coincides with the centre of oscillation, we must pnt 

Jfi^xK This gives — = ^~- , or if 1=05 + fc be the length of the simple equivalent 

pendulum, — = r . Since F'=— , it is evident that when i2 is a maximum V is 
m h m 

a maximum. Hence the two points found by equation (4) might be called the 

centres of greatcsl communicuted velocity. 
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ThpTc are other eini^lar points in & moving body vihoee poeitions may he 
(□unit ; thus we mig)it inquire &t nhut point a bod; miiat iaipinge against a Jlxtd 
ot>Btac!e. tliat /nt the linear velocity of the centre of grnvit; might be a maiimom, 
or Krondly, that the angoLir velocity might bo a ; 
respectively, have been oailed by Foinsot the centres c 
Conversion. Beferring to equations (1), we see that whea i' 
either a maximum or a minimum, and beneo it may be show: 
coincides with the point of greatest impact. When u' : 

make «- ■jj^=mn.timum. Subatituting for Jf, this gives r'-2^i-i' = 0. ItO 
be Uw oeotre of osoiUation, we have 00 = -^- Let tius length be represented by A*. 
Than this eqaation beoomea 

B'-3ft'*-it' = {G). 

The roota of this equation are the same fnnclions of h' and Ic that those of 
eqaatiou (9] are of A and k, except that the aigns are opposite. Mow S and O 
are on opposite sides of O, hence the positions of the two oenttas of maximum 
Conversion bear to and Q the same Klation that the positions of the two centre* 
of maximam ReBeiion do to .'i anil G. If the point of suspension be changed 
from S to O, the positions of the centrBH of maximam Reflexion and Coaversioa 
are interchanged. 

Ex. A f^ree lamina of any form ia tuniing in its own plane about an instant*- 
neons oentie of rotation S and impinges on a fixed obstacle P, situal«d in tba 
straight line joining the centre of gravity O to S. Find the position of P, ^rst. 
that the centre of gravity may be reduced to rest, tecondiy, that its velocity after 
impact may be the same as before but reversed in direction. 

RttKlt. In the first case, P coincides either with or with the centre of oadl- 
lation. In the second case the points z= GP are found from the eqoation 

2A"^2 • 
where SO^h. [Poinaot.] 

179. Elacttc imooth bodies. Two bodies impinge on each 
other, to explain Ike nature of the actimi which takes place between 
them. 

When two spheres of any hard material impinge on each 
other, they appear to separate almost immediately, and a finite 
change of velocity is generated in each by their mutual a.ctton. 
This sudden change of velocity is the characteristic of an im- 
pulsive force. Let the centres of gravity of the spheres be 
moving before impact in the same straight line with velocities 
u and V. Then after impact they will continue to move in the 
same straight Hue, and let u, v be the velocities. Let m, m' be 
the masses of the spheres, R the action between them, then we 
have by Article 168, 

U -U = , V —v = —, (1). 



I 
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These eq[aatioQS are not sufficient to detennine the three quan- 
tities ii', v\ It, To obtain a third equation we must consider what 
takes place during the impact. 

Each of the balls will be slightly compressed by the other, so 
that they will no longer be perfect spheres. Each also will, in 
general, tend to return to its original shape, so that there will be 
a rebound. The period of impact may therefore be divided into 
two parts. First, the period of compression, while the distance 
between the centres of gravity of the two bodies is diminishing, 
and secondly the period of restitution, while the distance between 
the centres of gravity is increasing. At the termination of this 
second period the bodies separate. 

The arrangement of the particles of a body being disturbed by 
impact, we ought to determine the relative motions of the severfJ 
parts of the body. Thus we might regard each body as a collec- 
tion of free particles connected by their mutual actions. These 
particles being thus set in motion might continue always in motion 
oscillating about some mean positions. 

It is however usual to assume that the changes of shape and 
structure are so small that the effect in altering the position of the 
centre of gravity and the moments of inertia of the body may be 
neglected, and that the whole time of impact is so short that the 
motion of the body in that time may be neglected. If for any 
bodies these assumptions are not true, the effects of their impact 
must be deduced from the equations of the second order. We 
may therefore assert that at the moment of greatest compression 
the centres of gravity of the two spheres are moving with equal 
velocities. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. In some 
cases this ratio is so small that the force during the period of 
restitution may be neglected. The bodies are then said to be tn- 
elasiic. In this case we have just after the impact u' = v'. This 

gives E= ,(tt — v), whence u = ,- . 

If the force of restitution cannot be neglected, let B be the 
whole action between the balls, R^ the action up to the moment 
of greatest compression. The magnitude of R must be found by 
experiment. This may be done by determining the values of u' 
and v\ and thus determining R by means of equations (1). These 
experiments were made in the first instance by Newton, and the 

JD 

result is that -^ is a constant ratio depending on the material of 
the balls. Let this constant ratio be called I +e. The quantity 



ON IMFULSITE FORCES. 



169 

= 1 the 



e ia always less than unity, in the limiting case when ( 
bodies are said to be perfectly elastic. 

The value of e being suppoBed known the velocities after 
impact may be easily found. The action R^ must be first calcu- 
lated as if the bodies were inelastic, then the whole value of S 
may be found by multiplying this result by 1 + e. This gives 
_ mm' , 1 ,1 , 1 

whence m' and v' may be found by equations (1). 

180. Ai SD example, let an ooDEider how tbe motion of the reel diaousBed in 
Art, 170 would be dflectod it the string were so slightly elastic that we can apply 
this theory. 

Since the point of the reel in contact with the string has no Telocity at the 
moment of greatest compression, the impnltuTe tension fonnd in the article referred 
to, mensuna tbe whole momentum oommnnieated to the reel Tiom the beginning of 
the impact up Co the moroenl of greatest compression. By what bae been eaid in 
the last article, the whole momentum oommonicated from the begioaing to the 
termination of tbe period of reetitutioa will be fonnd by multiplying the tension 
found in Art. 170 by 1 4 (. if ( be the measure of the elaatioity of the atring. This 
gives r=lmp[l+«). The motion of n reel acted on by this known impnlriye force 
la easily fonnd. Resolving vertically we find ni(v'~ u) = - |irv(1 + (]. Taking 
momenti aboat the centre of gravity mAW = )inm(l-i-e), whence v' and u' may 
be found. 

Ex. A uniform beam ia balanced about a horizontal axis throagh iti centre 
of gravity, and a perfectly elastic ball is let fall from a height A on one extremity: 
determine tbe motion of the beam and ball. 

RtivXt. Let Jf, m be the masBes of beam and ball, 3<i=length of beam. F, t" 
the velooitiea of ball at the moments just before and afler impact, u' tbe angnkr 



velodly of the beam. Then u 



.'"-•'■i 



181. Rough bodies. Hitherto we have only considered the 
impulsive action normal to the common surface of the two bodies. 
If the bodies are rough there will clearly be an impulsive friction 
called into play. Since an impulse is only the integral of a very 
great force acting for a very short time, we might suppose that 
impulsive friction obeys the laws of ordinary friction. But these 
laws are founded on esperiment, and we cannot he sure that they 
are correct in the extreme case in which the forces are very great. 
This point M. Morin undertook to determine by experiment at 
the express request of Poisson. He found that the frictional 
impulse between two bodies which strike and slide beai-s to the 
normal impulse the same ratio as in ordinary friction, and that 
this ratio is independent of the relative velocity of the striking 
bodies. U. Morin's experiment is described in the following 
article. 



I 
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182. A box AB which can be loaded with shot so as to be of 
any proposed weight has two vertical beams A C, BD erected on 
its lid ; CD is joined by a cross piece and supports a weight 
equal to mg attached to it by a string. The weight of the loaded 
box is Mg. A string AEF passes horizontally £rom the box over 
a smooth pulley E and supports a weight at F equal to (Jf + m) p/A^ 
The box can slide on a horizontal plane whose coefficient of £nc- 
tion is fi,, and therefore having been once set in motion, it moves 
in a straight line with a uniform velocity which we will call V. 
Suddenly the string supporting mg is cut, and this weight falls 
into the box and immediately becomes fixed to the box. There 
will clearly be an impulsive friction called into play between the 
box and the horizontal plane. If the velocity of the box im- 
mediately after the impulse be again equal to T^ the coefficient of 
impulsive friction is equal to that of finite friction. 

The argument may be made evident as follows. Let t be the 
time of the fall. When the weight strikes the box, it has a hori- 
zontal velocity equal to V and a vertical velocity equal to gL The 
box itself has a horizontal velocity V-\-fty where 



M+{M+m)gfi' 

Let F and R be the horizontal and vertical components of the 
impulse between the box and the horizontal plane. There will 
be an impulse between the falling weight and the box . and an 
impulsive tension in the string AEF; by means of these the 
momenta generated by the external blows F and R are spread 
over the whole system. Let V be the common velocity of the 
whole svstem just after the impulses F and R are completed. 
This velocity V' is found by experiment to be equal to F. Re- 
solving horizontally and vertically as in Art. 168, we have 

{M+m-{-{M-¥m)gfi}V'-[M+{M+m)gfi]{V+ft)'-mV^^F 

7ngt^= R. 

Putting V'=V and substituting for /, we immediately find that 
F=fiR. 

Ex. Show that the resultant impulse between the box and the falling weiglit 
isTerticaL 

183. When two inelastic bodies impinge on each other at 
some point A, the points in contact at the beginning of the im - 
pact have a relative velocity both along the common tan^nt 
plane at A and also along the normal. Thus two reactions will be 
called into play, a normal force and a friction, the ratio of these 
two being fi, the coeflScient of friction. As the impact proceeds 
the relative normal velocity gets destroyed, and is zero at the 
moment of greatest compression. Let R be the whole momentum 



ON niPULSIVE FORCES. 161 

tranaferred normally from one boily to the other in this very 
short time. This force R is an niiknown reaction, to determine it 
we have the geometrical condition that just, after impact the 
normal velocities of the points in contact are equal. This condi- 
tion must be expressed in the manner explained in Art. 137. 

The relative sliding velocity at A is also diminished. If it 
vanishes before the moment of greatest cumpression, then during 
the rest of the impact, only so much friction is called into play, 
and in such a direction, as is necessary [if any be necessary) to 
prevent the points in contact at A from sliding, provided that 
this amount is less than the limiting friction. Let F be the 
whole momentum transferred tangentially from one body to the 
other. This reaction i^ is to be determined by the condition 
that just after impact the tangential velocities of the points 
in contact are equal. If, however, the sliding motion does not 
vanish before the moment of greatest compression, then the whole 
of the friction is called into play in the direction opposite to that 
of relative sliding, and we have F=/j.R. Generally we may dis- 
tinguish these two cases iu the following manner. In the first 
case it is necessary that the values of Fand R found by solving 
the equations of motion should bo such that F < /^R. In the 
second case, the final relative velocity of the points in contact at 
A must be in the same direction after impact as before. These 
are however not sufScient conditions, for it is possible that, 
in more complicated cases, the sliding may change, or tend to 
change, its direction during the impact. See Art, 187, 

184. If the impinging bodies be elastic, there may be both 
a normal reaction and a friction during the period of restitution. 
Sometimes we shall have to consider this stage of the motion aa a 
separate problem. The motion of the bodies at the moment of 
greatest compression having been determined, these are to be 
regarded as the initial conditions of a new state of motion under 
different impulses. The friction called into play during restitu- 
tion must follow the same laws as that during compression. Just 
as before, two cases will present themselves, either there will be 
sliding during the whole period of restitution or only during a 
portion of it. These are to be treated in the manner already 
explained. 

185. There is one very important difference between the 
periods of compression and restitution. During the compression 
the normal reaction is unknown. The motion of the body just 
before compression i^ given, and we have a geometrical equation 
expressing the fact that the relative normal velocity of the points 
in contact is zero at the termination of the period of compression 
From this geometrical equation we deduce the force of compres- 

R.D, 11 
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sion. The motion of the body just before restitution is thus 
found, but the motion just after is the thing we want to deter- 
mine. For this, we have no geometrical equation, but the force 
of restitution bears a given ratio to the force of compression, and 
is therefore known. 

186. Historical Summary. The problem of the impact of 
two smooth inelastic l)odies is considered by Poisson in his Traits 
de M^canique, Seconde Edition, 1833. The motion of each body 
just before impact being supposed given, he forms six equations of 
motion for each body to determine the motion just after impact 
These contain thirteen unknown quantities, viz. the resolved velo- 
cities of the centre of gravity of each body along three rectangular 
axes, the three resolved angular velocities of each body about the 
same axes, and lastly the mutual reaction of the two bodies. Thus 
the equations are insufficient to determine the motion. A thir- 
teenth equation is then obtained from the principle that the 
impact terminates at the moment of greatest compression, i.e. at 
the moment when the normal velocities of the points of contact 
of the two bodies which impinge, are equal. 

When the bodies are elasticy Poisson divides the impact into 
two periods. The first begins at the first contact of the bodies and 
terminates at the moment of greatest compression. The second 
begins at the moment of greatest compression and terminates 
when tlie bodies separate. Tlie motion at the end of the first 
period is found exactly as if the bodies were inelastic. The motion 
at the end of the second period is found from the principle that 
the whole momentum communicated by one body to the other 
during the second period, bears a constant ratio to that communi- 
cated during the first period of the impact. This ratio depends 
on the elasticity of the two bodies and can be found only by 
experiments made on some bodies of the same material in some 
simple cases of impact. 

When the bodies are rough and slide on each other during the 
impact, Poisson remarks that there will also be a frictional im- 
pulse. This is to be found from the principle that the magnitude 
of the friction at each instant must bear a constant ratio to the 
normal pressure and the direction must be opposite to that of the 
relative motion of the points in contact. He applies this to the 
case of a sphere, either inelastic or perfectly elastic, impinging on 
a rough plane, the sphere turning before the impact about a hori- 
zontal axis perpendicular to the direction of motion of the centre 
of gravity. He points out that there are several cases to be con- 
sidered; (1) when the sliding is the same in direction during the 
whole of the impact and does not vanish, (2) when the sliding 
vanishes during the impact and remains zero, (3) when the sliding 
vanishes and changes sign. This third case, however, contains an 
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unknown quantity and his formiilie therefore fail to determine the 

motion. Poisson points out that the problem would be verj com- 
plicated if the splicre had an initial rotation about an axis not 
perpendicular to the vertical plane in which the centre of gravity 
moves. This case ho does not attempt to solve, but passes on to 
discuss at greater length the impact of smooth bodies. 

M. Coriolis in his Jeu de Billard (1835) considers the impact of 
two rough spheres slidinff on each other during the whole of the 
impact. He shows that if two rough spheres impinge on each 
other the direction of sliding is the same throughout the impact. 

M. Ed. Phillips in the fourteenth volume of Ltouville's Journal, 
1849, considers the problem of the impact of two rovgh inelastic 
bodies of any form when the direction of the friction is not neces- 
sarily the same throughout the impact, provided the sliding does 
not vanish during the impact. He divides the period of impact 
into elementary portions and applies Poisson's rule for the magni- 
tude and direction of the friction to each elementary period. He 
points out how the solution of the equations may be effected, and in 
particular he discusses the case in which the two bodies have their 
principal axes at the point of contact parallel each to each and 
also each body has its centre of gravity on the common normal at 
the point of cont^ict. He deduces from this two results, which will 
be given in the chapter on Afomentum. 

M. Phillips does not examine in detail the impact of elastic 
bodies, though he remarks that the period of impact must be 
divided iuto two portions which must be consideretl separately. 
These however, he considers, do not present any further pecu- 
liarities when the same suppositions arc made. 

The case in which the sliding vanishes and the friction becomes 
discontinuous, does not appear to have been examined by him. 

Jn this chapter we shall discuss the theory of impulses only so 
far as motion in one plane is concerned. In the chapter on 
Momentum the theory will be taken up again and extended to 
bodies of any form in space of three dimensions. 

187. Oeneral Problem of impact. Two bodies of any 
form impinge on each other in a given manner. It is required to 
find the motion just after impact. The bodies are smooth or rough, 
iwlastic or elastic. 

Let G. 0' he the centres of gravity of the two bodies, A the 
point of contact. Let U, V be the resolved velocities of G just 
before impact, parallel to the tangent and normal respectively 
alt, A; u, V the resolved velocities at any time t after the com- 
mencement of the impact, but before its termination. Then ( is 
iodelinitely smalL Let Q be the angular velocity of the body, 

U— ^ 
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whose centre of gravity is 0, just before impact, no the angular 




velocity after the interval t These are to be taken as positive 
when the rotation is like the hands of a watch. Let M be the 
mass of the body, k its radius of gyration about O, Let ON be 
a perpendicular from on the tangent at A, and let AN = x. 
NG = y. Let accented letters denote corresponding quantities for 
the other body. 

188. Let the bodies be perfectly rough and inelastic, so that at 
the termination of the impact the relative velocity of sliding and 
the relative velocity of compression are both zero (see Art. 156). In 
this case, taking t to be equal to the whole duration of the impact, 
the letters w, v, o), u', v\ co' will refer to the motion just after 
impact. We then have, by Art. 137, 



u — yo) — u' — y'to = 0) 

V -^XCO — V' — XiO = OJ ' 



Resolving parallel to the tangent and normal at the point of con- 
tact we have, by Art. 1 69, 

i/(t;-F)4- Jlf'(t^'-F') = Or 

and by taking moments for each body about the point of contact 

J/^'(a)-ft)+J»/(i/-£/)y-3/(t;- F)ar = 0) 
Jf' r (o)' - ft') - M\u - U')y - M\v - T)x = Oj ' 

These six equations will be sufficient to determine the motion just 
after impact. 
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189. If the bodies be perfectly smooth and inelaatic, the first 
of these six equations will no longer hold, and instead of the third 
we have the two equations 

u-u=o. u- cr = o, 

obtained by resolving parallel to the tangent for each body sepa- 
rately. 

190. If the bodies be smooth and elastic we must introduce 
the nonnal reaction into the equations. We write down the equa- 
tions (1) and (2) as given in the next Article, except that f =0. 
Then equation (4) gives the velocity of compression at any 
instant of the impact Putting C= 0. we have as in equation (6) 
the value of ^ up to the moment of greatest compression, viz. 

R = -7 . Multiplying this by 1 + e we have by Art. 179, the com- 
plete value of R for the whole impact. Substituting this value of 
R in equations (1) and (2), we find the values of u, e, », w', «*, to' 
just after the impact. 

191. Ex. Two smooth pErfectl? elaBtic boding impinBs on each other. Let 
D, C be the normal velooitiee of approach, i.e. the velocitien nf the point of oontMt 
of oaoh jost before impact resolved along the nonnal each lonarib the other. Prove 
that the vis viva lost by Iho body M ia eqaal lo 4 ^ ^D' *'^' - D~-^\ . the 
Dotation being the same aa in the neit proposition. 

Another method of finding the change in the vis viva will be given in the 
ohapter under that beading. 

192. Next, let the bodies be imperfectly rongh and elastic. In 
this case, as explained in Art. 158, the friction which can be 
called into play is limited in amount. The results obtained in 
Art. 188 will not apply to tht; case In which this limited amount of 
friction ia insufficient to reduce the relative sliding to zero. To 
determine this, we must introduce the Crictional and normal im- 
pulses into the equations. 

Let R be the whole momentum communicated to the body M 
in the time t of the impact by the normal pressure, and let F be 
the momentum communicated by the frictional pressure. We 
shall suppose these to act on the body whose mass is i/ in the 
directions NQ, NA respectively. Then they must be supposed to 
act in the opposite directions on the body whose mass is M'. 

Since R represents the whole momentum communicated to 
the body .1/ in the direction of the normal, the momentum com- 
municated in the time dt is dR. As the bodies can only push 
against each other, HR must be positive, and, by Art. 136, when 
dR vanishes, the bodies separate. Thus the magnitude of R may 
be taken to measure the progress of the impact. It is zero at the 
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beginning, gradually increases throughout, and is a maximum at 
the termination of the impact. It will be found more convenient 
to choose R rather than the time t as the independent variable. 

The dynamical equations are by Art. 168 

M{v-V) = R \ (1). 

M'(v'- F') = -ii (*)• 

The relative velocity of sliding of the points in contact is by 

Art. 137 

S = u ^ yo) — u — ya/ (3), 

and the relative velocity of compression is by the same article 

C = t;' + a?V — V — aw (4). 

Substituting in these equations from the dynamical equations 

we find 

fif=S,-aF-6JJ (5), 

C=C,-hF-a'R (6), 

where S,= U-^yil-- U' --yn' (7), 

(7^=7'+x'n'-F-a:ft (8), 

a-- + --+^ + -^- (9) 

"^'^ M'^W'^MW'^M'k'^ ^^^' 

b = M^^ (11) 

These may be called the constants of the impact. The first 
two jSq, Cq represent the initial velocities of sliding and com- 

Eression. Tliese we shall consider to be positive; so that the 
ody 3/ is sliding over the body J/' at the beginning of the com- 
pression. The other three constants a, a\ h are independent of 
the initial motion of the striking bodies. The constants a and a , 
are essentially positive, while h may have either sign. It will be 
found useful to notice that aa' > 6^ 

193. The Representative Point. It often happens that 
6 = 0, and in this case the discussion of these equations is very 
much simplified. But certainly in the general case, and even in 
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easy to follow 
,thod. 



the simple case when J=0, it will be found mi 
the changea in the forces if we adopt a graphical 

The point we have to consider is this. As S proceeds from 
zero to its final maximum value by equal continued increments dR, 
F proceeds also from zero by continued increments dF, which may 
not always be of the same sign and which are governed by a dis- 
continuous law, viz. either dF— ± fidR or dF is just suiEcient to 
prevent relative motion at tLe point of contact as explained in 
Art 158. We want therefore some rule to discover the value of F. 

To determine the actual changes which occur in the frtctional 
impulse as the impact proceeds, let lis draw two lengths AR, AF 
along the normal aud tangent at A in the directions NQ, AN re- 
spectively, to represent the magnitudes of ii and FeX any moment 
of the impact. Then if we consider AR and AF to be the co- 
ordinates of a point P, referred to AR, AF bs axes of .H and F, the 
changes in the position of P will indicate to the eye the changes 
that take place in the forces during the progress of the impact. It 
will be convenient to trace the two loci determined by iS=0, (7=0. 
By reference to (5) and (6) we see that they are both straight 
lines. These we shall call the straight lines of no sliding and of 
greatest compression. To trace these, we must find their inter- 
cepts on the axes of J^ and R, Take 



AC = ~ 



, Aa= 



AC'^^, 



then SS', CC will be these straight lines. Since a and a' are 
necessarily positive, while b has any sign, we see that their inter- 
cepts on the axes of F and R respectively are positive, while their 
intercepts on the axes of R and F must have the same sign. 
Since aa'> 6', the acute angle made by the line of no sliding with 
the axis of F is greater than that made by the line of greatest 
compression, i.e. the former line is steeper to the axis of F than 
the latter. It easily follows that the two straight lines cannot 
intersect in the quadrant contained by RA produced and FA 
produced. 

194. In the beginning of the impact the bodies slide ( 
each other, hence, as explained in Art 158, the whole limiting 
friction is called into play. The point P therefore moves along a 
straight line AL, defined by the equation F = fiR, where /i is the 
coefficient of friction. The friction will continue to be limiting 
until P reaches the straight line SS'. If R^ be the abscissa of 



this point we find R.= ^v . This gives the whole normal 

'^ " Qfi + b 

blow, from the beginning of the impact, until friction can change 
from sliding to rolling. If fi„ is negative, the straight lines AL 
and SS' will not intersect on the positive side of the axis of F. 
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In this case the friction will be limiting throughout the impact 




If JKj is positive the representative point P will reach 88' . After 
this only so much friction is called into play as will suffice to 

!>revent sliding, provided tliis amount is less than the limitiiig 
notion. If the acute angle which 8S' makes with the axis of R 
be less than tan"'/i, the friction dF necessary to prevent sliding 
will be less than the limiting friction fidR, Hence P must 
travel along SS' in such a direction that the abscissa R con- 
tinues to increase positively. In this case the friction will not 
again become limiting during the impact. 

But if the acute angle which SS' makes with the axis of i2 be 
greater than tan"' /i, the ratio of dF to dR will be numerically 
greater than /i, and more friction is necessary to prevent sliding 
than can he called into play. The friction will therefore continue 
to be limiting, and P, after reaching SS\ must travel along a 
straight line, making the same angle with the axis of R that AL 
does. But this angle must be measured on the opposite side of 
the axis of //, for when the point P has crossed S8 the direction 
of relative sliding and therefore the direction of friction is 
changed. In this case, it is clear that the friction will continue 
limiting throughout the impact. 

When P passes the straight line CO', compression ceases and 
restitution begins. But the passage is marked by no peculiarity 
except this. If R^ be the abscissa of the point at which P crosses 
CC\ the whole impact, for experimental reasons, is supposed to 
terminate when the abscissa of P le, R^ = R^ (1 + ^), e being the 
measure of the elasticity of the two bodies. 

It is obvious that a great variety of cases may occur according 
to the relative positions of the three straight lines AL, SS' and 
CC\ But in all cases the progress of the impact may be traced 
by the method just explained, which may be briefly summed up 
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in the following rule. The representative poitU P travels along AL 
until it meets SS'. /( then proceeds eiUwr along SS', or along a 
straight line making the same angle with the axia ofVi as AL does, 
but on the opposite side. The one along which tt proceeds is the 
steeper to tlie aatis of F. /( travels along this line in such a direc- 
tion as to make the abscissa R iTKrease. The complete value of R 
for the whole impact is fiund by muUiplging the abscissa of the 
point at which P crosses CC bg 1 +e. The complete value of Y is 
the corresponding ordinate of P. Substituting these in the dyna- 
mical equations (1) and (2), ihe vioUon just after impact may be 
easily found. 

195. If the bodies be smooth, the straight line AL coincides 
with the axis of H. The representative point P must travel along 
the aiis of B and the complete value of B for the whole impact 
is found by multiplying tlie abscissa of C by 1 + e. 

If the bodies be perfectly rough (Art, 156) the straight line AL 
coincides with the axis of F. The representative point P must 
travel along the axis of F until it arrives at the point S. It will 
then travel along the line of no sUding SS' until it reaches the 
line CC of greatest compression. If the bodies be inelastic, the 
co-ordinates M^, F^, of this intei'section are the values of B and F 
required. But if the bodies be imperfectly elastic the representa- 
tive point continues its journey along the line of no sliding. The 
complete value of B fur the whole impact is then li^ = Rjl + e), 
and the complete value of F may be found by substituting this 
value for B in the equation to the line of no sliding. 

196. It is not necessary that the friction should keep the 
same direction during the impact. The friction must keep one 
sign when P travels along AL. But when P reaches SS', its 
direction of motion changes, and the friction dF called into play in 
the time dt may have the same sign as before or the opposite. 
But it is clear that the friction can change sign only once during 
the impact. 

It is possible that the friction may continue limiting through- 
out the impact, so that the bodies slide on each other throughout. 
The necessary conditions are that either the straight line S8' 
must be leas steep to the axis of F than AL, or the point P 
must not reach the straight line SS' until its abscissa has be- 
come greater than B^. The condition for the first case is, that 
b must be greater than /Mt. The abscissie of the intersections 

of AL with SS' and CC are respectively fi„ = - — ~, and 

(T "^ ■' " afj. + b 

R, = i — *— , . The necessary conditions fur the second case are 

' b/i + a 
that B, must be positive, and B„ either negative or positively 
greater than !i,[l + ej. 
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197. Ex. 1. X^bomid of a ImU. A tpherieal haU moving without rotoHcn cm 
a imooth horizontal plane impinges with velocity Y againtt a rontgh vertical watt 
whose coefficient of friction is fi. The line of motion of the centre of gravity before 
incidence making an angle a trith the normal to the wall, determine the motion jtwt 
after impact, 

ThiB is the general problem of the motion of a spherical ball projected without 
initial rotation against any rough elastio plane. Thoe it applies to a billiazd ball 
impinging against a cushion, or to a " fives" ball projected against a wall, or to 
a cricket ball rebounding from the ground. When the ball has any initial rotatiaD 
the problem will, in general, be a problem in three dimensions and will be fjiawiiwad 
further on. 

Let u, v be the velocities of the centre at any time t after the commenoement 
of the impact resolved along and perpendicular to the wall. Let v be the angular 
velocity at the same instant. Let R and F be the normal and friotional blowa firom 
the beginning of the impact up to that instant. Let Af be the mass and r the 
radius of the sphere. 

Then we have 

Af(tt-rsino)=-i'' 
3f (r+r cos o)i 



= Fr) 



The velocity of sliding of the point A of contact is 

r^±l^F 
ifc» Af 



S=tt-rw=FBino- 



The velocity of compression of the point of contact is 



C= -t;=Fcoso- r7. 



*• 



K 

Measure a length AS in the figure to represent -x — j^AfF sin a, and a length 




AC io represent MV cos a along the axes of F and R respectively. Then SB and 
CB drawn parallel to the directions of R and F will be the lines of no sliding and 

I? 
greatest compression. Also we see that isjiBAC =-^--^ tano=f tana. In the 

beginning of the impact the sphere slides on the wall, hence the representative 
point P, whose co-ordinates are R and F, begins to describe the straight line F=^. 
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If >t>f tans, this Btraigbt liao cuta Ihe liae o! no Btiding SB in eome point L 
before it eaU the line of greatest conprceeion. Hence the representatiTo point 
deicribea the brokea line ALB. At tha moment of greateEt compression, F and R 
are the oo-ordintttes of B. 

Therefore F=fJfF8ino, E^STF cosa. 

These reaultB are independent of /i beoanse we see from the fi|!nre that more 
than enough friction ooald be called into pin; to destroy the sliding □: 

If /i<} tans, the stiaigbt line F=>J? cuta the line of greatest eomprossion CB 
in some point H before it outs the line of no eliding. The friction is therefore 
insafficient to desiro; the eliding. Al the moment of greatest oompressioa F and Jt 
are tho co-ordinates of U, 

F=H iVr oosa, JI = JW1' eosa. 
If the sphere be inelastic wc have only to substitute these values of F and J! in the 
eqailious of motion to find the values of u, r, u just after impaol. 

It the sphere be imperfcctlf elastic with a coefficient of elasticity t, the repre- 
■entatiTe point P will continue its progress until its abscissa is given b; 

K = Jfrcosa(l-i-()- 
Take AC to tepreseat this value of Jt, and draw CB' parallel to CB. Then, ai 
before, we see that tanB'JC = = ^5^. 

If u>ij , — , the representative point describes Bome broken tine like ALB', 
and oDte SB' before it oats B'C In this case F and B are the oo-ordinatei of B", 
F^JJ/raina, B = i(rcoB(L (! + <)- 
If /i<^ rr^ < the representative point describes some unbroken line like AflJT, 
and cuts B'C before it cuts SB'. In this case F and it are the oo-ordinates of K, 
F=>i3fr 0080(1 + 0. JJ = JlfI'coso(l+f). 
Let ^ be the angle the direction of motion of the centre of the ball makes with 
the nonnal to the wall after impact, then tau^ = -. We see therefore 
5 tana tana-^fl+e) 



tMp=- 
Booording as /I is gres 



3 tana 



Ex. 2, An imperfectly clastic cricket ball is projected so that it is rotating 
with an angular velocity about a horizontal axis perpendicular to the plane of 
the parabola described by its centre. Juet before it strikes tbe ground the velocity 
of the centre is f, and the direction of motion mokes an angle a nith the normaL 
Show that the angle of rebonnd p is given by either 

.tan?=^tan» + | j^^. or=tan.-^(l+.). 
aeeording as ji is greater or less than ^ jtano-T;- — ("HZ"' 

IDS. Ex. 1. Show that the representative point P as it travels in the 
directed in the text muEit rrosa Iho line of Kreatest oorapression, and tba: 
abscissa II of the point at which il crusts this suaight line must be positive. 
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Ex. 2. Show that the conic whose equation referred to the axes of R and F is 
aF' + 26Fi2 + a'i2^=e, where e is some constant, is an ellipse, and that the strai^t 
lines of no sliding and greatest compression are parallel to the conjugates of the 
axes of F and R respectively. Show also that the intersection of the strai^t 
lines of no sliding and greatest compression mast lie in that angle formed hy the 
conjugate diameters which contains or is contained by the first quadrant. 

Ex. 3. Two bodies, each turning about a fixed point, impinge on eaoh other, 
find the motion just after impact. 

Let Of 0\ in the figure of Art. 187, be taken as the fixed points. Jakiiig 
moments about the fixed points, the results will be nearly the same as those given 
in the case considered in the text. 

Ex. 4. Show that the Vis Viva lost when two bodies impinge on each other 
may be found firom either of the formulsB 

Vis Viva lost = 2F.9o +2RCq- aF« - 2bFR - a'R» 

_ (aC^^ - 265oCo + a'S^*) - (aC - 2hSC + aS*) 

aa'-b* 

where F, R are the whole frictional and normal forces called into play, and C^, 8^ 
Cf S are the initial and final values of the velocities of compression and sliding. If 
the bodies are perfectly rough and inelastic C and S are both zero. 



Initial Motions, 

199. Breakage of a support. Suppose a system of bodies 
to be in equilibrium and that one of the supports suddenly gives 
way. It is required to find the initial motion of the bodies and 
the initial values of the reactions which exist between the several 
bodies. 

The problem of finding the initial motion of a dynamical 
system is the same as that of expanding the co-ordinates of the 
moving particles in powers of the time t Let {x, y, 6) be the 
co-ordinates of any body of the system. For the sake of brevity 
let us denote by accents differential coefficients with regard to the 
time, and let the suffix zero denote initial values. Thus x, 









dCx 
denotes the initial value of -^ . By Taylor's theorem we have 

a? = a + <' 2"^^<>''i3 "^ ^^'^'' 

the term x^ is omitted because we shall suppose the system to 
start from rest. 

First, let only the initial values of the reactions be required. 
The dynamical equations will contain the co-ordinates, their second 
differential coefficients with regard to t, and the unknown re- 
actions. There will be as many geometrical equations as re- 
actions. From these we have to eliminate the second differential 
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coefficients and find the reactions. The process will be as follows, 
which is really the same as the first method of solution described 
m Art. 135. 

Write down the geometrical equations, differentiate each twice 
and then simplify the results by substituting for the co-ordinates 
their initial values. Thus, if we use Cartesian co-ordinates, let 
<ft (x, y, S) = be any geometrical relation, we have since a;,' = 0, 

The process of differentiating the equations may sometimes 
be nauch simplified when the origin has been so chosen that the 
initial values of some at least of the co-ordinates are zero. We 
may then simplify the equations by neglecting the squares and 
products of all such co-ordinates. For if we have a term a-', its 
second differential coefficient is 2 (xr"-i- ic''). and if the initial 
value of It is zero, this vanishes. 

The geometrical equations must be obtained by supposing the 
bodies to have their displaced position, because we require to 
differentiate them. But this is not the case with the dynamical 
equations. These we may write down on the supposition that 
each body is in its initial position, These equations may be 
obtained according to the rules given in Art. 135, The forms 
there given for the effective forces admit in this problem of some 
simplifications. Thus since r^' = 0, ^^ = 0, the accelerations along 
and perpendicular to the radius vector take the simple forms r,,' 

and r^„". So again the acceleration — along the normal vanishes. 

If, for example, we know the initial direction of motion of the 
centre of gravity of any one of the bodies, wc might conveniently 
resolve along the normal to the path. This will supply an equa- 
tion which contains only the impi'essed forces and such tensions 
or reactions as may act on that b>dy. If there be only one re- 
action, this equation will suffice to detennine its initial value. 

The rule may be shortly stated thus. Write dovm the geometri- 
cal equations of the system in its general position. Differfntiate 
each twice and tkejt simplify the results by sitbstituting for the co- 
ordinates their initial values. Write dovm the dynamical equations 
of tlie system supposeil to be in its initial position. Eliminate the 
second differential coefficients and toe shall have sufficient equations 
to find the initial values of the reactions. 

We may also deduce from the equations the values of x^", 
Jo' ' ^o"- ^°^ ^^^^ ^y substituting in equation (1) we have found 
the initial motion up to t^rms depending on (*. 
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200. Secondly, let the initial motion be required. How many 
terms of the series (1) it may be necessary to retain will depend 
on the nature of the problem. Suppose the radius of curvature 
of the path described by the centre of gravity of one of the bodies 
to be required. We have 

and by differentiating equation (1) 

x"=x:'+x:"t+x,*'t+... 

&c. = &c.; 

x'f - y v = « V' - <'y.") { + «'y." - ^. V) g + • • . 

These results may also be obtained by a direct use of Taylors 
theorem. 

If then the body start from rest, the radius of curvature is 
zero. But if x^'y^" - <"y;' = 0, we have 

To find these differential coeflScients we may proceed thus. 
Differentiate each dynamical equation twice and then reduce 
it to its initial form by writing for x, y, 6, &c. their initial values, 
and for x, y\ zero. Differentiate each geometrical equation 
four times and then reduce each to its initial form. We shall 
thus have sufficient equations to determine x^\ x^'\ x^, &c., i^, 
■Bp'» ^0 '» ^^'* where R is any one of the unknown reactions. It 
will often be an advantage to eliminate the unknown reactions 
from the eauatious before differentiation. We shall then have 
only the unknown coefficients x^\ x^'\ &c. entering into the equa- 
tions. 

If we know the direction of motion of one of the centres 
of gravity under consideration, we can take the axis of y a tangent 

to its path. Then we have p = ^ , where x is of the second order, 

if of the first order, of small quantities. We may therefore neg- 
ect the squares of x and the cubes of y. This will greatly sim- 
plify the equations. If the body start from rest we nave x^ = 0, 
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and if x^' = 0. we may then use ttie formula 

301. Ex. A circular dite ii hung up by three iqaal itringi attacked to thret 
pointi at equal dutaticei tn ilt circunferenee, and fattened to a peg verlicallt/ met 
the ctntrt of the diic. One of Iheie itringi it ttiddtnly cat. Determiiu the initial 
(nutoiu of the other tieo. 

Let O be the pes. AB the circle seen b; m e;e in its pUue. Let O^ be the 
•triDg which U oat ftnd C be the middle point of the chord joiiiiiis the pointi of the 



airde to which the two other etringa are AttBched. Then the tno tenaiona, each 
eqnal ta T. are thionghout the motion equivalent to a reaulCant teneion R along 
CO. If 3a be the angle between the two strings, we hnvc lt = 2T coea. 

Let I be the length of OC, fi be the angle GOC. a be the radius of the disc. Let 
{r, y) be the co-ordinalcB of tlie diaplaeed position of the centra of gravity with 
reference to the origin 0, x being measured horizontally to the left and y vertical!; 
downwards. Let S be the angle the displaced position of the disc makes with AB. 

By drawing the disc in its displaced poBition it will be seen tliat the co-ordinates 
ot thedisplaoed position of C ore x-t sin^ coeS and y-ltinp anS, Hence since 
the length OC temainB constant and equal to I, we have 

j' + y'-a(sin;J(icose + i,sine) = ('eos»;i. 

Binoe the initial tensions only are required, it will be safficient to differentiate 
this twice. Since wo may neglect the gqnares of small quantities, we may omit >?, 
pat coa0' I, sin 9 = 0. The process of differentiation will not then be very long, 
for it is ea>; to tee beforehand what terms will disappear when we equate the 
differential coefficients (z', y'. S') to zero, and pat for (r, y. S) their initial value* 
(0, 1 eoB^, 0). Wo get 

!// cos)9 = sin ^ (V + ' ooB;9fl„"). 

This equation may also be obtained by an nrtiGoe which is often useful. The 
motion of G is made up of the motion of C and the motion of C! relatively to C. 
Since C begins to describe a circle from rest, its acoeleration along CO is zero. 

Again, the acoeleration of G relatively to C when resolved along CO is OC -j-^ eoi^ 
The resolved acceleration of G is the sum of those two. but it is also eiiual to 
y," cos^ - Xg" Bin;9. Hence tbe eqnation follows at once. 

In this problem we require tbe dynamical equations only 
Tlieeearo 

««,■■=;!. Bin? 

"So" = "ff - ^0 w 
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where m is the mass of the hodj. Sabetitoting in the geometriettl 6<piattofD we iad 

eos/9 

1 + p ain'/S coe*/i 

The tension of any string, before the string OA waa eat, may be found bj tiie 
roles of Statics, and is clearly T, = . ^^ , where 7 is the angle AOG. Henee the 

o COSY 

ohange of tension can be found. 

J 302. Ex. 1. Two strings of eqoal length ha^e each an extremity tied to a 
weight C and their other extremities tied to two points il, B in the same horizontal 
line. If one be out the tension of the other is instantaneonaly altered in the ntio 

l:3oos>^. [StPct. CoU.] 

I Ex. 2. An elliptic lamina is supported with its plane vertieal and trmnsvene 
axis horizontal by two weightless pins passing through the fod. If one pin be 

released show that if the eccentricity of the ellipee be v/? 1 ^ pieaaaze on the 
other pin will bo initially unaltered. [Coll. Exam.] 

Ex. 8. Throe equal particles A, B, C repelling each other with any foreee, an 
tied together by throe stringn of unequal length, so as to form a triangle li^t- 
anKlod lit A, If tho Htring joining B and C be cut, prove that the inatantancooa 
ehangoH of tenHion of the Btrings joining BA^ CA are (roosB and ^TooaC 
r«H])ootivoly, whore B and C are tho angles opposite the strings joining CA, AB 
roMpoctivt'ly, and T is tho rcpulsiTO force between B and C. 

Kx. 4. Two uniform equal rods, each of masn m, are placed in the form of 
the lotttfr X on a Hrnooth horizontal plane, the upper and lower extremitiea being 
oonneci^id by o(|nal HtrinKR ; show that whichever string be cut, the tension of the 
oth(?r Im the fuune function of the inclination of the rods, and initially is \mg aino, 
where a is the initial inclination of the rods. [St Pet. Coll.] 

Kx. t), A horizontal rod of mass m and length 2a hangs by two parallel 
strin^H of longtii %t attached to its ends : an angular velocity w being auddenly 
oomnnmioaU'd to it about a vortical axis through its centre, show that the initial 

increase of tension of cither string equals • . , and that the rod wiU rise through 

a space . . [Coll. Exam.] 

Kx. 0. A particle is Ruspended by th e equal Btrings of length a from three 
pointH forming an equilateral triangle of side 26 in a horizontal plane. If one 
string bo cut the tension of each of the others is instantaneously changed in the 

»tio 2(J_ 1,2) • [Coll. Exam.] 

Ex. 7. A Rphcre resting on a rough horizontal plane is divided into an infinite 
number of solid luncs and tied together again with a string; the axis through which 
the plane faces of the lunes pass being vertical. Show that if the string be out 
the pressure on the plane is diminished instantaneously in the ratio 45*^ : 204a. 
[Emm. Coll.] 
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On Relative Motion or Moving Axes. 

203. In many dynamical problems the relative motion of 
the different bodies of the system is frequently all that is required. 
In these cases it will be an advantage if we can determine this 
without Bnding the absolute motion of each body in space. Let 
U3 suppose that the motion relative to some one body {A) is 
required. There are then two cases to be considered, (1) when 
the body (A) has a motion of translation only, and (2) when it 
has a motion of rotation only. The case in which the body (A) 
has a motion both of translation and rotation may be re^rded 
S3 a combination of these two cases. Let us consider these in 
order. 

204. The Fundamental Theorem. Let it be required to 
find the motion of any dynaniical system relative to some moving 
point C. We may clearly reduce C to rest by applying to every 
element of the system an acceleration equal and opposite to that 
of C. It will also be necessary to suppose that an initial velocity 
equal and opposite to that of '_' has been applied to each element. 

Let /be the acceleration of C at any time (. If every particle 
m of a body be acted on by the same accelerating force / parallel 
to any given direction, it is clear that these are together equi- 
valent to a force fXm acting at the centre of gravity. Hence to 
reduce any point of a system to rest, it will be sufficient to 
apply to the centre of gravity of each body in a direction opposite 
to that of the acceleration of C7 a force measured by Mf, where 
M is the mass of the body and / the acceleration of C. 

The point C may now be taken as the origin of co-ordinates. 
We may also take moments about it as if it were a point fixed in 
space. 

Let us consider the equation of moments a little more minutely. 
Let (r, 0) be the polar co-ordinates of any element of a body 
whose mass is m referred to (7 as origin. The accelerations of 

the particle are j3 — '"( jt) ^^^ ~ ^I'^^T^) ■ ^*'°g ^°*^ perpen- 
dicular to the radius vector r. Taking moments about C, we get 
f moment round C of the 



Sm 



(4!) 



pressed forces 
_ J phis the moment round C of the reversed 
~ 1 effective forces (." " ' 



[^ centre of gravity. 



If the point C be fixed in the body and move with it, -^ 



dt 



12 
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will be the same for every element of the body, and, as in Art. 88, 

205. From the general equation of moments about a moving 
point we learn that we may use the equation 

dm _ mo ment of forces about C 
dt " moment of inertia about C 

in the following cases. 

First. If the point C be fixed both in the body^ and in space; 
or, if the point C being fixed in the body move in space with 
uniform velocity ; for the acceleration of C7 is zero. 

Secondly, If the point C be the centre of gravity; for in that 
case, though the acceleration of (7 is not zero, yet the moment 
vanishes. 

Thirdly, If the point C be the instantaneous centre of rota- 
tion, and the motion be a small oscillation or an initial motion 
which starts from rest. At the time t the body is turning about (7, 
and the velocity of C is therefore zero. At the time t-k-dt^ the 
body is turning about some point C* very near to C. Let CC « do-, 
then the velocity of C is o>dar. Hence in the time dt the velocity 
of G has increased from zero to (oda^ therefore its acceleration is 

» -IT • To obtain the accurate equation of moments about G we 

must apply the effective force Sm . a> -rr in the reversed direction 

, . «* . . da 

at the centre of gravity. But in small oscillations m and -r- are 

both small quantities whose squares and products are to be 
neglected, and in an initial motion a> is zero. Hence the moment 
of this force must be neglected, and the equation of motion will 
be the same as if (7 had been a fixed point. 

It is to be observed that we may take moments about any 
point very near to the instantaneous centre of rotation, but it wiH 
usually be most convenient to take moments about the centre in 
its disturbed position. If there be any unknown reactions at the 
centre of rotation, their moments will then be zero. 

206. If the accurate equation of moments about the instan- 
taneous centre be required, we may proceed thus. Let L be the 
moment of the impressed forces about the instantaneous centre, 
the centre of gravity, r the distance between the centre of 
gravity and the instantaneous centre (7, M the mass of the body; 
then the moment of the impressed forces and the reversed 
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eEFective forces about G is 



If i be the radius of gyration about the centre of gravity, i 
equation of motion becomes 



writing for cos QC'C its value ^ 



207. ImpulalTC fbrcei. The argument of Art. 20* may 
evidently be also applied to impulsive forces. We may thus ob- 
tain very simply a solution of the problem considered in Art. 171. 

A body ii mming in any mannrr uht-n suddenlij a point O in the body ii con- 
ifrainrd to more in lome givrn manner, it i> rtqiiind to find iht motion rtlative to O, 

Let us redaoe O to rent, wc must appi; at the centra of grari^ G a momentom 
eqnfti to Hf, where / is tbo resultant of the reversed veloatt; of O after the change 
and the vdncity of O before the change. If u, tJ ba the angolar velocitiea of the 
bod; before and after the change, and r= OG, we have bjr taking momenti aboat O, 

(r" + *') («' - u) = mometit of / about 0. 
Now the momeot aboat of a velocity at G is equal and opposite to the moment 
about G of the same velocity applied at O, Hence if L,. V be the momenta about 
O of the velocity ot O yaSt, before and jtut after the ohange, and A; be the ladina 
of gyration about the centre of gtavitj, we have u' - « Ta ^ — j . 



a08. El. 1, Tvm heavy parlicUi ahote miutei are m and m' are coniueUd by 
an ineiientiblt itring, vhiek ii laid ortr the vertex of a double inclined plane ahoMt 
mat! i* M, and vhieh ii capable oj vuxing freely on a nnoolfi horiv/atal plane. 
Find the force ahieh muif act on the icedge that tlie tyitem may be in a state of 
rttative eguUibriun. 

Here it will be convenient to reduce the wedge to rest by applying to every 
particle an acceleration / eqoal and opposite to that of the wedge. Supposing this 
done tbo whole system is iu eqailibrium. If f be the required force, we have by 
resolving horizontally {M + m + m'jf=F. 

Let n, b' be the inclinations of the sides of the wedge to the horizontal. The 
particle m is acted on by mg vertically and mf horizontally. Henoe the tension 
ot the string is m{g sina-f/ooaa). By oonsidering the particle m', we find the 
tension to be titamUg liaa'-fcoaa'). Equating these two we have 



Hence F is found. 

a09. Ei. B. A eytindrical cavity aho»e leetion i» any oval curve and ahote 
generating linei are horizontal it mode in a ctlhical matt which can ilide freely on 
a imooth horiiontat plane. The nufaee of the cavity it perfectly rough and a iphere 

12—2 
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is placed in it at rat $o that the vertical plane tknm^k the eorfrei of grmni§ ef 
the mau and the tphere i» perpendicular to the generating UmeB of the cyioMbr. 
A momentum B is communicated to the cube by a blow in this vertieml plmme, Fbd 
the motion of the tphere relatively to the cube and the leaet vobu of the Uam that 
the tphere may not leave the turf act of the cavity, 

BimnliaDeoTisly with the blow B there will be tn impalaiTe frictkm li e t wa ai tlii 
eabe tad the sphere. Let If , m be the manes of the eabe and sphera, « the nfioi 
of the sphere, k its rmdins of gyration aboat a diameter. Let F« be the iniftial 
Tilodty of the cube, v^ that of the centre of the sphere relatively to the eabe, m^ the 
initial angular Telocity. Then by resolving horizontally for the whole ^yetem, aad 
taking moments for the sphere alone aboat the point of contaet, we hm^e 

m{v^-¥Vg)'{-MV^=zB\ 

and iinoe there is no sliding VfOWo^O (9* 

To find the subsequent motion, let {x, y) be the co-ordinates of the centre of the 
■phere referred to rectangular axes attached to the cnbieal mass, x being hoiiiontBl 
lAd y yertical, then the equation to the cylindrical cavity being given, y ia a known 
ftinetion of x. Let ^ be the angle the tangent to the cavity at the point of eonlaek 

of the sphere makes with the horizon, then tan^s^. Let V be the Tidoeity 

of the onbical mass, then, by Art. 183, *>» (^ + ^) -^MV^B (8). 

If To be the initial vis viva and y^ the initial value of y, we have hj the 
equation of vis viva 

**i(s+^y+(ty+*''^i+^'=^*-^<y-y*> W' 

where te is the angular velocity of the sphere at the time t. If v be the Teloeity ^ 
the oentre of the sphere relatively to the cube, we have since there ia no sliding 
vsaaw. Eliminating V and u from these equations, we have 



U) • |a + *-V)(l4:)-^4 = Cp.2,y (5). 

wli« Cg = ^ — + 2pyo (6). 

(Af+m)|Af+(Af +»!)-{ 

This equatbn gives the motion of the sphere relatively to the cube. 

SIO. To find the pressure on the cube, let us reduce the cube to rest. Let R be 
the normal pressure of the Bphere on the cube, F the friction measured positively in 
the direction in which the arc is measured. The whole effective force on the cube is 
JTsiK sin^+F coB^. By Art. 204 we must apply to every particle an aoceleratioD 

j^ opposite to this force. The sphere will therefore be acted on by a force —JT ina 

horizontal direction in addition to the reaction 12, the friction F and its own wei^it 

Taking moments about the centre, we have mik«-^= Fa (7). 

Beiolving along a tangent to the path, m^^-F- ^Xoos^-m^sinf ... (8). 
But since there is no sliding, wehave v=aw... (9). 



ON RELATm: MOTION OE MOVING AXIS. 181 

DiSwentifttiiig thia and sabstitatiag bom (7) and (B), wa find 

^= -" i+7«»v"'^^m::^ 1+7COBV ■■^^^^- 

when Y H , ^ . Beflolving tho forces on the centre of the sphere along k 

normal to the path, we have 

— =E + ^Xiaai-mgiiOif (U), 

vhere /> is the r&dioB of onrratiiTe of the path. Sabatituting for n* its valae ei^Bn 
1^ (£), which ma; be conveniantl? written in the (oim 

v>(l-fieos'i.)=^^^{C-2y)g (18). 

where ^ = , „ jrrr~ ' "* ^''^ '"" eqaations to find the leactiona F and R, 

Eliminating F, we get 

c-2,*„».t\^i^lp.?-,p m, 

' '^ '1 + 7 coB'f p mg ' " 

where P i> rather ft complicated function or <f> wbioh ia not generally wanted. 
Wo have 

(l-^cosV)'^P±l^ 

1 + 7 coaV P(l-^) ' '■ 

We notice that aince p is neoeesarily leas than nnitf , F cannot Taniah and is always 
finite and positive. 

It the sphere is to go all ronnd the cavit;, it is neaessaiy that the valne of * 
as given b? (12) Bhould be real for all values of y and cosV'. Hence [he volae of 
•a loond by (6} mast be greater than the greatest vatne of 2y. 11 is also neoewaiy 
that R should be always positive, so that the values of cos ^ given by the equation 
(13J wbea R = must be all imaginary or nnmericoUy greater than onity. We 
observe, U C>2y and p be always poaliive, that B cannot vanish for any positive 
value of cos ^. 

If the equation (13), when R = 0, have two equal roots which are less than 
nni^, the presaoie on the cavity vanishes but does not change sign. In this case 
the sphere will not leave the cavity at the point indicated by this value ol cos •ji. 
The condition for eqool roots gives as 

where p is given as a fonotion of f £rom the ecLuation to the eyilnder. Writing 

f sooif for brevity, this reduces to 

^^{a-Pf)ll + T£')(^+7) = sin*f3p + 7-(3j3> + 7*)f + ^(7-ftfl (IB). 

U no other real value of cosf makes R = and change sign in (13). and if also 
C>2ji the sphere ia then saidjiut to go round. We may put this reasoning in 
another way. If the sphere is ju«I to go round, then R must be poBitive throughout 

and must vanish at the point where it is least. In this ease we have S and -tt 

■uttoltaneonsly zero. Differentiating (IS) wo notice that the differential coeCBcient 

dp 
of the right-hand side is zero, except al soma singular points whers P o' ^ >■ 



\ 




1^2 m/TSos cr two 



t • I < V, 



u. ifaappev. Za aixs wxw w a^iia otinfii gunilinn (15). 

Is liunzji b« :c iii c imi cus :iie poiss v&ert At jnmun wmnnhm mod if a 
■lininiuin eaoixcc m tt a« hitfses pcBBS of she cATirf mkM tht ladiiu of camtan 
0ja%masianm cr ninunsa. as shas poiziL ThufoOiTwalooeefram aqi»lioii{16). 



If w van. to i-ii szus buov B Aas th« ipfaov bmj jvil 90 loand we mint 
te« rocu cf ic£ eqiAskui (13't aad ^16). To effect tfaia we tiaee the 
wbcee ■hun-wa is ^ and ordiixASe % wIicr ■fv=ii^, frooi (=0 to |s -1. 
The carve mmj •^■*->'*^ ami :ae ^^-^^^ and mrnhne iwiiinHie eie gnem I7 (IC). 
We take dse Leact sea&Te Ta::» cf : vhkh MsMee a^ u^ ^Hiieh ie not gicatar 
then asirr. Thid will ccneqpcad «> a minhneie valoi of e h c a« i»e ^ b^gmi to 
deerceec a# ^ prcceedd 2rcm u> - L Then p<inaigJ2= Owe find C from (IS), and 
thai B xa kaoen from \6i. The nnls of eooiae ii aobjeel to Uw Hmitetiniii 



211. Mowing Ases. Next, let ns consider the case in which 
we wish to refer the motion to two straight lines 0(, Oq at right 
angles, taming roond a fixed origin with angular velocity «. 

Let Ox, Oy be any fixed axes at right angles and let the angle 
xOf = tf. Let f = OJtf. 7 = PM be the co-ordnmtes of any point P. 

It is evident that the motion of P is made up of the motions 
of the two pointa J/, 3' bv simple addition. The resolved parts of 

the velocity of Jf are ^r and {« along and perpendicalar to OM, 




The resolved parts of the velocity of ^ are in the same way — 

and 17a) along and perpendicular to ON, By adding these wiUi 
their proper signs we have 

velocity of -PI df _ 
parallel to Of J 5e " ''*'' 

velocity of P) ^5 ^^ 
parallel to O17 1 " * "*" ^* 
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In the same way by adding the accelerations of M and N wb 
have 



acceleration of P\ _ tPf ^ , 
parallel to Of f"d?"f" " 

acceleration of PI 
paraUeltoO, pdP"''™ "^fdi^^ 



tM*^)- 



f^, 



By using these formula instead of -y^ and -3^ we may refer 

the motion to the moving asea Of, (hj. 

lo a similar manner we may use polar co-ordinates. In this 
case if (r, ^) be the polar co-ordmates of P, we have 

acceleration of P\ _ cPr 
along rad, vect. J 5? 

acceleration of ^1 _ 1 ^ J j (^ , 
perp. to rad. vect J rdt\ \dt 

313. Ex. 1. Let the aica Of, O7 be obliqae and make &i 
othar, proTe that if the velocity be roprcBeDted by the two 
to the aies, 

df 
u= ^-uf coto-aijoofleoo. 



'(!-)■■ 



with BOob 
I, V parallel 



U17 cota + uf eouea. 



In thij cue PV ii parallel to Oq. The velocities of If and ^ are the wme u 
before. Their resultant is, by the queatioD. the same as the resultant of u and v. 
By resolving in any two ditGctions and eqoating the eomponentt we get two equa- 
tions to find u and v. The beat dircotious to resolve along are those perpendicular 
to Oi and 0^, for then u is absent from one of the equations and v from the other. 
Thus n or V may be loond separately when the other is cot wanted. 



El 3. If the ocMteration b 



represented by the aomponcota Z and Y, prove 

- - uu cota- iM CoseCa. 



r = -T--f uif oota-i-wu ooseca. 

These may be obtained in the some way by resolving velodtiea and MoeleiatloDi 
perpendicular to Of and 07. 

213. Ei, A particle under the aetian of any forea move* on a tmoath eurve 
mhich ii eonitrained lo turn with anguiar velocity u about a fixed axil. Find the 
motion rtlative to the curve. 

Let xa suppose the motion to be in three dimeniions. Take the aiii of 2 aa 
the filed axis, and let the axes of {, i; be fixed relatively to the oorve. Let tba 
moae be the unit of mass. Then (he equations of motion are 
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The two tenne S<«^^ i^ ~^^^*°^ ^ Rguded tt the reeolrvd pvta of 
a toee %^ acting in a direction whoee direeiion-ootinet are 

r=^ m'=^ a'-O 
d<r* d(r • 

Tbeee eatiefy tbe equation i'^ + «»' X +"'5 =^- 

Hence the force is perpendicular to the tangent to the eorre, and alto peipen- 
dicolar to the axis of rotation. Let R be the resultant of the reaction R and of 
the force %av^. Then R' also acts perpendicularly to the tangent, let (f, at", mT) be 
the direction-eosinefl of its direction. 

The equations of motion therefore become 

g=r+^_^f+B.«- r W. 

Theee are the equations of motion of a particle moving on a fixed curve, and 
acted on in addition to the impressed forces by two extra forces, via. (1) a foree ««*r 
tending directly from the axis, where r is the distance of the particle from the azia, 

and (2) a force - - r perpendicular to the plane containing the particle and the aada, 

and tending opposite to the direction of rotation of the curve. 



In any paHicular pToblcm ii>< taay thertfore treat the curve at fixtd. Thna 
Boppow the curve to be taming ronnd the asit with oniform angular Telocity. 
Then TerclTing along the tangent ne have 



dv 
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dr 



where r it the distanoe of the partide from the 
e, r.thatofr. Then 

Let pg be the velooity the particle vonld havo had under the 
taices if the carve had been Oxed. Then 



Let V be the initial value of 



v^^-V' = 2UKdx-t-Ydy + Zdt). 



Henoe i" - V = f^' l'' - '"o')- 

The pramre on lltt moiAng turvt it not tqual lo Iht preuure on the fix^ curve. 
The preBBure R on the moving curve is cleaily (ha resultant of the pTeianre IF on 
the fixed curve, and a pressore Zaiif acting perpendicular both to the curve and 
to llie aiia in the direction of motion of the onrve. 

Thus Buppoae the curve to be plane and revolviog miiformly about an aii* 
perpendicular to its plnne, and that there are no irapreBeed foroes. We have, 
reeolviog along the normal, 

- = -tA-8in#+B', 

. where # u the angle r makes with the tangent. If p be the perpendicular drawn 
from the aiifl on the tangent, we have, therefore, 

i}=- +(Ai + 3uw. 
P 
This example mi^t also have been advoutageonsl}' solved by cjUndrical oo- 
ordinatee. The fixed aiie might be taken &b axis of i and the projection on the 
plane of xy referred to polar ao-ordinatea. This method of treating the qaeation 
ia left to the student as an eiercise. 

Ex. If u be variable, we have in a similar manner 
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J 1. A circular hoop, which ie 
conies on it a small ring -th of iiF 



rse to move on a smooth horizontal plane, 
weight, the coefficient of friction between the 



Initially the hoop ia at rest and the ring ha 
mtre of the hoop. Show that the ring will t 



uigular velocity w 
rest on the hoop 



* ThflBe examplea are taken from the Examination Papers wliiob bnvo been set 
a the University and in the Colleges. 
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^ T-v: f-=rL-:iii e;-!!! kiii zzlJ:c=. t:*U m {cczfeMOed ft3 tbeir codi bj two 
cf ^:.^ 1tz^4Ji 1. <•: ki ^: f:z=L & ;imIi£L:ip&=. Odi rod if lapparted 
AS :*•£ ee^tr^ ij & Ixei Lzi« !.':•: c^ vji^il ii ::ki r^r^ ^f^Iy. ;cis izis being porpoi- 
di?:ijkr v^ -Jjt j j^-= :f ri:-.!::- -wiiLi i« Teras*L Si>>-r ihss U» mSidk poiiit of 
the lover F>i viH -■*■■-" 'x;^ i:i -^ «— * t&t aj a g— p-j {KDisIan of length a, *»^ 
thAt the an^uir =i::i:- cf uj£ ruii if izicicnaEz: c! uis o«ciIIaiiaa. 



7. A tzA rsniLs is ftnA-ih'sd ;.: rr: pcinu jt, £ in the 
and carrier a veiirht R' a; it* ziiillc pcir.:. A rod vbo«e length is AB and vcigjlit 
W, has a ring at either end. shro::^L vLich the strisg passes, and ia let fall from 
the position AB, Shov that the iiriog most be at least t-^t in order thai iho 
wei((ht may ever reach the rod. 

Also if the system be in eqailibriom, and the weight be slightly and ToiieaUy 
displaced, the time of its small oscillations is 2r a/ '^ ^ . 

8. A fine thread is enclosed in a smooth circolsr tabe which rotates freely 
alMiijt a vorticiil diamtiU'r; prove that, in the position of relative eqnilibriam, the 
ItioUuaiioii (0) In the Tertieal of the diameter through the centre of gravity of the 
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thtoftil will bo given by ihe equation ooafl= — , - " , where ui is Ihe ftogolM 
velooitj of the tube, a its radius, and 2a^ the length of the thread. Explain the 
ossein which the value of nu'oos|9liea between i; and -g. 

9. A smooth wire without inertia la bent into the form of a helix which ia 
capable of levotiing about a vortical axis coiuaiding with a generating line of the 
cylinder on whioh it is traced. A small heavy ring slides down the helix, Btarting 
from a point in which this vertical axis meets the helix: prove that the angular 
vetodty of the hciii will be a maximum when it has fumed through an angle 
given by the equation cos'^-t-tiin'B-i-P sin20=O, a being the inclination ot the 
helix to the horizon. 

10. A spherical hollow of radios a ia made in a cube of glass ot maat SI, and 
a particle of mass m is placed within. The cube is then set in motion on a smooth 
horizontal plane bo that the particle juBt gets round the ephere, remaining in 
contact with it If the velocity of ptojcotion be r, prove that I'' = 6iip + *(iyg. 

11. A perfectly rough ball is placed within a hollow oylindrioal garden-roller at 
its lowest point, and the roller ia then drawn along a level walk with a nniform 
velooity V. Show (hat the ball will roll quite round the interior of the roller, if 
V*)m >*f-g{b-a), a being the radius of the baU, and 6 of the ivller. 

12. AD, Be are two equal uniform rods loosely jointed at B. and moving with 
Ihe some velocity in a direction peipiindicular lo their length; if the end A he 
suddenly fixed, ehow that the initial angular velooity of AB is three timea that 
of BC. Also show that in the sabseqnent motion ot the rods, the greatest angle 
between them equals cos''], and that when they are next in a straight line, the 
angnlar velocity ot BC ia nine times that of AB. 

13. Three eqaol heavy unitonn beams jointed together are laid in the same 
right line on a smooth table, and a given horizontal impnlse is applied at the 
middle point of the oentre beam in a direction perpendicular to its length; ahow 
that the inatantaneoM impiUse on each of the other beams is one-aizth ot the 
given impulse. 

14. Three beams of like snbBtonce, joined together so as to form one bcAm, 
are laid on a smooth horizontal table. The two extreme beams are equal in length, 
and one of them receives a blow at its free extremi^ in a direction perpendicnlar 
to its length. Determine the length ot the middle beam in order that the greatest 
possible angular velooity may be given to the third. 

Sttult, It m be the mass ot either ot the outer xodi, pm that ot the inner rod, 
F the momentum of Ihe blow, u the angular velooity commnnicated to the third 

rod, then nawl - -t- a* -^i"^- H^i^ce when u isa maximum ^=i t/S. 

15. Two rough rods A, B ne placed parallel to each other and in the a. 
horiiontal plane. Another rough rod C is laid acroes them at right angles, it* 
centre ot gravity being half way between them. If C be raised throogh any angle a 
and let tall, determine the conditions that it may oscillate, and show that if ill 
length be equal lo twice the distance between A and B, the angle 9 throagh wbidh 
it will tiee in the n"* oscillation is given by the equation ainda I ~ 
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22. A y^j^C.y r'.-i^'i, %zA r^A b:«:r *-"'>; i:?-r& an irdised pline oomeo in 
«or«tfe/n ir;u. k2. o'tAU/:> in tLe ii^pe cf ft spic^. Sbov thit if the ndioi of tho 

hfMfp" r« besj^t c/f tpikft ikbcrre tSae pjk&e 3 and r=relociT jsst before impact, then 
tbe o^yiMLtMD thftt tb* hoop will ranDOimt tbc ipike if r'>Yf^U''^(*+'^){ t 



a b«isg the inclmatioD of tbe plane to the boiiztm. Show that nnleaB 

..<,v..to(..j). 



thohoap will not remaJD in contact with the spike at all. If this ineqnality be 
utisfied the hoop will leave the spike when the diameter through the point of 

m gr 



contact makes an angle with the homoD = aill ' |^ - 



"(•n)i. 



23. A flat circular disc of radios a is projected on a roagh horizontal table, 
which is BQcfa that Uie friction upon an element a in cViaa, where V ia the veloci^ 
of the element, tn the mass of a nnit of area: God the path of the centre of the disc. 

If the initial velocity o( the centre of gravity and the angoUr Telocity of the 
dice be %<iia. prove that the velooity u and angnlar velocity i» at any subseqaent 



time Mtiafy the relation ( r—; — ; — =) = — J^ 



24. A heavy oiroular lamina of radius a and mass jlf roUa on the iniide of a 
rough circular aro of twice its radius flied in a vertical plane. Find the motion. 
IS the Umina be placed at real in contact viitb the lowest point, the impulse which 
must be applied horizontally that it may rise aa high as possible (not going all 
round), without falling off. is SI ^J'iag. 

26. K string without weight is coiled ronnd a rongh horiiontat oyllnder. of 
which the inasa is .V and radiua a, and which is capable of Itimiug round its aiia. 
To the free eitremitj of the string is attached a ohain of whii^h the mass is m and 
the length l; if the ohain be gatbered close up and then let go, prove that if be 
the angle through which the cylinder has turned after a time [ before the chain ia 



fnlly stretched. lfae = ™ (^~ - a6\ . 



S6. Two equal rods AC, liC are freely connected at C. and booked to A and B, 
two points in the same horizontal line, each rod being then inclined at an angle a to 
the horizon. The hook B suddenly giving way, prove that the direotion of the strain 



ustantaneoasly shitted through an angle tan~' 
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97. Two partioles A, B me connected by a fine string; A rests on a rough 
horizontal table and B hangs vertically at a distance I below the edge of the table. 
If ^ be on the point of motion and B be projected horizontally with a velocity u, 
•how that A will begin to move with acceleration -~ j , and that the initial radius 



of aarvatare of fi's path will be (>i + l)f, where m 



I the ooefficieut of friction. 



28. Two particles (m, tn') are connected by a string passing through a small 
flxed ring and are bold ao that the string is borkontal; their distances from the 
ling being a and u', they are let go. II p, p' be the initial radii of curvature of 



29. A sphere whose centre of gravity ii 
l*ble ; the coefGoient of (rictdon being n, di 
n to roll. 



its centre is placed on a i 
whether it will begin to illda . 
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90. A cimi]mr ring ii ftsBd in a Totieal porition upon a niooih horiaontil 
plane, and a imall ring is plaeed on the drele, and attached to the higheat point 
hj a string, which subtends an an^ « at the eentre; profe that if the atring be 
eot and the circle kft free, the ptcawuiis on the ring befSore and after the atring 
is cot axe in the ratio M-k-m un*a : M ooao, ■ and M being the massea of the 
ring and drdcL 

31. One extremitr C of a rod is made to revolte with uniform angohtf velodlj 
a in the cixcamf erenee of a ciide of radios a, while the rod iteelf is made to rerolfe 
in the opposite direction with the same angular velodty abont that extremi^. The 
rod initially eoinddes with a diameter, and a smooth ring eapaUe of eliding tneHj 
along the rod is plaeed at the centre of the cirde. If r be the distanoe of the ring 

from C at the time t, ptOTe rs -- (<^+r-^ + = ooa2nl. 

S3. Two equal oniform rods of length fa are joined together by a hinge at one 

extremitr, th«ir other extremities being connected by an inextensible atfing of 

length 3/. The system rests upon two sioooth pegs in the same horisontal line, 

distant &* from esch other. If the string be cat proTe that the initial angnlar 

8a V— P 
acceleration of either rod wiU be g a lu a.i 1 1 • 

__ + „ 8«W 

33. A smooth horizontal disc rexolres with angnlar Telocity yf/i aboot a 
Tertical axis at which is placed a material particle attracted to a certain point of 
the disc by a force whose acceleration u fix distance; prore that the path on the 
disc will be a crdoid. 



CHAPTER V. 
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MOTION OF A RIGID BODY IN THREE DIMENSIONS. 



Trajtslaiion and Rotation. 

214. If the particles of a body be rigidly connected, then 
whatever be the nature of the motion generated by the forces, 
there must be some general relations between the motions of the 
p&rticiea of the body. These must be such that if the motion of 
three points not in the same straight line be known, that of every 
other point may be deduced. It will then in the first place be 
our object to consider the general character of the motion of 
a rigid body apart from the forces that produce it, and to reduce 
the determination of the motion of every particle to as few in- 
dependent quantities as possible : and in the second place we 
shall consider how when the forces are given these independent 
quantities may be found. 

215. One point of a moving rigid body being fixed^ it is re- 
quired to deduce the general relations between the motions of the 
other points of the body. 

Let be the fixed point and let it be taken as the centre of 
a moveable sphere which we shall suppose fixed in the body. 
Let the radius vector to any point Q of the body cut the sphere 
in P, then the motion of every point Q of the body will be repre- 
sented by that of P. 

If the displacements of two points A, B, on the sphere in any 
time be given aa AA', BB", then clearly the displacement of any 
other point P on the sphere may be foiind by constructing on 
A'R as base a triangle A'P'B' similar and equal to APB. Then 
Pi*' will represent the displacement of P. It may be assumed as 
evident, or it may be proved as in Euclid, that on the same base 
and on the same side of it there cannot be two triangles on the 
same sphere, which have their sides terminated in one extremity 
of the base equal to one another, and likewise those terminated in 
the other extremity. 

Let D and E be the middle points of the arcs AA', BB', and 
let DC, EC be arcs of great circles drawn perpendicular to AA', 
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BB' respectively. Then clearly CA^CA' and CB^CB\ and 
therefore since the bases AB, A'B' are equal, the two triangles 




ACB, A'CB are equal and similar. Hence the displacement of 
C is zero. Also it is evident since the displacements of O and C 
are zero, that the displacement of every point in the straight line 
00 is also zero. 

Hence a body may be brought from any position, which we may 
caU AB, into another A'B' by a rotation about OC ae an aan$ 
ihrov>gh an angle PCF euch that any one point P is brought into 
coincidence with its new position P'. Then every point of the body 
will be brought from its first to its final position. 

216. If we make the radius of the sphere infinitely great, 
the various circles in the figure will become straight lines. We 
may therefore infer that if a body be moving in one plane it may 
be brought from any position which we may call AB into any 
other A'B by a rotation about some point 0, 

217. Ex. 1. A body is referred to rectangular axes x, y, c, | af^ y*, / 
and the origin remaining the same the axes are changed to ^ 
9f, y'l t't according to the scheme in the margin. Show that this 
is equivalent to turning the body round an axis whose equations 
are any two of the foUowing three : 

(Oj - 1) «+ a^ + a,z =0, 
6ia; + (6j-l)y + 6,1=0, 
CjX + Cjy + (cj-l)2=0, 

through an angle 9, where 8-4 sin^ ^=0^ + 6, + Cg. 

Show that the condition that these three equations are consistent is satiafied. 

Take two points one on each of the axes of t and 2^ at a distance h from the 
origin. Their co-ordinates are (0, 0, h) (aji^ hjky eji), therefore their diatanee ia 

^2 (1 - Cg) h. But it IB also 2h any ein^; .'* 2 sin's Bin'7=l*C|. We hftfe hj 
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TRANSUTION AND aOTATIOK, 

■imilsr Tsasoning 2 aa'^eia^a^l ~ a^ and 2 sin'- Biii'/3 = 1 - £,, whence the 
•qtution to find 8 lollowa at once. 

Ex. 3, Show that the eqnatioQH to the axis ma7 also be written 
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218. Wfien a body is in motion we have to consider not 
merely its first and last positions, but also the intermediate posi- 
tions. Let us then suppose AB, A'B to be two positions at any 
indefinitely small interval of time dt. We see that when a body 
moves about a fixed point 0, there is, at every instant of the 
motion, a straight line OC, such that the displacement of every 
point in it during an indefinitely short time dt is zero. This 
straight line is called the instantaneous axis. 

Let dS be the angle through which the body must be turned 
round the instantaneous axis to bring any point P from its posi- 
tion at the timt) t to its position at the time t-{-dt, then the 
ultimate ratio of d8 to dt is called the angular velocity of the 
body about the instantaneous axis. The angular velocity may 
also be define<l as the angle through which the body would turn 
in a unit of time if it continued to turn uniformly about the 
same axis throughout that unit with the angular velocity it had 
at the proposed instant. 

219. Ijet us now remove the restriction that the body b 
moving with some one point fixed. We may establish the fol- 
lowing proposition. 

Every displacement of a rigid body may be represented by a 
combination of the two following motums, (1) a motion of trans- 
lation whereby eiiery particle is moved parallel to the direction of 
motion of any assumed point P rigidly connected with the body 
and through the same sjxice. (2) A motion of rotation oftlie whole 
body about some aids through this assumed point P. 

Tbia theorem and that of the oeotral axia are given by CbadeB. Bulletin det 
Scieneii itathematiqufi, toL iit. 1830. 

It is evident that the change of position may be effected by 
moving P from its old to its new position P' by a motion of trans- 
lation and then retaining P' as a fixed point by moving any two 
points of the body not in one straight line with P into their 
final positions. This lost motion has been proved to be equivalent 
to a rotation about some axis through F. 

Since these motions are quite independent, it is evident that 
their order may be reversed, t.e, we may rotate the body first and 
then translate it. We may also suppose them to take place 
simultaneously. 

R. D. IS 
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It is clear that any point P of the body may be chosen as the 
base poiivt of the double operation. Hence the given displace- 
ment may be constructed in an infinite variety of ways. 

220. Change of Ba«e. To find the relations between the 
axes and an<fles of rotation when different points P, Q are chosen as 
bases. 

Let the displacement of the body be represented by a rotation 
about an axis PR and a translation PP, Let the same dis- 
placement be also represented by a rotation O' about an axis Q8 
and a translation QQ', It is clear that any point has two dis- 
placements, (1) a translation equal and parallel to PP'^ and (2) a 
rotation through an arc in a plane perpendicular to the axis of 
rotation PR, This second displacement is zero only when the 
point is on the axis PR. Hence the only points whose displace- 
ments are the same as the base point lie on the axis of rotation 
corresponding to that base point. Through the second base point 
Q draw a parallel to PR, 1 hen for all points in this parallel, the 
displacements due to the translation PP', and the rotation $ 
round PR^ are the same as the corresponding displacements for 
the point Q. Hence this parallel must be the axis of rotation 
corresponding to the base point Q. We infer that the axes of\ 
rotation corresponding to all base points are parallel. » 

221. The axes of rotation at P and Q having been proved 
parallel, let a be the distance between them. The rotation 6 
about PR will cause Q to describe an arc of a circle of radius a 

Q 

and angle 0, the chord Qq of this arc is 2a sin ^ and is the dis- 
placement due to rotation. The whole displacement of Q is the 
resultant of Qq and the displacement of P, In the same way the 
rotation 0' about Q8 will cause P to describe an arc, whose chord 

ff 
Pp is equal to 2a sin ^ . The whole displacement of P is the 

resultant of Pp and the displacement of Q. But if the displace- 
ment of Q is etiual to that of P together with Qq, and the dis- 
Elacement of P is equal to that of Q together with Pp, we must 
ave Pp and Qq equal and opposite. This requires that the two 
rotations 0, G about PR and QS should be equal and in the same 
direction. We infer that iiie angles of rotation corresponding to\ 
all base points are equal. 

222. Since the translation QQf is the resultant of PP' and 
Qq, we may by this theorem find both the translation and rotation 
corresponding to any proposed base point Q when those for P are 
given. 

Since Qq, the displacement due to rotation round PR, is per- 
pendicular to PR, the projection of QQ' on the axis of rotation is 
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the same as that of PP'. Hence the projections on the axis o/rota- 
h'm of the displacements of all points of tlie body are equal. 

223. An important case is that in which the displacement is 
a simple rotation about an axis PR without any translation. If 
any point Q distant a from PR be chosen as the base, the same 
displacement is represented by a translation of Q through a chord 

Qq = 2rt sin = in a direction making an angle — ^ — with the plane 

QPlt and a rotation which must be equal to about an axis which 
must be parallel to PR. Hence a rotation about any axis may M 
replaced by an equal rotation about any parallel ams together wiMf ' 
a motion of translation. 

224. When the rotation is indefinitely small, the proposition 
can be enunciated thus, a motion of rotation todt about an axis 
Pli is equivalent to an equal motioa of rotation about any parallel 
axis QS, distant a from PR, together with a motion of translation 
atadt perpendicular to the plane containing the axes and in the 
direction in which QS moves. 

"^ 225. Central axii. It is often important to choose the 
base point so that the <lircction of trauslatiou may coincide with 
the axis of rotation. Let us consiiler how this may be done. 

Let the given displacement of the body be represented by a 
rotation about PR, and a translation PP'. Draw P'lf perpendi- 
cular to PR. If possible let this same displacement be represented 
by a rotation about an axis QS, and a translation QQ' along QS. By 
AJrts. 220 and 221 QS must be parallel to PR and the rotation about 
it must be 0. This translation will move P a length equal to QQ^ 
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along PR, and the rotation about QS will move P along an arc 
perpendicular to PB, Hence QQ' must equal PN and jfP^ must 
be the chord of the arc. It follows that QS must lie on a plane 
bisecting NP' at right angles and at a distance a from PS where 

NP' = 2a sin ^ , or, which is more convenient, at a distance y from 

the plane NPP' where NF = 2y tan 5 . The rotation round QS 

is to bring N to P' and is in the same direction as the rotation 6 
round PB. Hence the distance y must be measured from the 
middle point of NP in the direction in which that middle point 
is moved by its rotation round PB. 

Having found the only possible position of Q8, it remains to 

show that the displacement of Q is really along QS. The rotation 

round PR will cause Q to describe an arc whose chord Qq is 


parallel to P'N and equal to 2a sin ^ . The chord Qq is therefore 

equal to NP, and the translation NP brings a back to its position 
at Q. Hence Q is only moved by the translation PN, i.e. Q is 
moved along QS. 

226. It follows from this reasoning that any displacement of 
a body can be represented by a rotation about some straight line 
and a translation parallel to that straight line. This mode of con- 
structing the displacement is called a screw. The straight lin^ is 
sometimes called the central axis and sometimes the aads of the 
screw. The ratio of the translation to the angle of rotation is 
called the pitch of the screw. 

227. The same displacement of a body cannot be constructed 
by two different screws. For if possible let there be two central 
axes AB, CD. Then AB and CD by Art. 220 are parallel. The 
displacement of any point Q on CD is found by turning the body 
round AB and moving it parallel to AB, hence Q has a displace- 
ment perpendicular to the plane ABQ and therefore cannot move 
only along CD. 

228. When the rotations are indefinitely small, the construc- 
tion to find the central axis may be simply stated thus Let the 
displacement be represented by a rotation wdt abotU an aa?w PR 
and a translation Vdt in the direction PP'. Measure a distance 

VsinPTR - ^ ^. , , , ^^_ 

y = from P perpendicular to the plane FPR (m that 

side of the plane towards which Y is moving. A parallel to PR 
through the extremity of y is the central axis. 

196. Ex. 1. Giyen the displaoements AA\ BB\ CC of three points of a body 
in direction and magnitude, bnt not necessarily in position, find the direction of 
the axis of rotation corresponding to any base point P. 
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Throng an; umuned point O draw Oa. 0$, Oy parallel and i^qual to AA', BB", 
CC. If Op be tbe direction ot the aiig of rotation, tbo projections of On, Op, Oy 
on Op are all equal. Henoe Op is the perpeadtoalar drawn from O on the plane 
(1^7. This oleo above that the direotion of the axis of rotation is the Bame tor 
all baae points. 

Gi. 3. If in the lodt example the motion be referred to tbe oenlral axis, ihow 
that tbe translation along it is cqaal to Op. 

Ei. 3. Oiven the displacementH AA', BB' of two points A, B of the bod; uid 
the direction of the central axis, Bod the position of the central axis. Draw 
pianos throQgh AA', BB' parallel to tha central axis. Bisect JJ', BB' b; planes 
perpendicular to these planes respecItTcl; and parallel to the direction of the oentrol 
axis. These tvra laat planes intersect in the central axis. 



Oomposition of Rotations and Screws. 

229. It is often necessary to compound rotalious about axes 
OA, OBwhicli meet at a point 0. But as the only case which 
occurs in Rigid Dynamics is that in which these rotations are 
indefinitely small we shall first consider this case with some par- 
ticularity, and then indicate generally at the end of the chapter 
the mode of proceeding when the rotations are of finite magnitude. 

230. To exjAain what is meant by a body having angular 
velocities aboui more than one axis at the eaiae time. 

A body in motion is said to have an angular velocity to about 
a straight line, when, the body being turned round this straight 
line through an angle todt, every point of the body is brought 
from its position at the time ( to its position at the time ( + dt. 

Suppose that during three successive intervals each of time dt, 
the body is turned successively round three different straight lines 
OA, OB, 00 meeting at a point through angles ta^dt, to^dt, 
tojit. Then we shall first prove that the final position is the same 
in whatever order these rotations are effected. Let P be any 
point in the body, and let its distances from OA, OB, 00, respects 
ively be r,, r,, r,. First let the body be turned round OA, tlien 
P receives a displacement w »-,rf(. By this motion let r, be in- 
creased to r+rfr,, then the displacement caused by the rotation 
about OB will be in magnitude <u, (r, + rfr,)d(. But according to 
the principles of the Differential Calculus we may in the limit 
neglect the quantities of the second order, and the displacement 
becomes lerfil. So also the displacement due to the remaining 
rotation wdl be « r,rf(. And these three results will be the same 
in whatever order the rotations take place. In a similar manner 
we can prove that the directions of these displacements will be 
independent of the order. The final displacement is the diagonal 
of the parallelopiped described on these three lines as sides, and 
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is therefore indepeDdent of the order of the rotations. Since then 
the three rotations are quite independent, they may be said to 
take place simultaneously. 

When a body is said to have angular velocities about three 
different axes it is only meant that the motion may be determined 
as follows. Divide the whole time into a number of small in- 
tervals each equal to dt During each of these, turn the body 
round the three axes successively, through angles (o^dt, m^t, os^dt 
Then when dt diminishes without limit the motion during the 
whole time will be accurately represented. 

231. It is clear that a rotation about an axis OA may be 
represented in magnitude by a length measured along the axis. 
This length will also represent its direction if we follow the same 
rule as in Statics, viz. the rotation shall appear to be in some 
standard direction to a spectator placed along the axis so that 
OA is measured from his feet at towards his head. This di- 
rection of OA is called the positive direction of the axis. 

232. Parallelogram of angular velocities. If two an- 

gular velocities about two axes OA, OB be represented in magnitude 
and direction by the two lengths OA, OB ; then the diagonal OC of 
the parallelogram constructed on OA, OB as sides will be the 
resiutant aods of rotation, and its length will represent the magni- 
tude of the resultant angular velocity. 

Let P be any point in OC, and let PM, PN be drawn per- 
pendicular to OA, OB, Since OA represents the angular ve- 
locity about OA and PM is the perpendicular distance of P 
from 0-4, the product OA . PM will represent the velocity of P 
due to the angular velocity about OA. Similarly OB ,PN will 
represent the velocity of P due to the angular velocity about 
On, Since P is on the left-hand side of OA and on the right- 
hand side of OB, as we respectively look along these directions, 
it is evident that these velocities are in opposite directions. 

Hence the velocity of any point P is represented by 

OA,PM'-OB,PN 

^OP[OA, sin COA - OB . sin COB] 

= 0. 
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Therefore the point P ia at rest and OC is the resultant axis 
of rotation. 

Let u be the angular velocity about OC, then the velocity 
of any point A in OA is perpendicular to the plane A OB and is 
reiireaented by the product of a into the perpendicular distance 
of A from OC=eo . OA sin COA. But since the motion is also 
determined by the two given angular velocities about OA, OB, the 
motion of the point A is also represented by the product of OS 
into the perpendicular distance of A from OS = OS . OA sin SOA ; 

,.„=02).25^-OC. 

Bin 00 A 

Hence the angular velocity about OC is represented in mag- 
nitude by OC. 

From this proposition we may deduce as a corollary " the 
parallelogram of angular accelerations." For if OA, OS repre- 
sent the additional angular velocities impressed on a body at 
any instant, it follows that the diagonal OG will represent the 
resultant additional angular velocity in direction and magnitude. 

233. This proposition shows that angular velocities and an- 
gular accelerations may be compounded and resolved by the same 
rules and in the same way as if they were forces. Thus an an- 
gular velocity w about any given axis may be resolved into two, 
(Dcosa and to sin a, about axes at ngbt angles to each other and 

making angles a and ^ — a with the given axis. 

If a body have angular velucities a>,, o>,, at, about three axes 
Ox, Oy, Oz at right angles, they are together equivalent to a 
single angular velocity w, where o> = Joi' + m,' + w ', about an 
axis making angles with the given axes whose cosines are re- 
spectively -* , * , — , This may be proved, as in the corre- 
sponding proposition in Statics, by compounding the three angular 
velocities, taking them two at a time. 

It will however be needless to recapitulate the several propo- 
sitions proved for forces in Statics with special reference to an- 
gular velocities. We may use " the triangle of angular velocities " 
or the other rules for compounding several angular velocities 
together, without any further demonstration. 

234. The Angular Velocity conple. A body has angular 
velocities a, ta' about two parallel axes OA, OB distant a from 
each other, to find the resulting motion. 

Since parallel straight lines may be regarded as the limit of 
two straight lines which intersect at a very great distance, it 
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follows from the parallelogram of angular velodties ihat the two 
given angular velocities are equivalent to an angular velocntr 
about some parallel axis O'C lying in the plane containing OA^ 
(XB. 

Let X be the distance of this axis from OA, and suppose it 
to be on the same side of OA as OB, Let fi be the angular 
velocity about it 

Consider any point P, distant y from OA and lying in the 
plane of the three axes. The velocity of P due to the rotation 
about OA is o)y, the velocity due to the rotation about (/JB is 
fo'{y — a). But these two together must be equivalent to the 
velocity due to the resultant angular velocity ft about O^'C^ and 
this is ft (y — a;), 

/. a)y+i»'(y-a)=ft(y-fl?). 

This equation is true for all values of y, /. ft = i» + »', a?e=s— -. 

This is the same result we should have obtained if we had 
been seeking the resultant of two forces <tf, tti/ acting along OA^ 
OB. 

If Q) = ^ Q)', the resultant angular velocity vanishes, but « is in- 
finite. The velocity of any point P is in this case ©y + i»'(y " *) ■* *w»i 
which is independent of the position of P. 

The result is that two angular velocities, each equal to co but 
tending to turn the body in opposite directions about two parallel 
axes at a distance a from each other, are equivalent to a linear 
velocity represented by aco. This corresponds to the proposition 
in Statics that " a couple " is properly measured by its moment. 

We may deduce as a corollary^ tJuU a motion of rotation w 
about an axis OA is equivalent to an equal motion of rotation 
about a parallel axis O'B plu^ a motion of translation aM> perpen- 
dicular to the plane containing OA, O'B, and in the direction in 
which O'B moves. See also Art. 223. 

235. The analogy to Statics. To explain a certain analogy 
which exists between Statics and Dynamics. 

All propositions in Statics relating to the composition and 
resolution of forces and couples are founded on these theorems: 

1. The parallelogram of forces and the parallelogram of 
couples. 

2. A force F is equivalent to any equal and parallel force 
together with a couple Fp, where p is the distance between the 
forces. 

Corresponding to these we have in Dynamics the following 
theorems on the instantaneous motion of a rigid body : 
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1. The parallelogram of angular velocities and the parallelo- | 
gram of linear velocities. 

2. An angular velocity w is equivalent to an equal angular ' 
Telocity about a parallel axis together with a liuoar velocity 
equal to a>p. where p is the distance between the parallel axes. 

It follows that every proposition in Statics relating to forces 
has a corresponding proposition in Dynamics relating to the 
motion of a rigid body, and these two may be proved in the ■ 
same way. 

To complete the analogy it may be stated (i) that an angular 
velocity like a force in Statics requires, for its complete determina- 
tion, five constanU, and (ii) that a velocity like a couple in Statics 
requires but three. Four constants are required to determine the 
line of action of the force or of the axis of rotation, and one to 
determine the magnitude of either. There will also be a conven- 
tion in either case to determine the positive direction of the line. 
Two constants and a convention are required to determine the 
positive direction of the axb of the couple or of the velocity and 
one the magnitude of either. i 

230, In order to show the great utility of this analc^ and 
how easily we may transform any known theorem in Statics into 
the corresponding one in Dynamics, we shall place in close juxta- 

Ksition the more common theorems which are in continual use 
th in Statics and Dynamics. 
It is proved in Statics that any given system of forces and 
couples can be reduced to three forces X, Y, Z, which act along 
any rectangular axes which may be convenient and which meet ■ 
at any base point we please, together with three couples which 
we may call L, M, N and which act round these axes. A simpler 
representation is then found, for it is proved that these forces and 
couples can be reduced to a single force which wo may call R 
and a couple which acts round the line of action of R. This line 
of action of .A is called the central axis. There is but one central 
axis corresponding to a given system of forces. The term wrench 
has been applied to this representation of a given system of forces. 
Draw any straight line AB parallel to the central axis at a dis- 
tance c from it. Then we may move R from the central axis to 
act along AB at A, provided we introduce a new couple whose 
moment b Re. Combining this with the couple G, we have for the 
new base point A a new couple G' = JG*+ B^c', the force being 
the same as before, The couple G' is a minimum when c = 0, i.e. 
when AB coincides with the central axis. By taking moments 
round AB yie see that the moment of the forces round every 
straight line parallel to the central axis is the same and equal to 
the minimum couple. 



I 
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The same train of reasoniDg by which these results were ob- 
tained will lead to the following propositions. The instantaneous 
motion may be reduced to a linear velocity of any base point we 
please and an angular velocity round some axis through the 
base. These are then reduced to an angular velocity which we 
may call H, about an axis called the central axis and a linear 
velocity along that axis which we may call V, The term screw 
has been applied to this representation of the motion. Draw any 
straight line AB parallel to the central axis. Then we may move 
fi from the central axis to act round AB, provided we introduce 
a new linear velocity represented by Oc. Combining this with 
the velocity V we have for the new base A (which is any point 

on AB) a new linear velocity F' = Vi^*+c*ft*, the angular velocity 
being the same as before. The linear velocity V is a minimum^ 
when c=0, i.e. when AB coincides with the central axis. We 
see that the linear velocity of any point A resolved in the direc- 
tion AB, i.e. parallel to the centnil axis is always the same and 
equal to the minimum velocity of translation. 

It will be seen that most of these results have already been 
obtained in Arts. 219 to 228, for finite rotations, 

237. Another useful representation depends on the following 
nroposition. Any system of forces can be replaced by some force 
T which acts along any straight line which we may choose at 

{)leasure, and some other force F' which acts along some other 
ine and does not in general cut the first force. These are called 
conjugate forces. The shortest distance between these is proved 
in Statics to intersect the central axis at right angles. The 
directions and magnitudes of the forces F, F' are such that R 
would be their resultant if they were moved parallel to them- 
selves, so as to intersect the central axis. Also it is known that 
if 6 be the angle between the directions of the forces Fy F and 
a the shortest distance between them, then FF'a sin = OR. 

By help of the analogy we may obtain the corresponding 
propositions in the motion of a body. Any motion may be repre- 
sented by two angular velocities, one a> about any axis which we 
may choose at pleasure and another o)' about some axis which 
does not in general cut the first Jixis. These are called conjugate 
axes. The shortest distance between these intersects the central 
axis at right angles. These angular velocities are such that O. 
would be their resultant if their axes were placed parallel to 
their actual positions, so as to intersect the central axis. If be 
the angle between the axes of o>, a>' and a be the shortest distance 
between these axes, then oww'a sin 6 = VR. 

238. The velocity of any Point. The motion of a body 
during the time dt may be represented, as explained in Art 219, 
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by a. velocity of translation of e. base point 0, and an angular 
velocity about some axia tbrougb 0. Let us choose any three 
rectangular ajies Ox, Oy, Oz which may suit the particular pur- 
pose we have in view. These axes meet in amJ move with 0, 
keeping their directions fixed in space. Let u, v, w he the resolved 
parts along these axes of the linear velocity of 0, and at,, eo^, «,, 
the resolved parte of the angular velocity. These angular velo- 
cities are supposed positive when they tend the same way round 
the axes that positive couples t«nd in Statica Thus the positive 
directions of cd,, to,, a„ are respectively from y to z, from z to te 
and from x to y. 

The whole motion during the time dt of the body is known 
when these six quantities u, v, tc, w,, »,. m, are given. These six 
quantities may be called the components of the motion. We now 
propose to find the motion of any point P whose co-ordinatee are 
xyi. 

Let us find the velocity of P parallel to the axis of t. Let PN 
be the ordinate of g and let PM be drawn perpendicular to Oai, 




The velocity of P due to the rotation round Ox is clearly aJ'Sf. 
Resolving this along NP we get <o^M sin NPM= w^. Similarly 
that due to the rotation about Oy is — tojc and that due to the 
rotation about Oz is zero. Adding the Imear velocity w of the 
origin, we see that the whole velocity of P parallel to Ot is 

w' = «J + ajf — oj^. 
Similarly the velocities parallel to the other axes are 
I*' = u + <B^ - toy, 

l/ = t) + VtJB — VJB. 

S39. It is sometimes necessary ia change our representatiOD 
of a given motion from one base point to another. These formula 
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win ecukbie as to d*> aa. Thus soppose we wish our new base 
pxnc t*:- be as a foiai f/, the axes at (/ beiog parallel to those at 
O. Lee ^. if . ^ be the ot>->niiiuue8 of O" aiid let u\ t^, «c/, a»/, 
«»,'. «», be dLe linear azkd angolar components €i motion for the 
base O. We LaTe i»w two representations of the same nioti(»i« 
both these most zive the same r&solt (or the linear velocities of 
anj point P. Hence 

mnst be true for all valaes of x, jf, s. 

These equations gire •/ = •,. •/ = •,, M^^m,; so that what- 
erer base is chosen the angular veiocity is always the same in 
direction and mas^ittude. See Art. 221. We also see that u\ 1/, fi/ 
are given by formulae anal*>gous to those in Art 238, as indeed 
might have been expected. 

The reader should compare these with the corresponding for- 
mulae in Statics. If all the forces of any system be equivalent 
to three forces X Y, Z acting at a base point along three rect- 
angular axes together with three couples round those axes, then 
we know that the corresponding forces and couples for any other 
base point (, r\, ^ are 

r= r, Ji^'=jf+2f-x?, 
z'=z, X =x+Xi;-rf. 

240. To find the eqtiivalent Screw. The motion being 
given by the linear velocities ^u, v, w^ 0/ some base O, and the 
angular velocities \,cf>,y (k>,, coj, jind the central axis, the linear velo- 
city along it and the angular velocity round it, i,e,Jind the equiva^ 
lent screw. 

Let P be any point on the central axis, then if P were chosen 
as base, the components of the angular velocity would be the same 
as at the base 0. If then fl be the resultant of the angular 
velocities <»,, w^, a>, we see that 

(1) The direction-cosines of the central axis are 

(2) The angular velocity about the central axis is fl. 

(3) The velocity of every point resolved in a direction parallel 
to the central axis is the same and equal to that along the central 
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axis. See Art. 222 or Art. 236. K then V be the linear velocity 
along the central axis we have 

V= « cos a + cos jS + w C08 7 ; 

(4) Let (ar, y. z) be the co-ordinates of P, Le. of any point 
on the central axis. Then the linear velocity of P is along the 
axis of rotation. Hence 



u+ ta^ - 



V + M^ — 0)^ _ 



^.y - f>^ 



These are therefore the equations to the central axis. 

If we multiply the numerator and denominator of each of 
these fractions by to,, tu,, &>, respectively and add them together, 
we see that each fraction is 



I, + rw + tou 



n ■ 



This ratio is called the pilch o/M« screw. 

241. The Invariant. It follows from the third result just 
proved that whatovei- baso be chosen and whatever be the direc- 
tion of the axes, the quantity urn, + iw, + iom, is invariable and 
equal to Yil. This quantity may therefore be called the tniiarta?it 
of the components. The resultant angular velocity U is also in- 
variable and may be called the invariant of the rotation. 

If the motion be such that the first of these invariants is zero, 
it follows that either F = 0, or H = 0. This therefore is the con- • 
dition that the motion is equivalent to either a simple translation or 
a simple rotation. If we wish the motion to be equivalent to a 
simple rotation, we must also have a,, u,, w, not all zero. 

The corresponding invariant in Statics is LX+MY+N2= OR. 
When this vanishes, the forces are equivalent to either a single 
resultant or a single couple. 

242. When the motion is equivalent to a simple rotation, it 
may be required to find the axis of rotation. But this is obviously 
only the central axis under another name, and has been found 
above. 

243. A screw motion may thus be given in two ways. We 
may have given the six components of motion, which we have 
called («, V, w. w,, lu,, to,l, which also depend on the point chosen 
as base. Or it may be given by the equations tn the central axis 
the velocity V along it, and the angular velocity II round it. 

In this last case a convention is necessary to prevent confusion 
as to the directions implied by the velocities V and fl. One 
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direction of the axis is called the positive direction, and the op- 
posite the negative direction. Then V is taken positive when it 
implies a velocity in the positive direction. So also fl is positive 
when the rotation appears to be in thQ direction of the hands 
of a watch, when viewed by a person placed with his back along 
the axis, so that the positive direction is from his feet to his belul. 
.This of course is only the ordinary definition of a positive couple 
as given in Statics. See Art. 231. 

The method of determining the positive direction of the axis 
is easy to understand, though it takes long to explain. Describe 
a sphere of unit radius with its centre at the origin, and let 
the positive directions of the axes cut this sphere in x, y^ z. Let 
a parallel to the central axis drawn through the origin cut the 
sphere in L and L\ Let the direction-cosines of the axis be 
ffiven say, /, m, n. Then [hnn) are the cosines of certain arcs 
drawn on the sphere which begin at xyz, and terminate say at Z, 
while (— I, — m, — w) are the cosines of supplementary arcs which 
begin at the same points xyz^ and terminate at L\ Then OL is 
the positive direction of the axis and OL the negative direction. 

244. The position of the central axis being given, together with 
the linear velocity along it and the angular velocity round it It is 

X'red to find the components of the motion when the origin is 
as the base. 

This is of course the converse proposition to that just discussed. 

X -^ I 2/ *" O Z **~ h 

Let the equation to the central axis be — ^^ = - — - = , 

I m. n 

where {Jmn) are the actual direction cosines of the axis. Let F be 

the linear and ft the angular velocity. 

If (^fgh) were taken as the base, the components of the linear 
velocities would be IV, mV, n F, and the components of the angular 
velocities would be /ft, mft, wft. Hence by Art 238, writing — y, 
— g, —h for a?, y, z, the components of the motion when the origin 
is the base point are 

u= /F— ft(mA — w^r), cd, = /ft, 

V = mF— ft (n/ — /A), co^ = mil, 

w = nV — ft {Ig —mf), a), = wft. 

245. Composition and Resolution of Screws. Given two 
screw motions to compound them into a single screw and conversely 
given any screw motion to resolve it into two screws. 

Two screws being given, let us choose some convenient base 
and axes. By Art 244 we may find the six components of motion 
of each screw for this base. Adding these two and two, we have 
the six components of the resultant screw. Then by Art. 240 the 
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central axis together with the linear and angular velocities of 
the screw may be fouud. 

Conversely, we may resolve any given screw motion into two 
screws in an infinite number of ways. Since a screw motion ia 
represented by six components at any base we have in the two 
screws twelve quantities at our disposal. Six of these are re- 
quired to make the two screws equivalent to the given screw. We 
may therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given 
straight line we pleaiie with any Hnear velocity along it aua any 
angular velocity round it. The other screw may then be found 
by reversing this assumed screw and joining it thua changed to 
the given motion. The screw equivalent to this compound motion 
is the second screw, and it may be found in the manner just 
explained. 

Or again, we may represent the motion by two screws whose 
pitches are both chosen to be zero, the axis of one being arbitrary. 
These are the conjugate axes spoken of in Art. 237- 

946i axuDpli>- E^x. 1. The locus of points in a bod; moving aboat ft flsed 
point which at tuiy instant have the eane renultant velocity is a circular cjrlindar. 

Ei. 2. A bod; hoi fin angular velocity Q about an axis whose eqoatian ii 
—r^ = i— " = — , find the rBBolvod velocitiea parallel to the mm of an; ptunt 
whose co-ordinates are ({. i|, f). 

Ex. 9. A body haa eqool aognlar velocities abonl two axes which neither meet 
nor are parallel. Prove that the central axis is equally inclined to each. Find 
also the linear velocity along the central axis and the angular velocity round it. 

Ex. 4. If radii vpclores be drawn from a flxe.! point O to represent in direction 
and niagnilude the velocities of all points of a rigid body in motion, prove that the 
eitTdoilies of these radii vectored at any one iaatont lie ia a plane. [Coll. Exam,] 

Tbia plane is evidently perpeudicular to the central axis and its diatanca Erom 
the Tilocily along the axis. 
The locus of the tangents 



Ex. 6. 



•ane straight line in 
Lot AB be tl 



the irajectoties of different poinla of the 
otion of n body is a hyperbolic paraboloid. 
Btraight line, CD its conjugate. The points on AB are 



tnmiug round CD. and therefore the taugente all pass through t 

Tic. AB and its consecutive position A'S", aud are also all parallel to a plane wbi 

ia perpendicolar to CD. 

Ex. 6. Two BcrewB (f, 0), (I", 0) have their axes inclined at an angle 9. 
the axes intersect the invariant of the components of the motion is 

m + ro' + ( iti' + 1" nt oos *. 

If the axes do not intersecl, let D be their shortest distance, then we add to I 
above expression (IQ'D un S. 

Ex. 7. A motion is represented by angular velodtiea 0,, 0,. ifta, about a 
axes. If D he the shortest distance between any two axe*, say with angul 
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velodties O, O*, and 6 the angle between these azes, then the invariant of the 
motion is ZOO'D sin^, where 2 implies sommation for every eombhiation of azes 
tal[en two and two. 

Ex. 8. Let the restraints on a body be soch that it admits of two motions 
A and fi, each of which may be represented by a screw motion, and let m, m' be the 
pitches of these screws. Then the body most admit of a screw motion oompoonded 
of any indefinitely smaU rotations tadt^ t^dt about the azes of these screws accom- 
panied of coarse by the translations m^adt, mWdU Prove that (1) the locos of the 
axes of all these screws is the surface z (x*+y')=2axy. (2) If the body be screwed 
along any generator of this sorface the pitch is e + a cos2tf, where c is a constant 
which is the same for all generators and B is the angle the generator makes with the 
axis of X, (3) The size and position of the surface being chosen so that the two 
given screws A and B lie on the surface with their appropriate pitch, show that only 
one surface can be drawn to contain two given screws. (4) If any three screws of 
the surface be taken and a body be displaced by being screwed along each of these 
through a small angle proportional to the sine of the angle between the other two, 
the body after the last displacement will occupy the same position that it did 
before the first. 

This surface has been called the cylindroid by Prof. Ball, to whom these fonr 
theorems are due. 

Ex. 9. If the instantaneous motion of a body be represented by two oonjugate 
angular velocities ut, <>/, the axis of the resultant screw intersects at right angles 
the shortest distance between the conjugate axes. Let 7, y be the angles the 
conjugate axes make with the axis of their resultant, a the angle they make with 
each other, e, ^ the shortest distances between the conjugate axes and the axis of 
the screw, V and Q the linear and angular velocities of the screw, then prove that 



siny 



sin 7 



Q 



ej 



CO87' ~ C0S7 ~sina 

237. The second expresses the fact that the 



c tany=c'tan7=— . 



sma 
The first set follows from Art. 
direction of the linear motion of the point where the axis cuts the shortest distance 
is along the axis of the screw. 



Ex. 10. An instantaneous motion is given by the linear velocities (u, v, tp) 
along and the angular velocities (w^, by, w^ round the co-ordinate axes. It is 
required to represent this by two conjugate angular velocities, one being about the 



straight line 



x-f _y-g _z-h 



I m n 

If O be the angular velocity about the given axis, then 



— - — ^ ■ = m + mr + nw - 

where (I, m, n) are the actual direction-cosines. 
The equations to the conjugate axes are 

= itt + mr + fin?, , jr, y, z 



2, m, n 



X, y, z 






= (/-x)ti +(y - y) t7+ (fc-^r) tp. 



These general equations will be simplified if the circumstances of any problem 
permit the co-ordinate axes to be so chosen that some of the constants may be aero. 



ooMPoamoN OP screws. 

The first of iheee eqnations may bo obtained as iniWcalcd in Art. 2*5. Bereraa 
n and jaiQ it to the pven motioD, Iben the invariant □( this compound motion 
vaniBbex. If the angular Telocity O be thos eiippoaed known, the oonjagflto axis 
is the Deottal aiie of the compound motion and may be fonnd as in Art. 246. But 
if the conjURsle biIh be reqoired independeutly of 0, we may naa tha seooad and 
third equationfl. 

The second eqnatioo follows from the faet that the direction of motion of any 
point on Ibe conjngate is perpendionlar to Che given axis. 

The third foUowa from the fact that the direction of motion is also perpendionlar 
to the straight line joining the point to (/, g, h). 

Ex. 11. If one conjugate of an instantaneoua motion it at right angle* to the 
central axis the other meets it, and convecsely. If one ooujugate is parallel to the 
central axia the other is at an inGnite distanoe. and oonvergely. 

Ex. 12. A body ia taovod from any position in space to any other, and erery 
point of Che body io the Urst position is joined to the same point in the second 
position. If all the straight lines thoa found be taken which pass through a given 
point, the; mil form a eono of the second ordor. Also if the middle points of all 
the«e lines be taken, they will together form a body capable of an infinitesimal 
motion, each point of it along the line on which the same is aituate. Cayley's 
Btport to tlu Dritiih Aimc., 1863. 

S4T. ObaraotailBtlo aad fboos. If the instantaneous motion of a bod; be 

represented by two conjugate rotations abont two axes at right angU; a plane can 
be drawn through cither axis perpendicular to the other. The axis in the plana 
has been called the characUrutie of that plane, and the aiia perpendicular to the 
plane is iaid to out the plane in its focut. These names were given by M. Chaales 
la the Coynpte* Etndvt for 1813, Some of the following examples were also given 
by him, though without demonstrations. 

El. 1. Show that erery plane has a cbaraoteristio and a fooos. 

Let the central axis cnt the plane in O. Resolve the linear and angular velocities 
in two directions Ox, Ot, the first in the plane and the second perpendicnlar to it, 
Tha translations along Oi, Oi may bo removed if wo move the axes of rotation 
Ox, Ot parallel to themselves, by Art. 234. Thus the motion Is represented by 
a rotation about an axis in the plane and s rotation about an axis perpendicular 
to it. It also follows that the ohaiaoteristic of a plane is parallel to the projection 
ot the central axis. 

Ex. a. It a plane be fixed in the body and move with the body, it interseela 
its eoneecntive position in its ohuracleristic. The velocity of any point F in the 
plane when resolved perponJicular to the plane is proportional to its distance from 
the ohaincteriEtic, and chen resolved in the plane is proportional to ita distance 
tiom the focus and is perpendicular to that distance. 

Ex. S. If two conjugate axes cnt a plane in F and O, then FQ passes thiongih 
the foons. 

If two oonjngate axes be projected on a plane, they meet in the charactoristio 
of that plane. 

Ei. 4. U two axea CM, CN meet in a point C, their conjugates lie in a plane 
whose focus is C and interseot in the foons of the plane CUN. 

This follows from the tact that it a sUaight line out an axis the direction of 
R. D. H 



I 
I 
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motion of every point on it is pexpendionlar to the straight Une only irheii H also 
ents the conjugate. 

Ex. 6. Any two axes being given and their conjugates, the four atraig^t lines 

lie on the same hyperboloid. 

Ex. 6. If the instantaneoas motion of a body be given by the Unaftr and 
angalar velocities (u, v, ir) {ui, w,, c^J, prove that the oharaoteristio of the plane 

is its intersection with A (tt + w^-w^)+B(v+«r^-»iiB) + C(«+Mi3f-«^)=0| 
«d itB «b«a. n..y be fomid from ""^'^-'^ = ^_±i^ZiV = *+'^-'H' . 

For the characteristic is the locus of the points whose directions of motioin are 
perpendicnlar to the normal to the plane, and the focus is the point whose direotioD 
of motion is perpendicular to the plane. 

What do these equations become when the central axis is the axis of s? 

Ex. 7. The locus of the characteristics of planes which pass throngji a given 
straight line is a hyperboloid of one sheet ; the shortest distance between the given 
straight line and the central axis being the direction of one prineipal diameter, 
and the other two being the internal and external bisectors of the angle between 
the given straight line and the central axis. Prove also that the locos of the ibci 
of the planes is the conjugate of the given straight line. 

Ex. 8. Let any surface A be fixed in a body and move with it, the nozmal 
planes to the trajectories of all its points envelope a second surface fi. Prove that 
if the surface B be fixed in the body and move with it, the normal planes to the 
trajectories of its points will envelope the surface A : so that the surfaces A and B 
have conjugate properties, each surface being the locus of the foci of the tangent 
planes to the other. Prove that if one surface is a quadxic the other is also a 
quadric. 



Euler'a Equations, 

248. To determine the general equations of motion of a body 
about a fixed point 

Let the fixed point be taken as origin, and let a;, y, « be the 
co-ordinates at time i of any particle m referred to any rectangular 
axes fixed in space. Let Xm, Ym, Zm be the impressed forces 
acting on this element parallel to the axes of co-ordinates, and 
let L, M, N be the moments of all these forces about the axeis. 

Then by D'Alembert's Principle, if the eflfective forces m -=-=- . 

^ df ' 

m -jM , ^ ;^ be applied to every particle m in a reversed direc- 
tion, there will be equilibrium between these forces and ihe im- 
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pressed forces. Taking moments therefore about the axes, we have 



and two similar equations. 

To simplify these equations, let w, 
dx 
cities about the axes. Then -^ = 

^x dto, dm, . , 



=jr... 



-W. 






I, be the angular velo- 



■ rf(* " 



dt 



dt 
d'v da, da. , , 

Substituting in equation (1) we get 






= *. 



- Snucy . (w,* — to*) + £m [a;* — if*) m,a^ — Xmyz . mfi. 

The other two equations may be treated in the same manner. 

The coefficients in this equation are the moments and products 
of inertia of the body with regard to axes 6xed in space and are 
therefore variable as the body moves about. Let us then take a 
second set of rectangular axes OA, OB, OC fixed in the body, and 
let (B, , u,, u, be the angular velocities about these axes. Since 
the axes Ox, Oy, Oz are perfectly arbitrary, let them be so chosen 
that the axes OA, OB, OC are passing through them at the 
moment under consideration. Thenw, = <u, », = &),, <w, = 0),, If 
the principal axes at the fixed point have been chosen as the set 
of axes fixed in the body, and .^4, S, C be the moments of inertia 
about them, the equation takes the form , 



^' dt ' 



{A-B)<, 



= N', 



in which all the coefficients are constants. 

249. The axes of reference OA, OB, OC move in space. 
We suppose the motion determined by the three angular velocities 
M,, 0),, M, in the same manner as if the axes were fixed for an 
instant in space. The position of the body at the time t + dt 
may be constructed from that at the time / by turning the body 
through the angles a>,d(, w^dt, to^dt successively round the in- 
stantaneous positions of t^e axes. 

14—2 
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If then the fixed set of axes Ox^ Oy, Oz coincide at any 
moment with a moving set 0-4, OB, OC we have oi,==oi^, «>, = <»,, 
CD. = CO, but it does not follow that their differential coefficients 
should be also equal At the time t'\-dt the axis OC, for instance, 
will have separated from Oz by a small angle which we may 
call dd, so that the component oi. + da, about Oz may differ from 
the component co, + dco^ about OChj quantities of the same order 
as d0. 

We shall now show that if the moving axes hefioced in the body^ 
then dco^ = dto, as far as the first order of small quantities. Let 
OR, OR be the resultant axes of rotation of the body at the times 
t and t + dt, i.e, let a rotation ildt about OR bring the body into 
the position in which 00 coincides with Oz at the time t ; and let 
a further rotation il'dt about OR bring the body into some ad- 
jacent position at the time t + dt while in the same interval dt, OC 
moves into the position 0C\ Then according to the definition of 
a differential coefficient 

do). ,. . n' cos ii'(7' - n cos -BC 
_i = hmit ^^ , 

dttj. ,. .^ ft' cos Rz — fl cos Rz 

__=u„,.t ^ . 

The angles RG and Rz are equal by hypothesis. Since OC is 
fixed in the body, it makes a constant angle with OR as the body 
turns round OjR', hence the angles RC and Rz are also equal 
Hence these differential coefficients are also equal. 

250. The following demonstration of this equality has been 
given by the late Professor Slesser of Queen's College, Bel&st, and 
IS instructive as founded on a different principle. Let A, B, G he 
the points in which the principal axes cut a sphere whose centre 
is at the fixed point. Let OL be any other axis, and let XI be 
the angular velocity about it. Let the angles LOA, LOB, LOC 
be called respectively cr, fi, 7. Then by Art. 233 

fl = cDj cos fl + c»j cos iS + c»3 cos 7 ; 
dil day. . dco, ^ . dc», 

da . ^ dj3 . drf 

-«..8ina^-a..8in/3^-«.8in7;^. 

Now let the line OL be fixed in space and coincide with OC 

at the moment under consideration. Then a = ^ , ^8=0, 7 = 0* 

., . d£l d<o, da dj3 ^ ^ 

therefore _ =_--«,^. a,. J. 



edlkb'b equations. 



Also -J- is the angular rate at which A separates from a 



ficed point at G, thia is clearly »,. Similarly -^'=- 
dn _ do*, _, doj, _ rfot, dw^ _ dtt^ dw, _ do>| 
~di~~di' "^ d( ~ rfi" ■ dt ~~di ' ~dt~~^ 



Hence 



251. Euler*! dynamical equations. The three equations 
of motion of the body referred to the principal axes at the Bzed 
point are therefore 



f,da. 



(C-A)a> 



~B)u^a,, = N. 



These are called Euler's equations. 6iJvu(u»w i Uu.t=^ iUlntla^u^^ 

252. We know by D'Alembert's principle that the moment 
of the effective forces about any straight line is equal to that of 
the impressed forces. The equations of Euler therefore indicate 
that the moments of the effective forces about the principal axes 
at the fixed point are expressed by the lefl-hand sides of the above 
equations. If there is no point of the body which is fixed in 
space, the motion of the body about its centre of graviW is the 
same as if that point were fixed. In this case, if A, B, G he the 
principal momenta at the centre of gravity, the left-hand sides of 
Euler's equations give the moments of the effective forces about 
the principal axes at the centre of gravity. If we want the 
moment aoout any other straight line passing through the fixed 
point, we may find it by simply resolving these moments by the 
rules of Statics. 

253. Ex. 1. U ar=Ji»,' + B«,' + Cu,""'d*' be the moment oC the impTeued 
toroet ftboDt the inetantuieona utia, a the resuItaDt sagnlar velocity, prore that 



Ei. 9. A bod; taniiag sboat a Gied point is anted on bj forces which tecil to 
fraduee rolatioD abont an axis at right angles to the inHtaataneoua aiiB, show that 
the BDgular valoeit; cannot be uniform anieu two of the principal moments at the 
fixed point are equaL The aiis about which the forces tend to prodne 
that aiis aboat which it woald begin to ttini i( the bod^ were placed at re 



254. To determine the pressure on the fixed point 
Let x,y,zhe the co-ordinates of the centre of gravity referred 
to rectangular axes fixed in xpace meeting at the fixed point, 
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let P, Q, Rhe the resolved parts of the pressures on the body in 
these directions. Let /i be the mass of the body. Then we have 

and two similar equations. Substituting for -y^ its value in terms 
®«> ®y> ®,we have 

and two similar equations. 

If we now take the axes fixed in space to coincide with the 
principal axes at the fixed point at the moment under considera- 
tion we may substitute for -^ and -^- firom Euler's equationa 
We then have 

with similar expressions for Q and R. 

255. Ex. If G be the centre of graTity of the body, show that the terms on 

the left-hand sides of the equations which give the pressures on the fixed point are 

the components of two forces, one Q*,GH parallel to GH which is a perpendicular 

on the instantaneous axis 01, Q being the resultant angular velocity, and the other 

Q'' . OK perpendicular to the plane OOK, where OK is a perpendicular on a straight 

B — G C — A 

line OJ whose direction-cosines are proportional to — ^ — u^t» — » — ^^k^i 

J __ » 

^ WiWs« and (y^ is the sum of the squares of these quantities. 

256. Euler's geometrical equations. To determine the 
geometrical equations connecting the motion of the body in space 
with the angular velocities of the body about the three moving axes, 
OA, OB, OC. 

Let tbc fixed point be taken as the centre of a sphere of 
radius unity; let X, Y, Z and A^ B^ C be the points in which the 
sphere is cut by the fixed and moving axes respectively. Let ZC, 
BA produced if necessary, meet in E. Let the angle XZC = i^, 
ZC = dy EGA = 4>' It is required to determine the geometrical 
relations between ^, ^, '^, and cDj, o),, ©,. 

Draw CZV perpendicular to OZ. Then since '^ is the angle 
the plane (7 0^^ makes with a plane XOZ fixed in space, the vdo- 

city of C perpendicular to the plane ZOC is CN -^, which is the 

d^ 
same as sin 6-^ , the radius OC of the sphere being unity. Also 
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the velocity of C along ZG is -^ . Thus the motion of C is re- 




cular to i?(7. But the motion of (7 is also expressed by the angular 
velocities to^ and a> respectively along BC and CA. These two 
representations of tne same motion must therefore be equivalent. 
Hence resolving along and perpendicular to ZC we have 



d0 
dt 



= (Oj sin ^ + 01, cos <f> 



sm ^ -^ = - 
at 



>. 



fi>jCOS^ + fi>,sin^ 



Similarly by resolving along CB and (7il we have 

«>j = -1^ sin ^ — -^ sm ^ cos 9 



cn^ = — cos 9 + -7 sm ^sm 9 



dt 



dt 



These two sets of equations are precisely equivalent to each 
other and one may be deduced from the other by an algebraic trans- 
formation. 

In the same way by drawing a perpendicular fix)m E on OZwe 

d'^ 
may show that the velocity of E perpendicular to ZE is -^ sin ZE, 

and this is the same as -^cos A Also the velocity of A relative 

dd> 
to E along EA is in the same way -^ sin CA^ and this is the 



216 MOTION IK THBEE DIMENSION& 

same as ^ . Hence the whole velocity of il in space along AB 
is represented by 7^ <5<>8 d + -^ . But this motion is also ex- 
pressed by 0).. As before these two representations of the same 
motion must be equivalent. Hence we have 

„, = ^C08<» + f . 

If in a similar manner we had ei^ressed the motion of any 
other point of the body as B, both m terms of m^, 01,, «, and 
0, <f>, '^, we should have obtained other equations. But as we can- 
not have more than three independent relations, we should only 
arrive at equations which are algebraic transformations of those 
already obtained. 

257. It is sometimeB necessary to express the angnlar velocities of the body 

about the fixid axes OX, OY, OZ in. terms of $, 0, ^. This may be eifeoted in tilM 

following manner. Let (a„ wy, ta, be the angular velocities about the fixed axes, 

the resultant angular velocity. If we impress on space and also on the body in 

addition to its existing motion, an angular velocity equal to - about the resultant 

axis of rotation, the axes OA, OB, OC will become fixed, and the axes OX, OY, OZ 

will move with angular velocities -a^ - coy, - w^ Hence, in the formuls of the 

text, if we change into -^f, B into ~0, yj^ into -^, »i, la^fo^ will beoome ~ ««,, 

- w^ - Ug, and we have 

do , dd> , 
w,= — -;- 8m^+ 37 8m^oos^, 
at at 

wy= ^ coB^+-^ sm^ sin^, 

dA ^ d^ 

Sometimes it will be more convenient to measure the angnlfyr co-ordinates 
0, 0, ^ in a different manner. Suppose, for example, we wish to refer the axes 
fixed in space to the axes fixed in the body as co-ordinate axes. To obtain the 
standard figure corresponding to this case, we must in the figure of Art. 256 inter- 
change the letters X, Y, Z with A, B, C, each with each. The angles $, 0, ^ being 
measured as indicated in the figure after this change, the relations connecting them 
with the angular velocities about the axes fixed in space, are obtained firom those 
in Art. 256 by simply changing Wj, w,, w, into - w,, - Wy, - w^ If we choose to 
measure in the opposite direction to that indicated in the figure, the expreesiona 
for b)g, (Opt become identical with those for d^, w,, in Art. 256. 

258. Ex. 1. If p, g, r be the direction cosines of OZ with regard to the axes 
OA, OB, OC, show that these equations may be put into the symmetrical form 

dp e\ do ^ dr «, 

^-gw,+rw,=0, ^-rwi+pw8=0, ^-pwa + gwi=0. 

Any one of these may be obtained by differentiating one of the expressiona 
p= -sin^ COS0, g = sin0 sin0, r=cos^. The others may be inferred by the role 
of symmetry. 
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Ei. 2, Prove (hat the direction cosines of eitbot set o! Enler'a 
o the other ftre given by the formuteG 






ithregud 

i 



C0BZA = -iinSc0B4, 
eouXB^ -ein^coa^-oos^gin^ooai 
<Ka¥B= 001^ eoa^-eiaf tia^ ooBd' 
oosZB^ aiaS sin^ 

aoBrC= BindunV'L 
eoaZC^ aosB J 
To prora the firit three, produce AT to cat AB in 3f, tlun the angle XMA^S, 
Jiry^f, J/A'=SK)+V', 3fJ=lH)'#. To dedoce the mcond set bom the fint, write 
#+lr ror#. 

Theso resnltB are given here for reference w thej ue ooetul in the higher 
problems ot dfoamicB, 

259. It is clear that instead of referring the motion of the body 
to tho principal axes at the iuccd point, a3 Euler haa done, ws 
may use any axes 6sed in the body. But these are in general so 
complicated as to be nearly useless. When, however, a body is 
making small oscillations about a fised point, so that some three 
rectangular axes fixed in the body never deviate far from three 
axes fixed in spa*;e, it is often convenient to refer the motion to 
these oven though they are not principal axes. In this case 
a),, ti>,, (i>, are all small quantities, and we may neglect their 
products and squares. The general equation of Art. 248 reduces in 
this case to 

at dt dt 

where the coefficients have the usual meanings given to them in 
Chap. I. We have thus three linear equations which may be 
written thus : 



^t'-^1?-^t 


-L, 


-^-^t-^l- 


-M, 


^l'-^'J?^''t 


-N. 



3G0. TKa MBtrlftical finwa*. It appears from Enler'a Equations that the 
whole chaugeB of u„ u,. u, are not due merel; to the direct action of the forcea, 
but are in port due to the centrifufjal forces of the particles tending to carry tbem 
away from the aiis about which they are revolving. For consider the equation 
du, N A-B 
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IJI'I'^v" K^ 



^N& 



Of the inereaae ({«^ in the time dt, the p«rt ^ iZl is doe to the diieet iistioii of 

A "B 
the forces whose moment is N^ and the part ^ *h*^^ ^ ^^ ^ ^ oentriftigil 

foxoes. This may be proved as follows. 

If a body be rotating about an axU 01 with an angular velocity •«, then the 
moment of the centrifugal forces of the whole body about the asie Oz it (A- B) a^c^ 

Let P be the position of any partide m, and let s, y, s he its oo-oidinatea. Then 
x^OR, y=RQ, z=QP. Let P5 be a perpendieolar on 01, let OS^u. and P£f=r. 
Then the eentrifogal force of the particle m is cAmi tending ttom 01, 




The force it^rm is evidently equivalent to the four forces ca%m, ^^ym, n^em^ and 

- ctf'ttm acting at P parallel to x, y, ;;, and u respectively. 

The moment of w'xm round Ox = — di^zym^ 

ii^ym = ci)'«yiii >•; 

w'zifi ssO / 

these three therefore produce no effect 

The force - tahim parallel to 01 is equivalent to the three, - wc^tint, - wa^um^ 

- taia^um, acting at P parallel to the axes, and their moment round Om is evidently 

worn (wjy - w^). Now the direction cosines of 01 being ^, — . ^, we get by 

www " 

projecting the broken line x, y, « on 07, ti= ^ «+ — • y+ ^ z; therefore substituting 

W (0(0 ^ 

for u, the moment of centrifugal forces about Oz is 

= (wjy - wjx) (w^x + w^ + (OfZ) m, 

= (wi^ + (j^(t>^^ + Wi(u,y2 - fa)xw^' - w,'xy - w,w,a») m. 

Writing Z before each term, and supposing the axes of x, y, f to be prindpal 
axes, then the moment of the centrifugal forces about the principal axis Ox 

= (Oi(02'^fn (y* - x') = WjWj (A - B). 

Let the moments of the centrifugal forces about the principal axes of the body 
be represented by L\ AT, N\ so that 

L' = (iB-qw,w,, Jf'=(C-i<)w,Wi, N' = {A-B)to^<o^ 
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.e emtrifi^al ^^M 



and let G be their reaultant couple. The coaple a is ubqbJ!; called the 

Sinoe Z.'ui, + JtI'td,-f N'w,-0, it rollowH thst the aiJB or the oentrifngal conple u 
At right angtefl to the initantaaeoiis aiis. 

DeKribe the moment^ oUipsoid at the Gied point and let the iastantaneoiu 
axis cut its Burtace in I. Let OH be a perpendienlar from O on the tangent plane 
at /. The direetion cosines of OH are proportional to Aui, £»,, Cu^. Sinw 
Au,L' + Ba^' + Cu,}<'=(\, it follows that the axis of the oeDtrifugal ooople is at 
right angles to the porposdiculM OH. 

The pUne of the centritogal couple is therefore the plane lOM. 

It )ik' be the moment of inertia of the body about Uie instantaneotu azia ot 



rotation, we have jI' = 



on 



and T^^afl is the Via Viva of the bodf. Wfl maj 
rttn^, 



then eagil; show that the magnitttde Q of the oeDtrifOgal oonple i« 
vhere f is the angle lOH. 

ThiB ooaple vill generate an angular Tclocit; ot known magnitnde about tha 
diametral line ol ita plane. By ootnpoauding this with the exiatiog angular 
velocity, the change in the poeitioQ o( the instantaneous axis might be fomid. 



Eicpressiona for Angular Motiientum. 

261. We may now investigate convenient forraiilfie for the 
angular momentum of a body about any axis. The importance 
of tliese has been already pointed out in Art, 77. In fact, the 
general equations of motion of a riyid body as given in Art. 71, 
cannot be completely expressed until these formulae have been 
found. 

Wlien the body is moving in space of two dimensions about 
either a fixed point, or its centre of gravity regarded as a fixed 
point, the angular momentum about that point has been proved lo 
ArL 88 to be Jffc*w where Afit* is the moment of inertia, and to 
the angular velocity about that point. Our object is to find cor- 
responding formulse when the body is moving in space of three 
dimensions. We shall show first how to find the angular mo- 
mentum about a straight line which is such that one asis of 
reference (say, the axis of z) can be chosen parallel to it. We 
shall then find an expression for the angular momentum when the 
straight line is inclined to all three axes of reference. The former 
result has of course the advantage of simplicity and ia therefore 
more generally useful. 

262. Angular Momentum about the axis of z. The 

instantiinefius motion of a borit/ about a Jixed point is given by the 
angular vftocities w,. w,, <i>, about three ares which meet at the 
point, ^nd the angular momentum about the <ms of z. 

Let iE, y, z be the co-ordinates of any particle m of the body, and 
u', f', tu' the resolved velocities of that particle parallel to the 
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axes. Then by Art. 77 the moment of the momentum about the 
axis of 2; is 

Aj = 2m {xv — yu). 

Substituting u = «^ — a>j/y v = a»/r — ©^ fix)m Art. 238, we 
have 

A, = 2m (ic* + y*) G), — (Zmxz) ©, — (Smyz) ©^ 

Similarly the angular momenta about the axes of x and y are 
A, = 2m (y" 4- «') G), — (Zmxy) a>^ — (2mj?2;) «, 
A, = 2m (-«* + a^ «>y — (2my2) ©, — (2mya;) ©^ 

Here the coefficients of to , a>,, g>, are the moments and products 
of inertia about the axes which meet at the fixed point. 

263. J^ there be no fixed point in the body we must use all 
the six components of motion. The form of the result depends 
on the point which is chosen as the base. The form is much 
simplified by choosing the centre of gravity as the base point, 
and for the reasons given in Arts. 75, 76 this is generally the 
most convenient point. 

Let Oz be the axis about which the angular momentum is 
required, and let Ox, Oj/ be two other axes, thus forming a set 
of rectangular axes. Let x, y, z be the co-ordinates of the centre 
of gravity. Let the instantaneous motion of the body be con- 
structed (as in Art. 238) by the linear velocities m, v, w of the 
centre of gravity parallel to the axes of reference and the angular 
velocities «,, a)^, «, round three parallel axes meeting at the 
centre of gravity. 

By Art. 76 the angular momentum about Oz is equal to 
that about a parallel axis through the centre of gravity regarded 
as a fixed point together with the angular momentum of the 
whole mass collected at the centre of gravity. The former of these 
has been found in the last Article and the latter is obviously 
M{^v — yu). The required angular momentum is therefore 

M {xv — yu) 4- 2m {a^ + y*) o). — (Zmxz) w^. - (2my«) 01^ 

Here M is the whole mass of the body, and the coefficients of 
G)., a)y, G), are the moments and products of inertia about axes 
which meet at the centre of gravity. 

264. Moving axes. When the axes of reference are moving 
in space, the motion of the body during any time dt is constnicted 
by using the components of motion as if the axes were fixed 
for the moment in space. See Art. 249. In the expressions iust 
given for the angular momentum the axes, regarded as fixea in 
space, may be any whatever. Let them be chosen so that any 
set of moving axes coincides with them at the time t Then these 
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formuloj will express the angular momentuTU about the moving 
axis of 3 at that particular moment, wliether tbu axis of « I 
continuea to occupy the same position in space or not. Tha J 
furmulse arc tiierefore quite general and give the instantaneoiui^ 
angular momentum whether the axis be fixed or not. 

If the axes chosen be fixed in space the coefficients of tw„ 
cu, in the expression for A, will generally be variable and their 1 
changes may be governed by complicated laws. In such a case it ' 
is more convenient to choose axes fixed in the body, and this j 
is the choice made by Euler in his equations of motion, Art. 251, 

Suppose a body to be moving about a fixed point 0, and i 
let its instantaneous motion be given by the angular velocities ] 
«>,, w,. w, about axes Ox, Oy, Os fixed in the body. Then th» ' 1 
angular momeatuni about the axis of / is 

a; = C(u, - fiu, - Dw,, 

where G. E and D are absolute constants, vi; 

C=tm{x* + y% E = Smx'z. . 

If the axes fixed in the body be principal axes, then the 
products of inertia vanish. These expressions for the moments of ] 
the momentum will then take the simple form 

where A, B, C are the principal moments of the body at the 
origin supposed to be fixed in space. 

1- 265. It is sometimes convenient to have two seta of axes \ 
(ae in Art. 256), one moving and the other fixed in space biit J 
having a common origin. Let the moving axes be Ox, Oy', 0/, 1 
and the fixed axes Oje, Oy, Uz. Let the direction cosines of either 1 
with regard to the other be given by the diagram ; 
where for example 6, is the cosine of the angle 
between the axes of a and y (see Art. 217). Let 
the momenta of all the particles of the body 
be equivalent to the three "couples" A,', A,', h^' 
about the axes Ox. Oy', Ot'. Then the moment 
of the momentum about the axis Oz may be 
written in the form 

h, = h^a,+ h^b, + h,'c,. 
In the same way we have 

h^ =A,c, + A,c, + A,c,. 
These forms will he often useful. 

2GC. Angular momentum about any axis. Tlie Tnotion j 
of a body is given by the linear velocities (u, v, w) of the centrt 1 



x' , a, a, a, 
}/ b, 6. fr, 

/ c, c. 0, 
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of gravity and the angular velocities (0^, 01,, 0,), prove thai the 

angular momentum about the straight line — , — = - — - = 

isequalto 1 m n 



Ih, + mh, 4- nh, + M 



I m n 
u V w 

f g t 



where Jii is the mass of the body, \, \, \ have the values given 
in Art. 262, and (1, m, n) are the ctctual direction cosines of the given 
straight line. 

This may be done by the use of the priDciple proved in Art. 76. 
The angular momentum about a parallel to the given axis is 
clearly /A, 4- mA, -h nA,. We must now find the angular mo- 
mentum of the whole mass collected at the centre of gravity round 
the given straight line and add these two results together. 

Referring to the figure in Art. 238, let P be the point (^^A). 
Let us find the angular momentum about a set of axes parallel 
to given co-ordinate axes with P for origin. It is clear that 
NP produced will be the new axis of z. The moment of the 
velocity of the origin about NP is seen to be u . MN — v . OM^ 
which is the same as ug — vf] this tends in the positive direction 
round NP. Similarly the moments of the velocities of about 
the parallels to x and y will be vh -wg and wf— uh. If we 
multiply these three by (n, I, m) respectively, we have the moment 
of the velocity of the centre of gravity about the straight line. 
Multiplying this by M we have the angular momentum of the 
centre of gravity. The required result follows at once. 

267. To find the angular momentum of a body about the 
instantaneous axis and also about any perpendicular axis which in- 
tersects the instantaneous axis. 

Taking the instantaneous axis for the axis of z, we may use the 
expressions for h^, h^, A, given in Art. 262. 

In our case &>, = 0, 0)^= 0, and g)^= n, where n is the resultant 
angular velocity of the body. The angular momenta about the 
axes of X, y, z are therefore respectively 

Aj = - (2mxz) fi, A, = — (Zmyz) fl, A, = 2m («* + y^ fl. 

It appears therefore that the angular momentum about any 
straight line Ox perpendicular to the instantaneous axis Oz is 
not zero unless the product of inertia about those two axes is 
zero. 

To understand this properly we must remember that the 
angular velocities ay^, g)^, o), are used merely to construct the 
motion of the body during the time dt Referring to the figure of 
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Art, 238. let Oz Ve tlio instantaneous axis, then the particle of the 
body at P ia moviug perpendicular to the plane PLO, and therefore 
the direction of ite velocity is not paraUel to Ox and does not 
intersect (he. The velocity of this particle has therefore a moment 
about Ox, although Ox is perpendicular to the instantaneoua 
mia. Let ^ be the angle PMN, r = PM, then 



.d0 de du , 



■ X2IO, — xyta. 



BO that the angular velocity -^ of the particle P about Ox vaniehes 

when B, = and w, = only when the particle lies in either of the 
planes xy or yz. 

3G8, Slxa^vlaa. A trianKotar area ACB whoso mats ia Jf U torniiig rooud 
the side CA nitb bd angalikr velociC; u. Bboit thai the aQguJar momentiun about 
the side CB is -f^Hab Bin'Cw, when! a nod fr are the sides coDtaining the angle C 

Ei, 2. Two rods OA, AB, are hioRed together at A and auapanded from a fixed 
point O, Tbc H,vilein lam? with angular velocity w about a vertical straight line 
throtigb O BO that the two rods are in a Tcrtioal plane. If 0, ^ be the inclioations 
of the rods to tlie vertical, a, b tbeir lengths, it, SI' their masses, show that the 
Mi({Dlar momentum aboal the Tcrtiool mis is 

a[{iM + ir)a'eia'$+M'abimea\a4, + iMVma*fl 

Ex. B. A right oone. whose Tertei O is fiie<l. has an angular velocity u oom- 
■nonioated to it about its axis OC. while at the same tiuie its sxis is iel moving 
in (pace. The seini-angU of the cone is {r and its altitude is A. ir 9 be the 
inclination of the aiis to a Gicil straight line Ot and f (lie angle the plane lOC 
makes with a fixed plane throngh Ot, prove that tho angular momenttua about 
Oi is IJfM [sin'S^ + lucossV where JU ia the mass of ibeoone. 

Ex. 4. A rod AH is suspended b; a string from a fiied point and ie moving 
in an; manner. If (I, m, n) (p. q, r) be the direction cosines of the string and rod 
nferred to anj rcotangnlar axes Ox, Oy, Ot, "how that the angular 
■boat the axia of i is 

'"■(.'15---*) + -"5('S-'I) + ■"¥(,'' 3r-"S+'3-'i 
where M is the mass of the rod, and a, t the lengths ot tho rod and string. 
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s to be eompounded are finite in magnitude, the rale 
s somewhat complicated. As already mentioned in Art. 239 
t very importaol in Kigid Dynamics. We shall therefore 
only briefly mantion ■ few propositions which may throw light on those already 
discussed when the motion is infinitely small. We begin with the propositiOD 
oorreaponding to the paiallelognun ot angnlar velocities. 
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270. BodrlcoM' ThMMm. A'body ha$ two rotoHom, (1) a roi4aitm about an 
axit OA through an angle 0; (2) a ntbsequent rotation about an axis OB through 
an angle ^, and both these axes are fixed in tpaee. It it required to compound these. 

Let lengths measured along OA, OB represent these rotations in the rn^^iy^fy 
explained in Art. 281. 

Let the directions of the axes OA, OB oat a sphere whose centre ia at O in 
A and B. On this sphere measore the angle BAG eqnal to ^ in a direction opposite 




to the rotation roond OA and also the angle ABC equal to -^ in the same direction 

as the rotation ronnd OB, and let the arcs intersect in C, Lastly, measure the 
angles BAC, ABC respectively equal to BACt ABC, bat on the oth^ side of AB. 

The rotation d round OA will then cany any point P in OC into the straight 
line OC, and the subsequent rotation 6' about OB will cany the point P back into 
OC, Thus the points in OC are unmoved by the double rotation and OC is there- 
fore the axis of the single rotation by which the given displacement of the body 
may be constructed. The straight line OC is called the resultant axis of rotation. 
If the order of the rotations were reversed, so that the body is rotated first about 
OB and then about OA, the resultant axis would be OC 

If the axes OA, OB were fixed in the body, the rotation about OA would bring 
OB into a position 0B\ Then the body may be brought from its first into its 
last position by rotations 0, ff about the axes OA, OB' fixed in space. Hence the 
same construction will again give the position of the resultant axis and the rotation 
about it. 

To find the magnitude 9" of the rotation about the resultant axis OC we notice 
that if a point P be taken in OA, it is unmoved by the rotation 6 about OA, and 
the subsequent rotation $" about OB will bring it into the position P', where PP* 
is bisected at right angles by the plane OBC. But the rotation 0" about OC must 
give P the same displacement, hence in the standard case $" is twice the external 
angle between the planes OCA, OCB. If the order of the rotations be reversed, 
the rotation about the resultant axis OC would be twice the external angle at C, 
which is the same as that at C. So that though the position of the resultant axis 
of rotation depends on the order of rotation the resultant angle of rotation is 
independent of that order. 

271. A rotation represented by twice any internal angle of the spherical 
triangle ABC is equal and opposite to that represented by twice the corresponding 
external angle. For since the sum of the internal and external angles is r, these 
two rotations only differ by 2t ; and it is evident that a rotation throogih an angle 
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S» cumot altar the pomtion of any point of the body. This is merely anothei' way 
of gftying that when a b<nly tnmFi nboot a fixed arig it may be bronRht from one 
giTen position to another by turnine the body either way ronnd the siiB. 

ST9. The inlc for compouudirig finite rotationi may be stated thna: 

IJ ABC he a tpherieal triangU, a rotation round OA from C lo B through Iviet 
tht infernal angle at A, follomed by a rolaiion Toand OB frojn A lo C t\ri>ug\ t>Biet 
the inltmal angle at B, » equal and oppoeite to a rolatioH round 00 from B to A 
through twiet the internal angle at 0. 

It vill be noticed that the order in which the aiOB are lo be taken u we travel 
round the triangle ie oppodte to that of the rotatioiu. 

As tho demoiiKtiatioita in Art. 370 are only modiflcationa of those of Bodrigtiea, 
we may call this theorem after his name. 

373. Ex. I. If two TotatioTiH S, V abont two axei OA, Oh at right angles be 
compounded into a single rotation # about an axis OC, then 



tan CO A = tan ,. 



, tan COB = 



= eoBeo--, and o 



From Rodrignes' theorem we may dedace Bylvei- 
ter'i theorem by drawing tho polar triangle A'B'C. Sinee a aide ffC' is the 
BQpplement of the angls A, a rotation reprcBented in direction and magnitude b; 
a/CC differs from that represented by 2A in the opposite direction by a rotation 
through an angle Sr. Bnt a rotation throngh 21- cannot alter the position of the 
body, hence the two rotations WC and 3A are equivalent In magnitnde but opposite 
in direction. 1/ therefore A'B'C be any ipherical triangle, a rotation repretmttd by 
tvite B'C folloicid by a rotation lifiee C'A' produeet the lamt iii4plaeement of the 
body ai a rotation tviee B'A'. By a rotation B'C is meant a rotation aboat an axis 
perpendioolar to the plane of B'C which will bring the point B" to C. 

376. The following proof of the preceding theorem was gi?en by Prof. Donkio 
in the Phil. Mag. for 1851. Let ABC be any triangle on a sphere fixed in space, 
mffy a triangle on an equal and coDcentric spbeic moveable about its centre. The 
lidea and anglei of o^ are equal lo those of ABC, but differently arranged, one 
triangle being the inverse or reUeotion of the other. If the triangle ajJy be placed 
in the poaltiaii !■ ao that the ndes containing the angle a may be in the same great 




olreles with those containing A, it i« obvions that it may slide along AB into tht 

poiitjon n, and then along BC into the position III ; into which last position il 

B.D. Ifi 
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mi^t also be brought by sliding along AC. To slide afiy along AJB is eqcnivaleat to 
moving p and a each through an arc twioe the are AB about an axis peipendieolar 
to the plane of AB. A similar remark applies when the triangle slides along BC 
or AC. Hence, twice the rotation AB followed by twice the rotation BC prodooes 
the same displacement as twioe the rotation AC. 

276. Botatlon Oonplea. If it be required to compound the rotations about 
two parallel axes, the construction of Bodrigues requires only a slight modification. 
Instead of arcs drawn on a sphere, let planes be drawn through the axes making 
with the plane containing the axes the same angles as before ; their intersection 
will be the resultant axis. One case deserves notice. If 0= - 0\ the resultant 
axis is at infinity. A rotation about an axis at infinity is evidently equivalent to 
a translation. Hence a rotation about any axis OA followed by an equal and 
opposite rotation about a parallel axis CB distant a from OA is equivalent to 

B , 

a translation 2a sin ^ perpendicular to a plane through OA making an ang^e ^ with 

the plane oontaining the axes and in the direction of the chord of the arc described 
by any point in OA. These results also follow easily firom Art. 228. 

277. OonJusate Botattona. Any given displacement of a body may be reprC' 
iented by two finite rotatiom, one about any given straight line and the other about 
§ome other straight line which does not necessarily intersect the first. When a dia- 
plaoement is thus represented, the axes are called conjugate axes and the rotationa 
are called conjugate rotations. 

Let OA be the given straight line, and let the given displacement be r ep re s e nted 
by a rotation about a straight line OR and a translation OT. We wish to resolve 
this rotation about OR into two rotations, one about Oil to be followed by a rotation 
about OB, where OB is some straight line perpendicular to OT. To do tbia we 
follow the rule in Art. 270, we describe a sphere whose centre is O and radius 
unity and let it intersect OA, OR, OT in A, R and T. Make the angle ARB equal 

to the supplement of ^, and produce RB to B so that TB=^, and join AB. By 

the triangle of rotations the rotation <p is now represented by a rotation about OA 
which we may call 0, followed by a rotation about OB which we may call O'. 

By Art. 276 the rotation 0^ is equivalent to an equal rotation ff about a parallel 

axis CD, together with a translation, which may be made to destroy the translation 

OT. This will be the case if the angle OT makes with the plane of OB, CD be 

ir-ff 

— ^— on the one side or the other of Or according to the direction of the rotation, 

and if the distance r between OB, CD be such that 2r sin ^ = 0T. 

The whole displacement has thus been reduced to a rotation about OA followed 
by a rotation ^ about CD. 

278. Compoaltlon of flerews. Any two successive displacements of a- body 
may be represented by two successive screw motions. It is required to compound 
these. 

Let the body be screwed first along the axis OA with linear displacement a and 
angle of rotation 0, and secondly along the axis CD with displacement a' and angle 
^. Let OC be the shortest distance between OA and CD, and for the sake of the 
perspective let it be called the axis of y. Let be the origin and let the axia of a 
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be ptrallel to CD, to tlut OJ lies In the plans of a. Let OC=t, &nd the uigto 




AOx = a. Draira plane aOT making with the pkae of m an angle j. and tot it 
eat yi in OT. Draw another plane AOB making wilh xi an angle 3 , and entting 
the plane lOT in OR. 

Produce ^0 to a point P, not marked in the figure, bo that PO=a, and let 
ni ohooee P as a base point to which the whole diiplacement ol the hodj may 
be letarred. The rotation tf ia equiv-alcnt to a rotation ff aboat Ox together with 
a tranalation along 07 = 2r ain - b? Art. 233. By Art 3T0 the loUtlon B abont Oi 
totlowed by ff aboat Ox is equivalent to a rotation aboat OR nhere 1) is twice ths 
angle JJtr, bo that Mn^ = 8in,^ . ^?^ . The whole dlBplaoemant is now reprs- 
■ented by (1) a traadation of the base point P to 0, (2) the rotation Q, (3) a further 
linear trandation which is the remUtant of the translations 3r bid ^ along OT and 
a' along Ox. By Art. 319 these diEpIacemente may be made in any order, being 
all connected with the same base point. They may therefore be compounded into 
a single sorew by the mis given in Ait. 33G. This is called the rei\iltant icrtiB. 
A screw equal and opposite to the reialtant ecrew will bring the body buck to ita 
origioa! position. 

The angle of rotation of the resnltant screw ie and its axis is parallel to Oil 
by Art. 230. It loUows by AH. 371 that the slue of half the angle of roUtion of 
each screw is proportional to the sine of the angle between the aies of the other 

To find the linear displacement along the axis of the reioltant screw, we ts 
by Art. 233 add logcthet the projections on OH of the three displacemente 07, a, a*. 
The projection of 07 = ar sin ~ cosTA = 3r cosTjf .coaTA, which is twice the 

projection of the shortest distance r on the axis of rotation. If 7 be the lineu 
displacement, we have r=2r cob Ay 

379. If the component 
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may be shown withoat diffionlty that T Bm-^=2r 8iii^ sin- dna. It has been 

shown in Art. 277 that any displaoement may be represented by two conjugate 
rotations in an infinite nmnber of ways, bat it now follows that in aU these 

r sin^sin-^ sina is the same. When the rotations are indefinitely small, and 

equal to cMi<, vt'dx respeotively, this becomes \rwJ (dt)' sina; that is, the product of 
an angpUr velocity into the moment of its conjugate angular velocity about its axia 
is the same for all conjugates representing the same motion. 

Ex. 1. If the component screws be simple finite rotations, show that the 

equations to the axis of the resultant screw are 

ff ff ff cf tf ^ O 

-«tan0'+y sin^+icos^sfsin-g, ycos ^-isin^zrrsin^ cos^'cot-^, 

where 0' is the angle xOH and is the resultant rotation. The first equation 
expresses the fact that the central axis lies in a plane which bisects at right angles 
a straight line drawn from perpendicular to OB, in the plane xOB, to represent 
the linear translation in that direction. The second expresses that the central axis 
lies in a plane parallel to TOB. at a distance from it determined by Art. 225. 

These equations may also be deduced from those of Bodrigueff given in Art. 281. 
To effect this we must write for (a, d, e) the resolved parts of the translation along 
or. Since however the positive direction of the rotation in Bodriguea' formula 
has been taken opposite to that chosen in the preceding article, we must write for 
(2, m, n) the direction cosines of OB with their signs changed. 

The equations to the central axis of any two screws may be found by either of 
these methods. 

Ex. 2. Let the motion be constructed by two finite rotations 0, 9 taken in 
order round axes OA^ CD at right angles to each other, and let CO be the shortest 
distance between the axes. Let the two straight lines OP, CP be drawn in the 

plane DCO such that the angle POC = s and tanPC0=8in* « <»*s • Then if P 

be moved backwards by the rotation $ or forwards by the rotation ^, in either case 
its new position is a point on the central axis. 

Ex. 8. If Oil, OB be the axes of two screws at right angles, with linear dis- 
placements a and 6, the point P is the intersection of two parallels to the straight 
lines described in the last example; these parallels being drawn respectively at 

distances h^<^0 <^d n (-'-+<^^'^'b^^o) » where 0, ipf are the angles the 

resultant axis of rotations makes with OA and CD, Then if P be screwed back- 
wards by the first screw or forwards by the second, in either case its new position 
is a point on the central axis. 

280. The velocity of any Point. The formula corresponding to those given 
in Art. 238 for infinitely small motions are rather more complicated. 

A displacement of a body it given by a rotation through a finite angle $ about an 
axi$ pasting through the origin whose direction eotinet are (1, m, n). It is required 
to find the changes produced in the co-ordinates (x, y, z) of any point P. 

Let PP* be the chord of the arc described by P and let Q be the middle point 
of PP'. Let «+te, y + 8y, « + 8z be the co-ordinates of P' and ^, 17, ^ those of Q, 
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Sinco tho abaciasa at Q it the arithmetio mean ot thoee of P and P', vre havg 

{ = 1+ -^; titniUrl; i) = if + ^.f = *+-^. LetQJ/bes perpendioulw from Q 

DD the uis, then PP' = 3«UtMi|. 

Lot (X, ^ r} be the direotion ooBines ot PP, then since PF" is perpeodicnlu to 
tbeftzu, vehkTe IXf m/i -(■««= 0, andainoe it is alio perpeodiaalai to OQ Teban 
(\+iHi + ifO, hence 

^ ^ M ^ ■• 

The sum of the sqnaies of the denominaton is 

which iMOQ^'OM'^QM". Hence each of these ratios is = 27:. 
Now Ax is the projection ot PP' on the axis of x, 

.: a» = 2(3Jf.tan|\ = 2t«i|{™f-n,): 
eimilarly lr = 3 tat)^(n{-lf), ij = a tan-(ipi-m{). which are the required fonanlts. 

If the origin have a linear displacement whose resolved parts parallel to the 
Biei an (a, b, e), we must add those displacements to the volnes ol ix, iy. Si fonnd 
^IJ solving these cqaations. Let the co-ordinates of the middle point of the ahoU 
diaplaoemcntofPbeTepreeenUdby^, q', ;'. Then we have, oa before, fsx+^Aa,, 
bnt since Ix, Sy, Si, are inoreued hj a, b, c we mnst write £^ si ^ ~ S' t'-s 
'01 £• 1' r- We thns obtain 

.....«.'j.(r-|)-.(.-|)j. 

with aimilar expressions for Sg and St, 

281. The eqaalions to tho central axis follow from these eipreeaions withont 
diffionlty. Tho whole displacement of any point in the central axis is along the 
axil, so that (f, V- i'] tha oo-ordinntes of the middle point of tho displaoement arc 
co-ordinates ot a point in the axle, and Si, iy. Si are proportional to {I, m, n) tha 
direation-eodnea ot the axis. Hence 

..3u.lH..-|)-.(.-|)( ...■^H.(r--)-,(.-|)l 

"'"°iK''-))-"('--a[ 

Each ot Iheie is evidently eqnal to la + mb-^nc, which is the linear dleplaoenient 
along the central axis. The tesolti of this and the f receding Article are dne t4 J 
Itodiigoes. 
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ON MOMENTUM. 



282. The term Momentum has been given as the heading of 
this Chapter, though it only expresses a portion of its contents. 
The object of the Chapter may be enunciated in the following 
problem. The circumstances of the motion of a system at any time 
t^ are given. At the time t^ the system is moving under other 
circumstances. It is required to determine the relations which 
may exist between these two motions. The manner in which 
these changes are effected by the forces is not the subject of 
enquiry. We only wish to determine what changes have been 
effected in the time f, — ^o- If the time t^—t^he very small, and 
the forces very great, this becomes the general problem of im- 
pulses. This also will be considered in the Chapter. 

Let us refer the system to any fixed axes Ox^ Oy^ Os. Then 
the six general equations of motion may, by Art. 71, be written in 
the form 

Integrating these from t — t^tot = t^,yre have 

Let an accelerating force P act on a moving particle m during 
any time t^—t^, and let this time be divided mto intervals each 
equal to dt. At the middle of each of these intervals let a line 
be drawn from the position of m at that instant, to represent^ at 
the same instant, the value of mPdt both in direction and magni- 
tude. Then the resultant of these forces, found by the rules of 
Statics, may be called the whole force expended in the time t^ — (^. 

Thus / mZdt is the whole force resolved parallel to the axis of Z. 

These equations then show that 
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' ani/ forces in the resolved part of 
I equal in any time to the vihoU 



(1) The change produced h 
the momenlam, of any system i 
resolved force m (Aa( direction. 

(2) The change produced by any forces in the moment of the 
mojnentum of the system about any straight Hue is, in any time, 
equal to the whole moment of these forces about that straight line. 

When the interval (, — t^ is very small, the " whole force " 
expended ia the usual measure of an impulsive force, and the 
preceding equations are identical wilh those given in Art. 86. 

It is not necessary to deduce these two results from the equa- 
tions of motion. The following general theorem, which is really 
equivalent to the two theorems enunciated above, may be easily 
obtained by an application of D'Alembert's principle. 

283. Fundamental Theorem. If the momentum of any 
particle of a system in motion be compounded and resolved, as if U 
were a force acting at the instantaneous position of the partide, 
according to the rules of Statics, tlien the momenta of all the par- 
ticles at any time t, are together equivalent to the momenta at any 
previous time t, together with the whole forces which have acted 
during the intervaL 

In the case in which no forces act on the system, except the 
mutual actions of the particles, we see that the' momenta of all 
the particles of a system at any two times are equivalent ; a result 
which has been already enunciated in Art. 72. The two princi- 
ples of the Conservation of Linear Momentum and Conservation of 
Areas may be enunciated as follows. 

If the forces which act on a system be such that they have no 
component along a certain fixed straight line, then the motion 
is such that the linear momentum resolved along this line is 
constant. 

If the forces be such that they have no moment about a cer- 
tain fixed straight line, then the moment of the momentum or 
the area conserved about this straight line ia constant. 

It is evident that these principles are only particular casee of 
the results proved in Art. 79. 

S84. Example of a central force. Suppose that a simple 
particle m describes an orbit about a centre of force 0. Let v, i/ 
be its velocities at any two points P, P" of its course. Then mv' 
supposed to act along the tangent at P" if reversed would be in 
equilibrium with mv acting along the tangent at P together with 
the whole central force from P U> P . If p. p' be the lengths of 
the perpendiculars from on the tangents at P, P' , we have, 
by taking moments about 0, vp =vp, and hence vp is oonstant 
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throughout the motion. Also if the tangents meet in T, the whole 
central force expended must act along the line TO, and may be 
found in terms of v, v by the rules for compounding velocities. 

Ex. Two particles of mAsses m, m' moTe abont the same centre of foroeu If 
A, h' be the doable areas described by each per unit of time, prove that mk+m'h' 
is unaltered by an impact between the particles. 

285. Example of three paiticIeB. Suppose three particles 
to start firom rest attracting each other, but under the action of no 
external forces. Then the momenta of the three particles at any 
instant are together equivalent to the three initial momenta and 
are therefore in equilibrium. Hence at any instant the tangents 
to their paths must meet in some point 0, and if parallels to their 
directions of motion be drawn so as to form a triangle, the mo- 
menta of the several particles are proportional to the sides of that 
triangle. 

If there are n particles it may be shown in the same way that 
the n forces represented by mv, mv\ &a are in equilibrium, and if 
parallels be drawn to the directions of motion and proportional to 
the momenta of the particles beginning at any point, they will 
form a closed polygon. 

If F^ F\ F" be the resultant attraction on the three particles, 
the lines of action of F, F*, F" also meet in a point For let 
X, F, Z be the actions between the particles m!m'\ m' m, mfn\ 
taken in order. Then F is the resultant of — F and Z\ F' oi ^Z 
and X; F^ of -X and Y. Hence the three forces F, F', F" 
are in equilibrium*, and therefore their lines of action must meet 
in a point 0\ Also the magnitude of each is proportional to the 
sine of the angle between the directions of the other two. This 
point is not generally fixed, and does not coincide with 0. 

If the law of attraction be proportional to the distance, the 
two points 0, 0' coincide with the centre of gravity G, and are 
fixed in space throughout the motion. For it is a known propo- 
sition in Statics that >vith this law of attraction, the whole attrac- 
tion of a system of particles on one of the particles is the same as 
if the whole system were collected at its centre of gravity. Hence 
(y coincides with G, Also, since each particle starts firom rest, 
the initial velocity of the centre of gravity is zero, and therefore, 
by Art. 79, (r is a fixed point Again, since each particle starts 
from rest and is urged towards a fixed point (r, it will move in the 
straight line joining its initial position with O, Hence coin- 
cides with G, When the law of attraction is proportional to the 
distance, it is proved in Dynamics of a Particle, that the time of 

* This proof is merely an amplification of the following. The three foroea 
jP, F'i F", heing the internal re-actions of a system of three hodies, are in eqoili* 
briom by D'Alembort's Principle. 
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reaching the centre of force from a position of rest is independent 
of the distance of that position of rest. Hence all the particles of 
the system will reach G at the same time, and meet there. If Xm 
be the sum of the masses, measured by their attractions in the 



usual manner, this time is known to b 



*Jtm' 



IT** PartlelM. Thrte particltt ahote viauei 
art m, m', m", mutually attracting each other, are id projteled that the triangU 
fanned bg joining ih^ir poiiti<m» at any intlant remaim alviayi limilar to ill original 
/orm. It If rtquired to dettrmine tht eonditioiu nf pryeclian. 

The centre of grnrit; vill be either at rest or will move ouirorml? in a Btrftiglit 
line. We may therefore coiuider the centre of gravity at rest and may atterwarda 
generalise the conditions of projeotion by impressing on eaoh particle an additional 
velocity parallel to the direotion in wbioh we wish the centre of gravi^ to moye. 
Let O be the centre of gravity. P. F, P" the positions of the particles at any 
time (. Then by the conditions of the question the lengths OF, OP', OF' are 
always to be proportioual, and their angular Telocitiea about O are to be equal. 
Since the moment of the momenta of the system abaat O is always the tame, 

mrhi + m't'hi + m"r"*it = constant. 
whan r, f, f ue the distancee OP, OF, OF. and n is their oommon angular 
velocity. Since the ratios r : / : r" are oonstonta, it foUons from this eqnation 
thai mHn is constant, i.e. OP traces ont equal areas in equal times. Hence b; 
Mewton. Section a, the resultant force on P tends towards 0. 

Let p, p', p" be the sides FF, FT. PF tit the triangle formed by the particlea, 

and let the law of attraction be ,- : . Then since the reaoltant 

(diet.)' 
m', m" on m passes thiongta O, 



in PPO = 



-. KaF-PO, 



bat since it the centre of gravity, 

m-p" %iaPPO = m"p' AaP'PO. 

Hence cither the three particles are in one straight lino or p''**i«p'<+i. K 
)= -1 the law of attraction is "as the distance." If it be not — -1, we hava 
p'=p", and the triangle most be eqallateral. 

Suppose the particles to be projected in directions making equal angles with 
thcii distances from the centre of gravity with velocities proportional to Ihoia 
distances, and suppose aUo the resultant attractions towards the centre of gravity 
to be proportional to those distances, then in all the three cases the same con- 
ditions will hold at the end of a time dt, and so on oontinnally. The three 
particles will therefore describe similar orbits about the centre of gravity in a 



Firit, let as suppose that the three particles are to be in one straight line. To 
fii our ideas, let m' lie between m and m", and between m and m'. Then tiooa 
the attraction on any particle must be proporCioiial to the distance of that partieU 
from 0, the ttire« attractions 

i^F? ■•■ (TP7 ' (T^ " (PF)' ' " (ppy " tTFT' ' 
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mnft be proportional to OF^ OF^ OF*. Sinee 2mOP=0, tiieae two equations 

amount to but one on the wbde. Let *=pw"» ^ «"^* l^~ w+«f+M<^ ' 

Then we bare 

(m'+ ^3-^) (-mf m''f) = (5 -**) <'*'+"^<^+'^»' 

which agrees with the result given by Laplace, by whom this problem was first 
oonsidered. 

In the case in which the attraction follows the law of natore ibs3 and the 
equation becomes 

i»««{(l + «)«-l)-m'(l+f)»(l-«*)-m''{a + «)*-**}=0. 

This is an equation of the fifth degree^ and it has therefore always one real root. 
The left side of the equation has opposite signs when f=0 and ssoo, and hezioe 
this real root is positive. It is therefore always possible to project the three masses 
so that they shall remain in a straight line. Laplace remarks that if m be the smi, 

m' the earth, m" the moon, we have very nearly «= >^ — g— = ^^. If then 

originally the earth and moon had been placed in the same straight line with the 

sun at distances from the sun proportional to 1 and 1 + ^rr^ , and if their veloeitieB 

had been initially parallel and proportional to those distances, the moon would 
have always been in opposition to the sun. The moon would have been too distant 
to have been in a state of continual eclipse, and thus would have been full every 
night. It has however been shown by Liouville, in the Additiont d la ConnaU$ance 
det Tempi, 1845, that such a motion would be unstable. 

The paths of the particles will be similar ellipses having the centre of gravity 
for a common focus. 

Secondly. Let us suppose that the law of attraction is ** as the distance.** In 
this case the attraction on each particle is the same as if all the three particles 
were collected at the centre of gravity. Each particle will describe an ellipse 
having this point for centre in the same time. The necessary conditions of pro- 
jection are that the velocities of projection should be proportional to the initial 
distances from the centre of gravity, and the directions of projection should make 
equal angles with those distances. 

Thirdly, Let us suppose the particles to be at the angular points of an equi* 
lateral triangle. The resultant force on the particle m is 

-^' C08P'PO + ^' cosP"PO. 

P P 

The condition that the forces on the particles should be proportional to their 
distances from shows that the ratio of this force to the distance OP is the same 
for all the particles. Since 

my cosP'PO + mV cosP"PO ^{m+nC+ m") OP, 

it is clear that the condition is initially satisfied when p^ff^p", Henoe, by the 
same reasoning as before, if the particles be projected with equal velocities in 
directions making equal angles with OP, OP', OP" respectively, th^y will always 
remain at the angular points of an equilateral triangle. 
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Ex. 1. Show that if the three particlea attracted each other aceoidicg to the 
law of nature, the paths of the particles, when at the comcrB of on equilateral 
triangle, are equal ellipBea having O for a commoa focus. Find the periodic time. 

Bi. 2, If four particles be placed at the corners of a qnadrilateial whose sidea 
taken In order are a, b, c, d and diagonals p, p', then the particles could not mora 
under their motoat attractions so as to remain alwajs at the corners of a similar 
quadrilateral unless 

(p«/« - t-d") («■ + a») + («-e- - p-p^) [6- + d-) + (i-d- - aV«) (,." +P'") =0, 
where the law of attrac^on is the inverse (n- 1)"* power of the distance. 

Bhow also that the moss at the intersection of b, e divided b; the mass at 
intersectioa of c, d is eqoal to the product of the area formed by a, p', d divided by 
the ores formed by j, 6. p and the difTerence — , ~ ji divided ty -; - t; ■ 

These rcenlts may be conveniently arrived at by reducing one angular point as 
A of the qusdiilateral to rest, Tlie resolved part of all the furces which act on each 
particle perpendicular to the straight line joining it to A will then be tero. The 
cose of three particles may be treated in the same manner. The prooaas is a little 
shorter than that given in the text, but does not illustrate bo well the subjeot of 
the chapter. 

287. When the system under consideration cousista of rigid 
bodies we must use the results of Art. 75 to find the resolved part 
of the momentum in any direction. The moment of the momentum 
about any straight line may also be found by Art. 76 in Chap, ii., 
combined with Art. 134 in Chap. IV., if the motion be in two 
dimensions, or Art. 262 in Chap, v., if the motion be in three 
dimensions. 

288. Sudden Fixtures. A rigid body is moving freely in 
Bpace in a known manner. Suddenly a straight line in the body 
becomes fised, or perhaps its motion is changed in some given 
manner. It is required to tind the changes which occur in the 
motion of the rest of the body. 

Such problems as these are all solved by one mechanical prin- 
ciple. The change in the motion is produced by impulsive forces 
acting along this straight line. Hence, by Art. 283, the angular 
viameiitum of the body about tJie axis is the same after as before 
the change took place. This dynamical principle will supply one 
equation which is sufficient to determine the subsequent motion of 
the body round the straight line. 

We may also use this principle in a more general case. Sup- 
pose we have any system of moving bodies which suddenly become 
rigidly connected together and are constrained to turn round some 
axis. Then the subsequent angular velocity about this aids may 
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be found by equating the angular momentum of the system about 
this axis after the change to that before the change. 

In applying this principle to different bodies it is convenient 
to use different methods of finding the angular momentum. The 
following list will assist the reader in choosing the method best 
adapted to each particular case. 

289. Case 1. Suppose the body to be a disc moving in any 
manner in its own plane, and let the axis whose motion is changed 
be perpendicular to its plane. This case has been abready solved 
in Art 171. 

290. Case 2. Suppose the body to be a disc turning about 
an instantaneous axis Ox in its own plane with an angular axis o>. 
Let an axis Ox also in its own plane be suddenly fixed. 

In this case the calculation of the angular momentum is so 
simple that we may best recur to first principles. 

Let da- be any element of the area of the disc ; y^f/ its dis- 
tances from OXf Ox\ Then ya>, yco' are the velocities of da just 




before and just after the impact. The moments of the momentum 
about Ox just before and just after are therefore yy'ooda and 
y^co'dc. Summing these for the whole area of the disc, we have 

eo'Xy^da-^eoXyyda- (1). 

First, let Ox, Ox be parallel, so that the point is at in- 
finity. Let h be the distance between the axes, then yf^y^h. 
Hence we have 

(o'^y^da- = CO [Xy^da- — KZyda-}. 

Let A, A' be the moments of inertia of the disc about Ox, 
Ox respectively, y the distance of the centre of gravity from Ox, 
M the mass of the disc. Then we have 

A'(o = « (^ - Mhy). 

Secondly^ let Ox, Ox not be parallel. Let be the origin 
and the angle xOx = a, then y = y cos a — a; sin a. Let F be the 
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product of inertia of the disc about Ox, Oy where Oy is perpen- 
dicular to Ox. Then by substitution in (1 ) we have 

A!w =01 (J cos a - Fsin a). 
Ei. 1. An elliptic &iea of ecccDtrioity e is taming aboQt one Utns reotom. 
Saddenlj this latos rectum is loosed and tlie other Qied. Show that the nnsukr 
velocilj ia ■ , jj of its fonusr ntlae. 

Ex. 3. A right-uigled trimguhu ftrea ACB is turning aboal the Bide AC, 
Suddenly AC La loosed and £C fixed. If C be the right angle, the angiilu velooi^ 
is - J of its fonnar yalne. 

291. Case 3. Let the body be turning round an inatan- 
taneons axis 01 with a known angular velocity <u, and let some 
axis OT which intersects the furmer in some point be suddenly 
fixed. 

Let ^, m, n be the direction-cosines of 01 referred to the prin- 
cipal axes at 0, and I, m, n the direction-cosines of 01'. Then by 
Art. 264, the angular momeuta about these principal axes just 
before the change are Atol, Bmm, Cion. The angular momeutum 
about or just before the change is therefore (by Art. 265) 
(Alt + Bmm + Cnn) a. If oi' be the angular velocity of the body 
about or just after OF becomes fixed in space the angular mo- 
mentum is {A P + Bm" + On*) w'. Equating these we have w'. 

Ex. When a bod; tuma about a fixMl point the product of the moment of 
inertia about the instantuieouB axis into the square of the angular velocit; is called 
the vi« riva. Let 2r be the via vira of the body nben it is turning freely about 
the axia 01. and 27" ita via viva when the axis Of is suddenly Gied. Construct 
the momental ellipsoid at Ihe point 0. and let B he the angle between the eocentrio 
liuM of the two axes Of, Oi'. Prove tliat r = T oos'^. It follows that the vU viva 
is alwayfl lessened by fixing a new axis. 

292. Case 4. Let the motion of the body be given by its 
components of motion w, p, to, <o„ m,, to,, the centre of gravity 
being the base point. Let the equation to the straight line whose 

motion ia suddenly changed be — i = — = > where l,m,n 

are the actual direction -cosines. 

Suppose this straight line to be suddenly fixed in space. The 
angular momentum before the " fixing" is given in Art. 266. If 
to' be the angular velocity about this straight line after the 
"fixing," the angular momentum is Icd', where / b given in Art 18, 
Ex. 9. Equating these we have «'. 

293. Suppose the sudden motion forced on the straight line 
to be represented by the velocities U, V, W of some point P on 
the strught line and the angular velocities 9, <fi, i^. Then the 
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motion of the body may be represented by the linear velocities 
U, Vy W of the same base P and the angular velocitities + HZ, 
^ + ilm, '^ + Hn where fi is the only unknown quantity. 

The angular velocities 0^ 4>, ^ may be chosen in an infinite yariety of ways to 
represent the given motion of the straight line, because an angular velocity about 
the straight line does not move the line itself. If (?, 0, ^ have been chosen to 
make the component /(?+m0 + fi^ about the line equal to zero, and if ({, m, n) be 
the actual direction-cosines of the straight line, then O will be the angular velocity 
of the body about the axis just after the change. 

This quantity fl, whatever meaning it may have, is to be found 
by equating the angular momentum about the axis before and after 
the change. These momenta may be written down as explained 
in Art. 266. 

294. Suppose the sudden motion forced on the straight line 
to be represented by the given velocities of two points P, P* 
on the line. And let the required motion of the body after the 
change be represented by the components of motion u\ v\ w', 
ft),', ft)/, ft)/ at the centre of gi-avity taken as the base. The an- 
gular momentum both before and after the change may be written 
down by Art. 266. Equating these we have the dynamical equa- 
tion. The resolved velocities of P and P' may be found by Art. 
238 and equated to their given forced values. Thus we have on 
the whole six independent equations to find the six components of 
motion after the change. 

Ex. 1. An elliptic disc is at rest. Suddenly one extremity of the major axis 
and one extremity of the minor are made to move perpendicular to the plane of 
the disc with velocities U and V. Show that the centre of gravity will begin to 
move with a velocity equal to l(U+V). 

Ex. 2. An elliptic disc is at rest. Suddenly one extremity of the latus rectum 
is made to move parallel to the major axis with a velocity U, while the other 
extremity is made to move perpendicular to the plane of the disc with a velocity W. 
Show that the velocities of the centre resolved parallel to the axes of the disc are 

U Ue W 

2* 2(l-e2)» 2(l+4«'»)' 

Ex. 8. A circular disc turning freely in its own plane which is vertical falls on 
another equal circular disc whose plane is horizontal and which is turning about 
a fixed vertical axis through its centre. At the moment of impact the two discs 
become rigidly connected. If the point of impact bisect a radius of the horizontal 
circle, show that the angular velocity about the fixed vertical axia is reduced 
one half. 

Ex. 4. Let the motion of a free body be given by the oomponents u, v, 10, 
Ugt Wy, Wg referred to any base. Let the sudden motion given to a straight line be 
represented by the components 17, J', W, 0, 4>, \p referred to the same base. Then 
the relative motion is given by the components u- U.v-V^ Ac Taking these as 
the given quantities, find the components of motion after the change on the 
supposition that the straight line is suddenly fixed. Let these results be tf', v', te. 
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a is repiesented by the coiii|ioaentB U-t- 



Then proTe that the required r 

Tliis proceBB of Bolntion ma; be called reducing the itraight line to ml. 

295. Case 5. In some cases inatead of a straight line, some 
one point P in the body is seized and made to move in some 
given manner. In this case the angular momentum about every 
straight Una through the fixed point is unchanged. Choosing 
some three convenient axes through the point and equating the 
angular momentum about each before the change to that after 
the change we have three dynamical equations. Besides these 
we have the geometrical equations supplied by Art. 238, to ex- 
press the fact that the resolved velocities of P are equal to the 
given forced velocities. In this way we may form six equations to 
find the six components of motion. 

296. Let us consider an example of this process. Suppose 
the motion of the body to be given by the components u, v, v>, 
<k),. <Uj, M,, the centre of gravity being the base ; and let the point 
P whose co-ordinates are /, ff, h be suddenly jtred. Let A, B, G, 
D, E, F be the moments and products of inertia of the body 
about the axes at the centre of gravity, and let accented letters 
represent the corresponding quantities for parallel axes at P. Let 
n,, flj, fl,be the required angular velocities of the body about 
the axes meeting at P parallel to those at the centre of gravity. 
Then the equation of momenta give 

A<o,- Fo>, -Em,->rM [vh - wg) = A'n, - FCl^ - ECl„ 
- Fto.+ Bo), -Da>, + M (wf- uk)=- FCl, + Bil^ - Ifil,, 
- £•«,. - />w, + Ca,, + M {ug -11/)=- En, - Dil, + Cn,. 

It is obvious these equation.s may be greatly simplified by choosing 

the axes so that one set may be principal axes. 

297. If the body be turning about an axis GI through the 
centre of gravity 6 just before the point P is fixed, the terms which 
contain the velocities of the centre of gravity disappear from the 
equations. They now admit of an easy geometrical interpretation. 
The equation to the momental ellipsoid at the centre of gravity is 

AX' + BY* +CZ^- tOYZ- 2EZX~ 2FXy= Me'. 
It is therefore clear that the left-hand sides of these equations are 
proportional to the direction- cosines of the diametral plane of a 
straight line whose direction -cosines are proportional to {a>,. a w,). 
In the same way if we construct the momental ellipsoid at P, the 
right-hand sides are proportional to the direct ion -cosines of the 
diametral plane of the axis (H,, H H,). Thus the instantaneous 
axes of rotation, before and after P is fixed, are so related tliat 
their aiavietral planes viiUi regard to the momental eUipaoida at 
is and P respectively are parallel. 
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298. We may also deduce this result, without difficully, £rom 
Art. 118. The motion of the body about the axis 01 msj be 
produced by an impulsive couple in the diametral plane of OI 
with regard to the momenta! ellipsoid at G. Let us then suppose 
the body at rest and P fixed, and let it be acted on by this couple. 
It follows from the same article, that the body will begin to turn 
about an axis PF which is such that its diametral plane with 
regard to the momental ellipsoid at P is parallel to tne plane of 
the couple. 

The direction of the blow at P may also be easily found. The 
centre of gravity being at rest suddenly begins to move perpen- 
dicular to the plane containing it and the axis PP. This is 
obviously the direction of the blow. 

299. Ex. 1. A sphere in co-latitude $ is hung up by a point in it$ twfaee in 
equilibrium under the action of gravity. Suddenly the rotation of the earth U stopped, 
it it required to determine the motion of the tphere, [Math. Tripos, 1857.] 

Let O be the centre of the sphere, its point of suspension, and a its radlns. 
Let C be the centre of the earth. Let us suppose the figure so drawn that the 
sphere is moving away from the observer. 

Let w= angular velocity of the earth, then if CG=|Ui, the sphere is tuxning 
about an axis Gp parallel to CP, the axis of the earth, with angular 'velooily w, 
while the centre of gravity is moving with velocity fiaajiB.u. 

Let OC, Opy and the perpendicular to the plane of OC, Op be taken as the axes 
of X, y, t respectively, and let 0^, Oy, 0, be the angular velocities about them just 
after the rotation of the earth is stopped. 

By Art. 295, the angular momenta about Ox, just before and just after the 
rotation was stopped, are equal to each other ; 

. •. Mk^u cos 6 = MkHix , 

where M1^ is the moment of inertia of the sphere about a diameter. 




Again, the angular momenta about Oy are equal to each other; 

.*. -Mk^taane-^Mfiahafdn0r^M(lfi+a^Q9. 
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LbbIIj, the on gulu momenta abont Oi are eqiift); .-. 0- jfJtH),. 
Solving theseequationa, we get 0,=«*Binfl -,j- j-=aieiiifl — = — . 
But n. = uoos0. Adding together tbo squares of D,. [)„ (1, we have 

wher« n ii the uigalnr velocitjr of the sphere about its ioBtantaneoaii aiie, 

Ex. 2. A particle at mass 31. withoat veloctt;. is suddenly altaclied to tbe 
snrtaoe ot the earth at tbe eitremily of a radios vector making an angle with the 
axis of the earth, tf £ be the mass of the earth before tbe addition of If, A and C 
its principal moments of inertia at the centre, w the aagutu- velooiQ about it* 
aiie. prove that 



Eir.4r^BJ 



(B + JfjJC + fiJfCr' 
cot^-ool0 + 



where is tbe iaitial angular velocity about an axis paraUel ti 



the a: 



■ud f is the angle the initial axis of rotation makes with the axis ot the earth. 

Ex. S. A regular homogeneona prism whose nonnal section is a r^ular polygon 
of n eides tolU oa a perfectly rough plane. Prove that, when the ada of rotation 
ehangea trom one edge to another, tbe angular velocity is reduced in tbe ratio of 

1 + 7 ».';^,. + «.'-'. 



300. Gradual Changes. In these examples the changes 
produced in the motion were sudden, but the method of pro- 
ceeding is the same if the changes are gradual, 

Ex. 1. A bead ot mass m slidei on a oiroular wire of mass 3f and radius a, 
and the wire can turn freely about a vertieal diameter. Prave thai, if u, be the 
■ngilUr velooities ot the wire when the bead is respectively at tbe extremities of 

a horizontal and vertical diameter, - =1-1-2^. 

Ex. 3. If the earth gradually contracted by radiation ot heat, so as to be always 
similar to itaelf as regards its physical constitution and form, prove that when every 
radius vector has contracted an n''' part of its length, where « is small, the angular 
veloaity has increased a Sn"* part of its former value. 

Ex. S. If two railway trains each of mass Id were to travel in opposite 
directions trom the pole along a meridian and to arrive at the equator at the same 
time, prove that the angular velocity ot the earth would be decreased by -- „ of 
itself, where a is the equatorial radios ot the earth and Bf iU moment ot inertia 
■bout its axis ot Qgnre. 

What would be the effect if one train only were to travel from the pole to tbe 
eqoatorT 

Ex. 4. A fly ali^its peipendiealarly on a sheet ot paper lying on a smooth 

boriiontal plane and proeeedf to describe the CDrve r =/ (S) traced on the sheet of 

iwper, the equation to the curve being referred to the centre of gravity ot the paper 

B. D. Ifi 
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as origin. SuppouDg the fly to be able to prefcnt hinuelf ficom aUpping on thi 
paper, show that his angular Telocity in spaoe about the eommon centre of graTitg 

of the paper and fly is eqoal to .-=,^ — r-r* « -r: f where JIT and m are the maasei 

of the paper and the fly and k is the radius of gyration of the paper aboat ii 
ceutre of gravity. Henoe find the path of the fly in spaoe. 

Ex. 5. Suppose the ice to melt from the polar regions twenty degrees romk 
each pole to the extent of something more than a foot thick, enough to giye l-^fee 
over those areas or *066 of a foot of water spread over the whole globe, which wonlc 
in reality raise the sea-level by only some such xmdiscoverable difference as {th o 
an inch or an inch, then this would slacken the earth's rate as a time-keeper 1^ 
one-tenth of a second per year. This and the next example are taken from, thi 
Phil, Mag, They are both due to Sir W. Thomson. 

If £ be the mass of the earth, a its radius, k its radius of gyration about ib 
polar axis, w its angular velocity before the melting, then we have by the principle 

of angular momentum — =>-avri:i coe9(l+cos^, where Jf is the mass of the m 

melted and $ is twenty degrees. Substituting for the letters their known numeriea 
values, the value of dw is easUy found. 

Ex. 6. A layer of dust is formed on the earth h feet thick, where h is small, b; 
the fall of meteors reaching the earth from all directions. Show that the change ii 

the length of the day is nearly — ^ of a day, where a is the radius of ihe eaitl 

in feet, p and D the densities of the dust and earth respectively. If the density o 
the dust be twice that of water and h = ^, express this in numbers. 



TTie Invariable Plane, 

301. It is shown in Art. 72 of Chap, ii., that all the momenta 
of the several particles of a system in motion, are together equi 
valent to a single resultant linear momentum at any assume< 
origin 0, represented in direction and magnitude by a line OV 
together with an angular momentum about some line passing 
through 0, represented in direction and magnitude by a line OE 
Let /*,, A,, Ag be the moments of the momenta of the particlei 
about any rectangular axes Ox, Oy, Oz meeting in 0, so that 



h, = 2m 



V dt ^ dt) ' 



with similar expressions for A , A , and let A* = A * + A " + A ■ Thei 

h h h 

the direction-cosines of OH are t^» "^ , ^ a°d the angular mo 

mentum itself is represented by A. 

If no external forces act on the system then by Art. 72 or Art 
283 A,, A,, Ag are constant throughout the motion, hence OH ii 
fixed in direction and magnitude. It is therefore called the in 
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variable line at 0, and a plane perpendicular to Oil is called tlio 
invariable plane at 0. 

If any straight line OL be drawn though making an angle & 
with tlie invanablo line OH at 0, the angular inomentum about 
OL is k cos 9. For the axis of the resultant mo men turn -couple 
is OH, and the resolved part about OL is therefore OH cos 9. 
Hence the invariable line at may also be defined as that axis 
through about wbich the moment of the momentum is greatest. 

At different points of the system the position of the invariable 
line is different. But the rules by which they are connected are 
the same as those which connect the axes of the resultant couple 
of a system of forces when the origin of reference is varied. These 
have been already stated in Art, 235 of Chap, v., and it is un- 
necessary here to do more than generally to refer to them. 

302. The position of the invariable plane at the centre of 
gravity of the solar system may be found in the following manner. 
Let the system be referred to any rectangular axes meeting in the 
centre of gravity. Let u be the angular velocity of any body 
about its axis of rotation. Let M)^ be its moment of inertia 
about that axis and (a, ^, 7) the direction-angles of that axis. 
The axis of revolution and two perpendicular axes form a system 
of principal axes at the centre of gravity. The angular momentum 
about the axis of revolution is M}^ia, and hence the angular mo- 
mentum about an axis parallel to the axis of s is ^D^to cosy. The 
moment of the momentum of the whole mass collected at the 

centre of gravity about the a3tis of« ^ ^\'^'^~ y^]i ^ence we 

have 

The values of A,, A, may be found in a similar manner. The posi- 
tion of the invariable plane is then known. 

303. The Invariable Plane may be used in Astronomy as a 
standard of reference. We may observe the positions of the 
heavenly bodies with the greatest care, determining the co-ordi- 
nates of each with regard to any axes we please. It is, however, 
clear, that unless these axes are fixed in space, or if in motion 
unless their motion is known, we have no means of transmitting 
our knowledge to posterity. The planes of the ecliptic and the 
equator have been generally made the chief planes of reference. 
Both these are in motion and their motions are known to a near 
degree of approximation, and will hereafter probably be known more 
accurately. It might, therefore, be possible to calculate at some 
future time, what their positions in space were when any set of 
valuable observations were made. But in a very long time some 

IG— 2 
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error may accumulate from year to year and finally become con- 
siderable. The present positions of these planes in space may also be 
transmitted to posterity by making observations on the fixed stars. 
These bodies, however, are not afcolutely fixed, and as time goes 
on, the positions of the planes of reference would be determined 
from these observations with less and less accuracy. A third 
method, which has been suggested by Laplace, is to make use of 
the Invariable Plane. If we suppose the bodies forming our 
system, viz. the sun, planets, satellites, comets, &c., to be subject 
only to their mutual attractions, it follows from the preceding 
articles that the direction in space of the Invariable Plane at the 
centre of gravity is absolutely fixed. It also follows froisi Art. 79 
that the centre of gravity is either at rest or moves uniformly in 
a straight line. We have here neglected the attractions of the 
stars. These, however, are too smsUl to be taken account of in 
the present state of our astronomical knowledge. We may, there- 
fore, determine to some extent the positions of our co-ordinate 
planes in space, by referring them to the Invariable Plane as being 
a plane which is more nearly fixed than any other known plane in 
the solar system. The position of this plane may be calculated at 
the present time from the present state of the solar system, and at 
any future time a similar calculation may be made founded on the 
then state of the system. Thus a knowledge of its position cannot 
be lost. A knowledge of the co-ordinates of the Invariable Plane 
is not, however, sufficient to determine conversely the position of 
our planes of reference. We must also know the co-ordinates of 
some straight Hue in the Invariable Plane whose direction is also 
fixed in space. This, as Poisson has suggested, is supplied by the 
projection on the Invariable Plane of the direction of motion 
of the centre of gravity of the system. If the centre of gravity 
of the solar system were at rest or moved perpendicularly to 
the Invariable Plane, this would fail. In any case our knowled<^ 
of the motion of the centre of gravity is not at present suflScient 
to enable us to make much use of this fixed direction in space. 

304. If the planets and bodies forming the solar system can 
be regarded as spheres whose strata of equal density are concen- 
tric spheres, their mutual attractions act along the straight lines 
joining their centres. In this case the motions of their centres 
will be the same as if each mass were collected into its centre of 
gravity, while the motion of each about its centre of gravity 
would continue unchanged for ever. Thus we may obtain another 
fixed plane by omitting these latter motions altogether. This is 
what Laplace has done, and in his formulae the terms depending 
on the rotations of the bodies in the preceding values o{ h ^ h ^h 
arc omitted. This plane might be called the Astronomical Invari- 
able Plane to distinguish it from the true Dynamical Invariable 
Plane. The former is perpendicular to the axis of the momentum 
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couple due to the iiiulious of tratiRlation of the several bodies, 
the latter is perpeudiculor to the axis of the momeutum couple 
due to the motions of translation and rotation. 

The Astronomical luvariable Plane is not strictly fixed in 
space, because the mutual attractions of the bodies do not strictly 
act along the straight lines joining their centres of gravity, 8o that 
the terms omitted in the expressions for A,, A,, k are not abso- 
lutely constant. The effect of precession ia to make the axis of 
rotation of each body describe a cone in space, so that, even though 
the angular velocity is unaltered, the position in space of the Astro- 
nomical Invariable Plane must be slightly altered. A collision 
between two bodies of the system, if such a thing were possible, 
or an explosion of a planet similar to that by which Olbers sup- 
posed the planets Palla-s, Ceres, Juno and Vesta, &c., to have beeu 
produced, might make a considerable change in the sum of the 
terms omitted. In this case there would be a change in the 
p-jsition of the Astronomical luvariable Plane, but the Dynamical 
Invariable Plane would bo altogether unaffected. It might be 
supposed that it would be preferable to use in Antronomy the 
true Invariable Plane. But this is not necessarily the case, for 
the angular velocities and moments of inertia of the bodies form- 
ing our system are not all known, so that the position of the 
Dynamical Invariable Plane cannot be calculated to any near 
degree of approximation, while we do know that the terms into 
which tliese unknown quantities enter are all very small or nearly 
constant All the terms rejected being small comparod with 
those retained, the Astronomical Invariable Piano must make 
only a small angle with the Dynamical luvariable Plane. Al- 
though the plane is very nearly fixed in space, yet ita intersection 
with the Dynamical Invariable Plane, owing to the smallness of 
the inclination, may undergo considerable changes in course of 
time. 

In the M^canioue Celeste, Laplace calculated the position of 
the Astronomical Invariable Plane at the two epochs, 1750 and 
1950, assuming the correctness for this period of hb forrauhe for 
the variations of the eccentricities, inclinations and nodes of the 
}ilanetary orbits. At the first epoch the inclination of this plane 
to the ecliptic was 1*76»9, and longitude of the ascending node 
114°3979; at the second epi>ch the inclination will be the same as 
before, and the longitude of the node lI4''-3934. 

3Da. Ex. 1. Show that the iavuiable pUne at any point of flpkce iu the 
xtraigbt line described b; the centre of gisvity of the soloi sjstem ie pu»llcl to 
that at the centre of gniritj. 

Ex. 2. IT the invariablB planes at all points in a OGftun atrwght line are 
gianUel, theo that alraight liue is parallel to the straight hue described b; the 
ucntre of gtvn tj*. 
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Impulsive Forces in Three Dimensions. 

306. Oonstrained lingle body. To determine the general 
equations of viotion of a body about a fixed point under the action 
of given ivipulses. 

Let the fixed point be taken as the origin, and let the axes 
of co-ordinates be rectangular. Let (fl„ fl^, fl,), («^, «^, «J be 
the angular velocities of the body just before and just after the 
impulse, and let the differences «,— fl,, «»y— fl^, «, — fl, be 
called en ' en/, en/. Then «/, »/, «,' are the angular velocities 
generated by the impulse. By D'Alembert's Principle, see Art 87, 
the difference between the moments of the momenta of the par- 
ticles of the system just before and just after the action of the 
impulses is equal to the moment of the impulses. Hence by 
Art 262 

A(oJ— (S,mxy)(»J— (Sfiwa)i»/ = -^ 1 

Ba)J-{lmy2)<D,'-{tmyx)wJ=M[ (1), 

Cen,' — {Xmzx) to J — (2m^y)i»/= N) 

where Z, M^ N are the moments of the impulsive forces about the 
axes. 

These three equations will suffice to determine the values ol 
^Ji <"*'» ««>«'. These being added to the angular velocities before 
the impulse, the initial motion of the body after the impulse if 
found. 

807. Ex. 1. Show that these equations are independent of each other. 
This follows from Art. 20, where it is shown that the eliminant of the equationi 
cannot vanifih. 

Ex. 2. Show that if the body be acted on by a finite number of given impnlsei 
following each other at infinitely short intervals, the final motion is independent 
of their order. 

.*^08. It is to be observed that these equations leave the axei 
of reference undetermined. They should be so chosen that tin 
values of A, ^mxy, &c. may be most easily found. If the post 
tions of the principal axes at the fixed point are known they wil 
in general be found the most suitable. 

In that case the equations reduce to the simple form 

£6>; = ifl (2). 

The values of w/, w^', cd,' being known, we can find the pres- 
sures on the fixed point. For by D'Alembert's Principle the 
rhange in the linear momentum of the body in any direction u 



eqnal to the resolved part of the impulsive forces, Hence if 
F, O.Hhe the pressures of the fixed point on the body 




From tbMfl u„ m, nuT b« fonnd. B; elimiiutiiig B wo luTe - 

Heuce if NQ be taken equal to ^ NF, the due will begin to lotAte ftboal OQ. The 

runlUiit aagalur \tloaly will b^ -—, OQ. 

310. New statement of the Problem. When a body free 
to turn about a fixed point la acted on by any number of impulses, 
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each impulse is equivalent to an equal and narallel impulse acting 
at the fixed point together with an impulsiye couple. ^ The im- 
pulse at the fixed point can have no eCFect on the motion of the 
IxKly, and may therefore be left out of consideration if only the 
motion is wanted. Compounding all the couples, we see that 
the general problem may be stated thus : — A body moving about 
a fixed point is acted on by a given impulsive couple, find the 
change produced in the motion. The analytical solution is com- 
prised in the equations which have been written down in Art. 306. 
The following examples express the result in a geometrical fonn. 

Ex. 1. Show from these eqaationB that the resultant axis of the angnlir 
velocity generated by the couple is the diametral line of the plane of the oovple 
with regard to the momental ellipsoid. See also Art 118. 

Ex. 2. Let G be the magnitude of the oonple, p the perpendionlar from the 
fixed point on the tangent plane to the momental ellipsoid parallel to the plane 
of the couple G. Let be the angnlar Telocity generated, r the radina veetor of 
the ellipooid which is the axis of O. Let M^ be the parameter of the ellipeoid. 

Prove that ^= — . 
11 j>r 

Ex. 3. If Q„ 0,, (ig be angular vdocities about three eonjugate diameters of 
the momental el1ii>Hoid at the fixed point, such that tkeir resultant is the ^T>gnUr 
velocity generated by an impulsive couple G, A', B\ (T the moments of inertia 
about theHe cod jugate diameters, prove that 

rl'n,= GcoBa, 2^'a,= G 008/3, C'0,= Gcos7, 

where a, fi, y arc the angles the axis of G makes with the conjugate diameters. 

Ex. 4. If a body free to turn about a fixed point be acted on by an impnlsiTe 
coui)le G, who»e axis is the radiuH vector r of the ellipsoid of gyration at O, and if 
p be the perpendicular from on the tangent plane at the extremity of r, then the 
axis of the angular velocity generated by the blow will be the perpendicular />, and 
the magnitude Q iH given by G = MprQ, 

Ex. 5. Show that if a body at rest be acted on by any impulses, we may take 
moments about the initial axis of rotation, according to the rule given in Art. 89, 
as if it were a fixed axis. 

Ex. 6. Wlicn a body turns about a fixed point the product of the moment of 
inertia about the instantaneouK axis into the square of the angular velocity is 
called the Vis Viva. Let the vis viva generated from rest by any impulse be 2r, 
and let the vis viva generated by the Bame impulse when the body is constrained to 
tuni about a fixed axis passing through the fixed point be 2T'. Then prove that 
I"=r cos^^, where 6 is the angle between the eccentric lines of the two axes of 
rotation with regard to the moiucntal ellipsoid at the fixed point. 

Ex. 7. Hence deduce Euler's theorem, that the vis viva generated from rest 
by an impulse is greater when the body is free to turn about the fixed point, than 
when constrained to turn about any axis through the fixed point. This theorem 
was afterwards generalized by Lagrange and Bertrand in the second part of the first 
volume of the Micanique Analytique. 
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311. Free eliigle body. To determine Ike motion of a free 
body acted on by any given impulse. 

Since the body is free, the motion round the centre of gravity 
is the same as if that point were fixed. Hence the axes being any 
three straight lines at right angles meeting at the centre of 
gravity, the angular velocities of the body may still be found by 
equations (1) and (2) of Art. 306, 

To find the motion of the centre of gravity, let {U, V, W), 
(u, w, w) be the resolved velocities of the centre of gravity just 
before and just after the impulse. Let X, Y, Z he the com- 
ponents of the bU)w, and let M be the whole mass, Then by 
resolving parallel to the axes we have 

M{u-0')=X,M(v-V) = Y, M(u>-W) = Z 

If we follow the same notation as in Art. 306, the differences 
u — U, V — V, 10— W may be called u', v', tv. 

S13. Ei. 1. A body at rcet u uted oa by &d impolEe whoea eomponenla 
parallel to the prmoipal aiea ftt tho oentre of gravit; ore (-V, Y, Z) and the oo- 
ordinatea at whoflo point of application referred to these axes are (p, q, r). Ptots 
that if the reaolting motiou be one of rotation only aboat some ails, 
A\B- C)pYZ + /t (C - H ) q^X^■C (A - D) tXY=(\. 

Ii this condition nuffloient aa well as neoesBsiy T Sec Art. 341, 

Ex. S. A homogeneous cricket-ball is set rotating aboat a horizontal axis in 
the vertical plane ol projeotioa with an angular Telocity 11. When it Btrikes the 
groond, »appo«ed perTeclly longh and inelastic, the centre i» moving with Telocity 
V in a direction makinit an angle a with the horizon, prove that the direction of 
the motion of the ball after impact will make with the plane of projection an angle 






where a is the radins of tlic ball. 



313. Motion of any point of the body. The equations of 
Art. 311 completely determine the motion of a free body acted on 
by a given impulse, and from these by Art. 238 we may determine 
the initial motiou of any point of the body. Let {n, q, r) be the 
co-ordinates of the point of application of the blow, then the 
moments of the blow round the axes are respectively qZ—rY, 
rX — pZ, pY—gX. These must be written on the right-hand 
sides of the equations of Art. 306. Let (/>', q', r') be the co- 
ordinates of the point whose initial velocities parallel to the axes 
are required. Let (u , v^, w^), (u,. v,, w,) be its velocities just 
before and just after the impulse. Let the rest of the notation 
be the same as that used in Art,. 306. Theu 

«, — «, = «'+ W„V' — d),'^', 
with similar equations for v —v,, w, — to,. Substituting in these 
equations the value of u', v, w, «/. «,', m.' given by Art 311 we 
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see that ti,— u,, v. — v., ^t^^i <^^ ^ linear functions ct X, T^ Z 
of the first degree of the form 

where F, G, H sue functions of the structure of the body and the 
co-ordinates of the two points. 

314. When the point whose initial motion is required is the 
point of application of the blow, and the axes of reference the 
principal axes at the centre of gravity, these expressions take the 
simple forms 

The right-hand sides of these equations are the differential 
coefficients of a quadratic function of X, F, Z, which we may call 
E. It follows that for all blows at the same point ¥ of the same 
body the resultant change in the velocity of the point P of appU- 
cation is perpendicular to the diametral plane of the direction of 
the blow with regard to a certain ellipsoid whose centre is at P, 
and whose equation is E = constant 

The expression for E may be written in either of the equi- 
valent forms. 



2A'=^±^ + ^ 



-(ApX + BqT+OrZ)*} 

= ^^-^^ + j(qZ-rTy+^{rX-pZ) + ^{pY-qX)\ 

In this latter form we see that it is 

= if (m" + v'* + w'^ + Aa>J^ + 5©;* + Cl».'", 
which is the vis viva of the motion generated by the impulse. 



Impact of any two Bodies. 

315. Two bodies moving in any manner impinge on each other, 
find the motion after impact. 

Inelastic Bodies. If the bodies be inelastic and either per- 
fectly smooth or perfectly roughs it is unnecessary to introduce the 
reactions into the equations. In such a case we take the point of 
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contact for the ori^Q. Let the axes of x and y be in the tangent 
plane and that of e be normal. Let U, V, W be the resolved 
velocities of the centre of gravity of one body jiiat before the im- 
pact and u, V, w the resolved velocities just after the impact. Let 
ilj, Jl,, n„ Wj,. n),, CO, be the angular velocities just before and just 
after. Let A, B, C, D, E, F he the moments and products of 
inertia at the centre of gravity. Let M be the mass of the body, 
and X, 1/, 2 the co-ordinates of its centre of gravity, Let accented 
letters denote the same quantities for the other body. 

Then taking moments about the axes for one body we have, 
by Arts. 306 and 76, 

-F{co,~n,) + B{fo,-fl,)-D{m.-il,)-{io-W)x + {u-lI)e = 0. 

-£:(o>,-n,)-Z?K-fi,) + C{w.-n.)-(«-D')y + (i;-r)a: = 0. 
Three similar equations apply for the other body which differ from 
these only in having all the letters accented. 

Resolving along the axis of e for both bodies, we have 
M[tu-W)+M-{w'- W) = 0. 
The relative velocity of compression ie zero at the moment of 
greatest compression, we have therefore 

ttj — 0)^1/ + to^ = w' — (u^y 4- w,V. 
We thus have eight equations between the twelve unknown re- 
solved velocities and angular velocities. 

316. If the bodies be smooth we obtain four more by resolving 
for each body parallel to the axes of x and y. For one body vre 
have M- ^"=0, v- V=0, 

with similar equations for the other body, 

317. If the bodies be perfectly rough we obtain two of the 
four equations by resolving the linear momenta parallel to the 
axes of X and y, viz. 

M{v'-V) + M-{v'-V)=q]' 
We have also two geometrical equations obtained by equating to 
zero the resolved relative velocity of sliding, viz, 
« - w^ + MJ = m' - a>,'3' + wly ] 

V — (0^ + w^ — v— to,'^' + tojt'j ' 

31S. Smooth Silastic Bodies. If the bodies be smooth and 
>iii]Xirfedly elastic, wp must introduce the normal reaction into 
iho equations. In this case we proceed exactly as in the general 
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case when the bodies are rough and elastic, which we shall con- 
sider in the following articles. The process is of course cdmplified 
by putting the fractions P and Q both equal to zero in the twelve 
equations of motion (1), (2), (3) and (4). We also have the velo- 
city C of compression equal to zero at the moment of greatest 
compression. Thus we have one more equation from which the 
normal reaction R may be found. Multiplying this value of R 
by 1 + « where e has the meaning given to it in Art. 179, we have 
the complete value of R for the whole impact. Substituting this 
last value of R in the twelve equations of motion (1) and (2), (3) 
and (4), the motion of both bodies just after impact may be foundL 

319. Bough Elastio Bodies. The problem of determining 
the motion of any two rough bodies after a collision involves some 
rather long analysis and yet there are some points in which it 
differs essentially from the same problem considered in two di- 
mensions. We shall, therefore, first consider a special problem 
which admits of being treated briefly, and will then apply the 
same principles to the general problem in three dimensions. 

320. Two rough ellipsoids moving in any manner impinge on 
each other so thai the extremity of a principal diameter of one 
strikes the extremity of a principal diameter of the other, and cU 
thai instant the three principal diameters of one are parallel to 
those of the other. Find the motion just after impact 

Let us refer the motion to co-ordinate axes parallel to the prin- 
cipal diameters of either ellipsoid at the beginning of the impact. 
Then since the duration of the impact is indefinitely small and 
the velocities are finite, the bodies will not have time to change 
their position, and therefore the principal diameters will be par- 
allel to the co-ordinate axes throughout the impact 

Let Uy V, W be the resolved velocities of the centre of gravity 
of one body just before impact; u, v, w the resolved velocities at 
any time t after the beginning of the impact, but before its termi- 
nation. Let n^, Hy, fl, be the angular velocities of the body just 
before impact about its principal diameters at the centre of gravity; 
o),, 0)^, G), the angular velocities at the time t. Let a, b, c be the 
scmiaxes of tlie ellipsoid, and A, B, C the moments of inertia at 
the centre of gravity about these axes respectively. Let Jlf be the 
mass of the body. Let accented letters denote the same quan- 
tities for the other body. Let the bodies impinge at the extremi- 
ties of the axes of c, c'. 

Let P, Q, R be the resolved parts parallel to the axes of the 
momentum generated in the body M by the blow during the time 
U Then — P, — Q,—R are the resolved parts of the momentum 
generated in the other body in the same time. 
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The eqoatioDs of motioD of the hody Jf are 

B(^,-nj = -PcJ (1). 

G(^.-n,) = o ] 

Miu-U) = P] 

M(v~r) = Q\ (2). 

There will be six corresponding equations for the other hody 
which may be derived from these by accenting all the letters on 
the left-hand sides and writing ~ P, — Q, — R and — c' for P, Q, R 
and c on the right-hand sides of these equations. Lot us call these 
new equations respectively (3) and (4). 

Let S be the velocity with which one ellipsoid slides along the 
other, and the angle the direction of sliding makes with the 
axis of X. then 

S COS tf = u' + c'fli,' — u + »», (5), 

S b\u S = v ~ c'toj ~ V + cto, (6). 

Let C be the relative velocity of compresnon, then 

C = k' — w (7j. 

Substituting in these equations from the dynamical equations 
we bare 

ScoB9 = S^co3 0^-pP (8), 

5 sin 5= S,sm$^-qQ.... (9), 

G=G,-rR (10). 



where 



..(11), 



..(12). 



5, flin ff, = F - c'fl.' -V+ca, 
C,-W'-W 

1 , 1 . «■ . 

''-3? + ff + B + 
lie" 



These are the constants of the impact. 8^, C„ are the initial 
velocities of shding, and 0^ the angle the direction of initial sliding 
makes with the axis of a;. Let us take as the standanl case that 
in which the body M' is sliding along and compressing the body M, 
so that S, and C, axe both positive. Tlie other three constants 
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p, q, r are independent of the initial motion and are essentially 
positive quantities. 

321. Exactly as in two dimensions we shall adopt a graphical 
method of tracing the changes which occur in the frictions. Let 
us measure along the axes of x, y, z three lengths OP, OQ, OR to 
represent the three reactions P, Q, B. Then if these be regarded 
as the co-ordinates of a point T, the motion of T will represent 
the changes in the forces. It will be convenient to trace the loci 
given by iS = 0, C = 0. The locus given by iS = is a straight 
Une parallel to the axis of B, which we may call the line of no 
sliding. The locus given by (7= is a plane parallel to the plane 
P, Q, which we may call the plane of greatest compression. At 
the beginning of the impact one ellipsoid is sliding along the other, 
so that according to Art. 154 the friction called into play is limit- 
ing. Since P, Q, B are the whole resolved momenta generated in 
the time t ; dP^ dQ^ dR will be the resolved momenta generated 
in the time dt, the two former being due to the frictional, and the 
latter to the normal blow. Then the direction of the resultant of 
dPy dQ must be opposite to the direction in which one point of 
contact slides over the other, and the magnitude of the resultant 
must be equal to fidB, where ^ is the coefficient of friction. We 
have therefore 

^-d = -* ^ = l^^i^ (13). 

dQ S^smO^-qQ ^ ^' 

(dpy+{dQy^^\dRy (U). 

The solution of these equations will indicate the manner in 
which the representative point T approaches the line of no sliding. 

The equation (13) can be solved by separating the variables. 

We get 

1 1 

{S,cos0^^pP)P^a{S,8in0,^qQ)i, 

where a is an arbitrary constant. At the beginning of the motion 
P and Q are zero, hence we have 

(S, COS e,- pP\l _ (S, sinf .^ qQ\ ] 

\ s.cosd, J -\ ~s,Bme, J ^^^>' 

which may also be written 

8cos0 



1_/Ssm0\\ 



or 

" Vsin t 





sin ^ \ -^ /cos 0A-— 



"'MS^^'-'-O* w- 



This equation gives the relation between the direction and the 
velocity of sliding. 
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322. If the direction of slidiug does not cLange during the 
impact 6 must be conataut and equal to $^. We »ee from (16) 
that if p=7. then d = 6^; and conversely if B = 6„, S would be 
constant unless p = q. Also if sin $^ or cob 0^ be zero, S would 
be zero or infinite unless = 0^. The necessary and sufBcient 
condition that the direction of friction should not change during 
the impact is therefore p = q or sin 20^ = 0. The former of these 
two conditions by (12) leads to 



^(M)-^-a'-i)-- 



..(IS). 



If this condition holds, we have by (13) P = Qcot6^ and 
therefore by (14) 

P = M-R cos 0^ 
Q=tj.IiameJ 



..(19). 



It follows from these equations that when the friction is limit- 
ing, the representative point T moves along a straight line making 
an angle tan"V with the axis of ^, in such a direction as to meet 
the straight line of no sliding. 

323. If the condition p = q does not hold, we may, by dif- 
ferentiating (8) and (9) and eliminating P, Q, and S, reduce the 
determination of £ in terms of 9 to an integral. 

By substituting for S from (17) in (8) and (9), we then have 
P, Q, R expressed as fiinctions of 0. Thus we have the equations 
to the curve along which the representative point T travels. 
The curve along which T travels may more conveniently be 
defined by the property that its tangent by (14) makes a constant 
angle tan~'/t with the axis of R and its projection on the plane 
of PQ is given by (15), And it follows that this curve must 
meet the straight line of no sliding, for the equation (15) is satis- 
fied by pP = S, cos ^„ qQ = S,%m0,. 

324. The whole pri^ess of the impact may now be traced 
exactly as in the corresponding problem in two dimensions. The 
representative point T travels adng a certain known curve, until 
it readies the line of no sliding. It then proceeds along Hie line 
of no sliding, in such a direction that the abscissa R increases. 
The complete value K^ o/* R for the whole impact is found bg 
midtiplying the abscissa R, of tlie point at which T crosses the 

flane of gj-eatest compression by 1 + c so that R, = R, ( 1 + e), »/ e 
e the measure of the elasticity of the two bodies. The complete 
values of the frictions called into play are Ute ordinates of the 
positions of T corresponding to tlie abscissa R = R,. Substi- 
tuting these in tite dynamU-nl ei/vations (I), (2), (3), (4), (As 
motion of the two bodies just after impact may befowut. 
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325. Since the line of no sliding is perpendicular to the 
plane of PQ, P and Q are constant when T travels along this line. 
So that when once the sliding friction has ceased, no more friction 
is called into play. If therefore sliding ceases at any instant 
before the termination of the impact as when the bodies are 
either very rough or perfectly rough, the whole frictional impuLses 
are given by 

p= ^9^0 Q ^ ^0 sin g , 
P 9 ' 

If (T be the arc of the curve whose equation is (15) from the 
origin to the point where it meets the line of no sliding, then the 
representative point T cuts the line of no sliding at-a point whose 

abscissa is £ = — . If the bodies be so roueh that - < — ^ , the 

fi ^ fA, r 

point T will not cross the plane of greatest compression until after 

it has reached the line of no sliding. The whole normal impulse 

is therefore given by iJ = — ^ (1 + e). Substituting these values of 

P, Q, R in the dynamical equations, the motion just after impact 
may be found. 

826. Ex. 1. If ^ be the angle the direction of sliding of one ^Uipaoid over the 
other makes with the axis of x, prove that $ continually increases or continnaUj 

decreases throoghout the impact. And if the initial value of B lie between and ^ , 

then approaches - or zero according as p is > or < j. Show also that the repre- 
sentative point reaches the line of no sliding when $ has either of these values. 

Ex. 2. If the bodies be such that the direction of sliding continues unchanged 
during the impact and the sliding ceases before the termination of the impact, the 

roughness must be such that /a> _ '^ r . 

Ex. 3. If two rough spheres impinge on each other, prove that the direction 
of sliding is the same throughout the impact. This proposition was first given by 
Coriolis. Jeu de hillard, 1835. 

Ex. 4. If two inelastic solids of revolution impinge on each other, the vertex 
of each being the point of contact, prove that the direction of sliding is the same 
throughout the impact. This and the next proposition have been given by 
M. Phillips in the fourteenth volume of LiouviUe^i Journal. 

Ex. 5. If two bodies having their principal axes at their centres of gravity 
parallel impinge so that these centres of gravity are in the common normal at the 
point of contact and if the initial direction of sliding be parallel to a principal ft.Ti« 
at either centre of gravity, then the direction of sliding will be the same throughout 
the impact. 

Ex. 6. If two ellipsoids of equal masses impinge on each other at the ex- 
tremities of their axes of c, c\ and if aa'=W and ca'^bc'^ prove that the direction 
of friction is constant throughout the impact. 
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327. Two rough bodies mwing iv any vmnner impinge on 
each other. Find the motion just after impact. 

Let us refer the motion to co-ordinate axes, the axes of x, y 
being in the tangent plane at the point of impact and the axis of z 
along the normal. Let U, V, W be the resolved velocities of the 
centre of gravity of one body just before impact, «, u, w the re- 
solved velocities at any time t after the beginning, but before the 
termiuatioD of the impact. Let II,, fl,, Ci, be the angular velo- 
cities of the same body just before impact about axes parallel to 
the co-ordinate axes, meeting at the centre of gravity; a,, o^, <o, 
the angular velocities at the time t. Let A, B, C. D, E, F he the 
moments and products of inertia about axes parallel to the co- 
ordinate axes meeting at the centre of gravity. Let M be the 
mass of the body. Let accented letters denote the same quantities 
for the other body. 

Let P, Q, R he the resolved parts parallel to the axes of the 
momentum generated in the body M from the beginning of the 
impact, up to the time t. Then — P,—Q, - R are the resolved 
parts of tne momentum generated in the other body in the same 
time. 

Let {t. If, z) ix\ y, s) be the co-ordinates of the centres of 
gravity of the two bodies referred to the point of contact as origin. 
The e(]uations of motion are therefore 

A(m,-il,)-F{o>,-a,)-E{a.~n.) = -yR + zQ\ 

M<v-V) = qI (2). 

M(w~W) = R) 
We have six similar equations for the other body, which differ 
from these in having all the letters, except P, Q, R, accented, and 
in having the signs of P, Q, R changed. These we shall call equa- 
tions (3) aud (4). Let S be the velocity with which one body 
slides along the other and let 6 be the angle the direction of 
sliding makes with the axis of a;. Also let C be the relative velo- 
city of compression, then 

8 COS 6 = u' — ta^'z' + a,'i/ — u + «^ — m,y\ 

8aD$=v' — w.V-f ti},'s' - V +(i>^ — ti>^\ (5), 

C= w — w,V-l- w/ic' — w 4- <B,y - w^) 
If we Bubatitut© from (1) (2) (3) (4) in (5) we find 
5, cos 5^ - Scofi ^ = flP -I- /(? + cfll 

S,Bin^.-Ssin5=./P-H6§ + dfi[ (6), 

C^-C=eP + dQ-^cR\ 
■.». 17 
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where S^, 0^, C^ are the initial values of S^O^C and are found fron 
(5) by writing for the letters their initial values. The expression! 
for a, b,c,d,e,fBie rather complicated, but it is mmeoessazy U 
calculate them. 

328. We may now trace the whole progress of the impact b; 
the use of a graphical method. Let us measure firom the point o 
contact 0, along the axes of co-ordinates, three lengths OP^ OQ 
OR to represent the three reactions, P, Q, B. Then if, as before 
these be regarded as the co-ordinates of a point T, the motion o 
T will represent the changes in the forces. The equatioxiB to th( 
line of no sliding are found by putting 5=0 in the first two o 
equations (6). We see that it is a straight Una 

The equation to the plane of greatest compression is found b; 
putting C= in the third of equations (6). 

At the beginning of the impact one body is sliding along ih 
other, so that the friction called into play is limiting. The patl 
of the representative point as it travels firom is given, as ii 
Art. 321, by 

r.r^.a^^^^f^''^ (7). 

cos u sm u ^ ' 

When the representative point T reaches the line of no sliding 
the sliding of one body along the other ceases for the instant 
After this, only so much friction is called into play as will suffio 
to prevent sliding, provided this amount is less than the limitinj 
friction. If therefore the angle the line of no sliding makes witl 
the axis of iZ be less than tan~*/i, the point T will travel along it 
But if the angle be greater than tanT^ fi, more friction is necessar 
to prevent sliding than can be called into play. Accordingly tb 
friction will continue to be limiting, but its direction will b 
changed if S changes sign. The point T will then travel along i 
curve given by equations (7) with d increased by tt. 

The complete value R^ of R for the whole impact is found b 
multiplying the abscissa R of the point at which T crosses the plan 
of greatest compression by 1 + e, where e is the measure of elasti 
city, so that i?, = R^{1+ e). The complete values of P and Q ar 
represented by the ordinates corresponding to the abscissa R 
Substituting in the dynamical equations, the motion just afte 
impact may be found. 

329. The path of the representative point before it reache 
the line of no sliding must be found by int^rating (7). B 
differentiating (6) we have 

d (S cos 0) ^ adP 4- fdQ -f edR aficosO +ffiAu0 + e 
d{8em0) fdP-^bdQA'ddR''fficoB0 + bfiBm0-^d'"^^^' 



...(9). 
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which reduces to 

1 JO "-t- + ^-5- cos -2$ +/sin 26+- cos ^ + - aii 
1 '*'0_^ 2 ft /* 

_ <i^^^ 20 +/COS 2^ + ~ COB 5 - - sin ^ 

From this equatioD we may find iS as a function of in the 
form 8 = Af{0), the constant A being determined from the con- 
dition that S=8„ when = 6^. DiffereBtiating the first of equa- 
tions (6) and substituting from (7) wo get 

-Ad\co&ef{e)\ = {iuico^e+ti.fs\a0-\-e)dR (10), 

whence we find R= AF{0) + B, the constant B being determined 
from the condition that R vanishes when 6 = 0,. By substituting 
these values of S and R in the first two equatioos of (6) we find 
P and Q in terms of 0. The three equations giving P, Q, R ta 
functions of are tlje equations to the path of the ropresentatire 
point. It should be noticed that the tangent to the path at any 
point makes with the axis of if an angle equal to tan~V' 

330. If the direction of friction does not change during the 
impact, 6 is constant and equal to 0^, so that 6 cannot be chosen as 
the independent variable. In this case P = fiRcos0^, Q = ti,R am 0^ 
and the representative point moves along a straight line roakiog 
with the axis of Ji an angle tau'V- Substituting these values of 
P and Q in the first two of equations (6) we have 

-^ain2ft+/co8 2^,+ -co85,-?8inft=0 (11), 

as a necessary condition that the direction of friction should not 
change. Conversely if this condition is satisfied the equations (6) 
and (7) may all he satisfied by making constant In this case it 
is also easy to see that the path of the representative point inter- 
sects the line of no sliding. 

If S be zero, the representative point is situated on the line 
of no sliding. If the angle this straight line makes with the axis 
of R be less than tan'V. the representative point will travel along 
it. But if the angle be greater than tan'V- more friction is neces- 
sary to prevent sliding than can be called into play. Since jS, is 
zero, the initial value of is unknown. In this case diflferentiating 
the tirBt two equations of (i3) and putting S =0, we see by division 
that the initial value of $ must satisfy equation (11). The con- 
dition that the direction of friction does not change is therefore 
satisfied. This value of makes the subject uf integration in (9) 
infinite so that the reasoning there given must be mijdified. But 
by what has just been said, we see that the path of the repre- 
sentative point is a straight line making with the axis of £ an 
angle equal to tan"*/* and which has the proper initial value of 0. 

17—2 
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8S1. Ez.1. L0tGs A "F -£ yB-sQ 

-^ B -D sP-jbB 

-B -D C «Q-yP 

y£-iQ iP-x£ sQ-yP > 

and let A be the determinant obteined hj leaiing out the hwt taw and last ^^ftJi—w 
Let G', A' be the eonesponding expressions for the other bo^. Then a, 5, e, ^ e,/ 
an the coefficients of P>, Q>, £>, 2Qfi, 2ilP, 2PQ in the qnadzio 



(5+f)'^+«'+^+1«+|<^'=»^- 



where 2£ is a constant, which may be shown to be the snm of the wirea litn of 
the motions generated in the two bodies, as explained in Art. 314. 

This qnadrio ma j be shown to be an ellipeoid bj comparing ita i^Tiatinn with 
that giTen in Art 28, Ex. 3. 

Show also that a, 6, c are necessarilj positire and db >p, hod^^ ca > e*. 

Show that by taming the axes of reference roond the azia of R tfazooQ^ tiis 
proper angle we can make / zero. 

Ex. 2. Prove that the line of no sliding is parallel to the conjugate ^i*^ 'n tt k« m 
of the plane containing the frictions P, Q. And the plane of greateat ronniifaainn 
is the diametral plane of the reaction R, 

Ex. 8. The line of no sliding is the intersection of the polar planm of two 
points sitoated on the axes of P and Q and distant reepectiTely from the origja 

. and 71 — . A- • ^e plane of greatest compression is the polar plane of 

2E 
a point on the axis of R distant -^ from the origin. 

Ex. 4. The plane of PQ cuts the ellipsoid of Ex. 1 in an eUipee, whose v^ 
divide the plane into four qoadrants ; the line of no sliding cats the plane of PQ in 
that quadrant in which the initial sliding Sq occors. 

Ex. 5. A parallel to the line of no sliding throagh the origin cats the plane of 
greatest compression, in a point whose abscissa R has the same sign as C^ Hence 
show, from geometrical considerations, that the representatiye point T must crott 
the plane of greatest compression. 

EXAMPLES •. 

1. A cone revolves round its axis with a known angular velocity. The altitodt 
begins to diminish and the angle to increase, the volume being constant. Shov 
that the angular velocity is proportional to the altitude. 

2. A circular disc is revolving in its own plane about its centre ; if a point in 
the circumference become fixed, find the new angular velocity. 

8. A uniform rod of length 2a lying on a smooth horizontal plane paws 
through a ring which permits the rod to rotate freely in the horizontal plane. Tbi 
middle point of the rod being indefinitely near the ring any angular velocity is 

* These examples are taken from the Examination Papers whioh have been nt 
in the University and in the Colleges. 




impreased on it, show that nbon it leavra the ring the rftdiua reotar of the middle 
point will hftve swept oat an area eqnal tc 

i. An elliptio lamino is rotating about its centre on ft emootb horizo&ttJ table. 
It Uf, u,, u, be ita angnloj' velocitica reapcctivel; wben the extrenutiea al Its toajor 
aiia, ita Tocua, and the citremity ol the minor ails become fixed, piovo 



5 . A rigid body moveable about a fixed point O at which the principal momenta 
aie .1. £, C ia Btrnck by a blow a[ gircD magnitude at a giien point. II the 
angular Telocity thu» impressed on the body be the grcatcal posaiblo, pcova that 
(a, b, e) being the oo-ordinales of the given point referred to the principal aiea 
at O, and (I, m, n) the direetion cosines of tho blow, then 

al + 6m + «n=0, 

6. Ajiy triangular lamina ABO has the angalar point C fixed and ia capable 
of tree motion about it, A blow ii Btraek at B perpendicolar to the plane ol the 
triangle. Show that the initial axis of rotation ia that triseotoi of the ude AB 
which is furthest firom B, 

7. A cone of maaa m and vertical angle 2a can move freely about its axis, and 
has a fine smooth groove cut along its surface lo as to make a constant angle fi 
with the generating Unea of the cone. A heavy panicle of mass P movea along 
the groove under the action of gravity, the system b^ing initially at rest with the 
particle at a distance e b-om the vertex. Show that if S be the angle throngh whidi 
the cone has tnmed when the particle is at any distance r bom the vertex, then 

k b«ing the radius of ^Tration of the cone about its axia. 

8. A body ia turning about an axis through its centre of gravity, a point in 
the body becomes suddenly fixed. It the new instantoneoas axia be a piineipol 
axis with respect to the point, show that the Iocdb of the point is a rectangular 
hyperbola. 

9. A cube is rotating 
its edges which does 
angular velocity abont this edge as 

10. Two masses nt, m' are connected by a fine smooth string which p 
round a right circolor cylinder of radius a. The two particles a 
one plane under no impressed forces, show that if .d be the sum of the abaolate 
areas swept oat in a time t by the two unwrapped portions of (be string, 
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IL A piece o! win in the fonn of a dxele lies at net with its plane in eontaet 
with a smooth horizontal table, when an ineect on it raddenlj starts walking along 
the arc with uniform relative velocity. Show that the wire lerolTes round its 
centre with uniform angular velocity while that centre describes a cirole in space 
with uniform angular velocity. 

12. A uniform circular wire of radius a, moveable about a fixed point in its 
circumference, lies on a smooth horizontal plane. An insect of mass eqnnl to thst 
of the wire crawls along it, starting from the extremity of the diameter oppoate 
to the fixed point, its velocity relative to the wire being uniform and eqnal to F. 
Prove that after a time t the wire will have turned throu^ an vagiB 

13. A small insect moves along a uniform bar of mass equal to itael^ ani 
length 2a, the extremities of which are constrained to remain on the oizenmiiBEeDee 

of a fixed circle, whose radii^ is -j- • Supposing the insect to start tram, the middk 

point of the bar, and its velocity relatively to the bar to be uniform and equal to F; 

1 Vt 

prove that the bar in time t will turn through an angle -y= tan~^ — . 

14. A rough circular disc can revolve freely in a horizontal plane abont a Teitiesl 
axis through its centre. An equiangular spiral is traced on the disc having ths 
centre for pole. An insect whose mass is an n*^ that of the diso crawla along the 
curve starting from the point at which it cuts the edge. Show that when the insect 

reaches the centre, the disc will have revolved through an angle log | l + - j , 

where a is the angle between the tangent and radius vector at any point of ths 
spiraL 

• 

15. A uniform circular disc moveable about its centre in its own plane (which 
is horizontal) has a fine groove in it out along a radius, and is set rotating with 
an angular velocity tj. A small rocket whose weight is an n^ of the weight of the 
disc is placed at the inner extremity of the groove and discharged ; and when it has 
left the groove, the same is done with another equal rocket, and so on. Find the 
angular velocity after n of these operations, and if n be indefinitely increased, show 
that the limiting value of the same is ute^K 

16. A rigid body is rotating about an axis through its centre of gravity, when a 
certain point of the body becomes suddenly fixed, the axis being simultaneously set 
free ; find the equations of the new instantaneous axis ; and prove that, if it be 
parallel to the originally fixed axis, the point must lie in the line represented by 

the equations a2Lc + &2my + c2n^=0, (ftJ-c') | + (c«-a*) l^ + (a«-6»)-=0; the prin- 

dpal axes through the centre of gravity being taken as axes of co-ordinates, a, 5 c 
the radii of gyration about these lines, and 2, m, n the direction-ooeineB of the 
originally fixed axis referred to them. 

17. A solid body rotating with uniform velocity a about a fixed n'riff contains 
a dosed tubular channel of small uniform section filled with an incompressible fluid 
in relative equiUbrium ; if the rotation of the solid body were suddenly destroyed 
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the fluid wonld moye in the tnhe with a velocity -j- , where ii 10 the area of the 

projection of the axis of the tabe on a plane perpendicular to the axis of rotation 
and I is the length of the tube. 

18. A gate without a latch in the form of a rectangular lamina is fitted with a 
universal joint at the upper comer and at the lower comer there is a short bar 
normal to the plane of the gate and projecting equally on both sides of it. As the 
gate swings to either side from its stable position of rest, one or other end of the 
bar becomes a fixed point. If ^ be the height of the gate, h tan a its length and 
2/3 the angle which the bar subtends at the upper comer, show that the angular 
velocity of the gate as it passes through the position of rest is impulsively dimin- 
ished in the ratio . J^-^ ,^, and the time between successive impacts when the 

sm'a+tan'/3 '^ 

oscillations become small decreases in the same ratio, the weights of the bar and 
joint being neglected. 
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The Force-functUm and Work. 

332. Time and ipace integrals. If a particle of mass m 

be projected along the axis of x with an initial velocity V and be 

acted on by a force F in the same direction, the motion is given by 

dTx 
the equation m -^ = F. 

Integrating this with regard to ^, if i; be the velocity after a 
time t, we have, 



(t,-F)=f Fdt. 



m 



If we multiply both sides of the differential equation of the 

uX 

second order by -j- and integrate, we get* 



i m (i>' - P) = r Fdx. 



* It is seldom that Mathematicians can be found engaged in a eon t r o v m y 
such as that whicli raged for forty years in the last century. The object of the 
dispute was to determine how the force of a body in motion was to be xneasnzecL 
Up to the year 1686, the measure taken was the product of the mass of the bodj 
into its velocity. Leibnitz, however, thought he perceived an error in the oommon 
opinion, and undertook to show that the proper measure should be, the prodaot of 
the mass into the square of the velocity. Shortly all Europe waa divided between 
the rival theories. Germany took part with Leibnitz and Bernoulli; while Eng- 
land, true to the old measure, combated their arguments with great saooesa. 
France was divided, an illustrious lady, the Marquise du Ghatelet, being first a 
warm supporter and then an opponent of Leibnitzian opinions. Holland and Italy 
were in general favourable to the German philosopher. But what was moat strange 
in this great dispute was, that the same problem, solved by geometers of opposite 
opinions, had the same solution. However the force was measuzed, whetiner faj 
the first or the second power of the velocity, the result was the same. The azgn- 
ments and replies advanced on both sides are briefly given in Montuda's Zfittory, 
and are most interesting. For this however we have no space. The controversy 
was at last closed by D'Alembert, who showed in his treatise on Dynamics that the 
whole dispute was a mere question of words. When we speak, he says, of the force 
of a moving body, we either attach no dear meaning to the word or we ondentaiid 
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The first of these integrals shows that the change of the mo- 
mentum is equal to the time-integral of the force. By applying 
similar reasoning to the motion of a dynamical system we have 
been led in the last chapter to the general principle enunciated in 
Art. 283, and afterwards to its application to determine the changes 
produced by very great forces acting for a very short time. The 
second integral shows that half the change of the vis viva is equal 
to the Bpace-integral of the force. It is our object in this chapter 
to extend this result also, and to apply it to the general motion of 
a system of bodies. 

333. Vlfl vira. For the purposes of description it will be 
convenient to give names to the two sides of this equation. Twice 
the left-hand aide is usually called the vis viva of the particle, a 
term introduced by Lcibnits about the year 1695. Half the vis 
viva is also called the kinetic energy of the particle. Many names 
have been given to the right-hand side at various times. It is now 
commonly called the work of the force F. When the force does 
not act in the direction of the motion of ite point of application the 
term "work" will require a more extended definition. This we 
shall discuss in the next article. 

334>. Work. Let a force F act at a point j1 of a body in the 
direction AB, and let us suppose the point A to move into any 
other position A' very near A. If ^ be the angle the direction Aa 
of the force makes with the direction AA' of the displacement of 
the point of application, then the product F .AA' .f^as^ is called 
the work done by the force. If for ^ we write the angle the 
direction AB of the force makes with the direction A' A opposite 
to the displacement, the product is called the work done against 
the force. If we drop a perpendicular A'M on AB, the work done 
by the force is also equal to the product /"..^Jf, where AM ia\A)\>e 
estimated as positive when in the direction of the force. If i^ be 
the resolved part of F in the direction of the displacement, the 
work is also equal to F' . AA'. If several forces act, we can in the 
same way find the work done by each. The sum of all these is 
the work done by the whole system of forces. 

onlj the property that certam resiatanceB can be OTcrooiiie by Ihe moving bod;- It 
u Dol tlien bj Mi; Eunpte conaiderationB of mertlj the mass and tlic velocitj' of tha 
body that ve mast estimate this force, bat by the nature of the obHlacles □veroame. 
The greater the resistance overcome, the greater we may bsj is the force ; provided 
wc do not understand by this nord a pretended existence iubereut in the body, but 
■imply use it as an abridged mode ol eipreGsing a fact. D'Alembert then points 
oat that there are different kinds of obstacles and eiamines bow theii different 
kinds of r^stances ma; be used as measures. It will perhaps bo BUCQoieiit to 
observe, that the re&istimcc may la some cases be more oonveniently measured 
by a space-iotegral and in otheia b; ■ time -integral. See Monttwk'a Hiitory, 
Vol. III. ani Wbewell » HiiJorv. Vol. u. 
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Thus defined, the work done by a force, oorresponding to any 
indefinitely small displacement^ is the same as the virtual moment 
of the force. In Statics, we are only concerned with the small 
hypothetical displacements, we give the system in applying the 
principle of Virtual Velocities, and this definition is therefore 
sufficient But in Dynamics the bodies are in motion, and we 
must extend our definition of work to include the case of a dis- 
placement of any magnitude. When the points of application of 
the forces receive finite displacements we must divide the path 
of each into elements. The work done in each element may be 
found by the definition given above. The sum of all these is the 
whole work. 

It should be noticed that the work done by given forces as the 
body moves from one given position to another, is independent 
of the time of transit. As stated in Art 332, the work is a spaoe- 
integral and not a time-integral. 

335. If two systems of forces be equivalent^ the VHjrh done hg 
one in any small displacement is equal to that done by the oAer. 
This follows at once from the principle of Virtual Velocities in 
Statics. For if every force in one system be reversed in di- 
rection without altering its point of application or its magnitude, 
the two systems will be in equilibrium, and the sum of their 
virtual moments will therefore oe zero. Restoring the system of 
forces to its original state, we see that the virtual moments of the 
two systems are equal. If the displacements are finite the same 
remark applies to each successive element of the displacement, 
and therefore to the whole displacement. 

336. We may now find an analytical expression for the work 
done by a system of forces. Let {x, y, z) be the rectangular 
co-ordinates of a particle of the system and let the mass of this 
particle be m. Let {X, Y, Z) be the accelerating forces acting 
on the particle resolved parallel to the axes of co-ordinates. Then 
mX, mTy mZ are the dynamical measures of the acting forcea 
Let us suppose the particle to move into the position x-^-dx^ 
y +dy, z-hdz; then according to the definition the work done by 
the forces will be 

1, {mXdx + mYdy + mZdz) (1), 

the summation extending to all the forces of the system. If the 
bodies receive any finite displacements, the whole work will be 



%mj(Xdx+Ydy + Zdz) (2), 



the limits of the integral being determined by the extreme 
positions of the system. 



FORCE-FONCnON AND WOBK. 

337. rorce-IUnction. When the forces are such as gener- 
ally occur in nature, it will be proved that the summatioo (1) of 
the last Article is a complete differeiitial, i.e. it can be integrated 
independently of any relation between the co-ordinates ^,y,«- The 
summation (2j can therefore be expressed as a function of the co- 
ordinates of the system. When Hiis is the case the indefinite integral 
of tite summatum (2) ia called the force-function. This name was 
Eiven to the function by Sir W. R Hamilton and Jacobi indepen- 
dently of each other. 

If the force-function be called U, the work done by the forces 
when the bodies move from one given position to another is the 
definite integral U^— U^, where f", and V^ are the values of U, 
corresponding to the two given positions of the bodies. It follows 
that the work is independent of the mode in which the system 
moves from the first given position to the second, in other words,* 
ike work depends on the co-ordinates of the tvjo given extremeX 
positions, and not on the co-ordinates of ant/ intermediate posi-\ 
tion. When the forces are such as to possess this property, i.e. 
when they possess a force-function, they have been called a con- 
servative 8i/stem offerees. This name was given to the system 
by Sir W. Thomson. 

338. There will be a force-function, first, when the external 
forces tend to fi^d centres at finite distances and are functions 
of the distances from those centres; and secondly, when the forces 
due to the mutual attractions or repulsions of the particles of the 
system are functions of the distances betweeii tlie attracting or 
repelling particles. 

Let mtfj (r) be the action of any fixed centre of force on a 
particle m distant r, estimated positive in the direction in which r 
19 measured, i.e. from the centre of force. Then the summation 
(1) in Art. 336 is clearly ^mij> (r) dr. This b a complete differ- ^^ 

entiaL Thus the force-function exists and is equal to Sm j<f>(r)dr. ^^^ 

Let mrrt'0 (r) be the action between two particles m, m' whose ^^1 
distance apart is r, and as before let this force be considered 
positive when repulsive. Then the summation (1) becomes 
Smm'^Mrfr. The force-function therefore exists, and is equal 

to tmmf4>{r)dr. 

If the law of attraction be the inverse square of the distance, 
^ (r) = — J and the integral ia - . Thus the force-function differs 
from the Potential by a constant quantity. 

339. It is clear that there is nothing in the definition of the 
force ■ function to compel us to use Cartesian Co-ordinates. If 
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P, Q, &c. be forces acting on a particle, Pdp, Qdq, &c their virtual 
moments, m the mass of the particle, then the force-function is 

[7= Xmj(Pdp +Qdq + &c.), 

the summation extending to all the forces of the system. 

Ex. 1. If (p, 4>, z) be the cylindrical or semi-polar oo-ordiiiate8 of the paztide 
m; P, Q, Z the resolYod parts of the forces respectively along and perpwidiflnlar to 
p and along x, prove that d 17 = Zm (Pdp + Qpd^ + Zdi). 

Ex. 2. If (r, 0, ^) be the polar co-ordinates of the particle m ; P, Q, it tbe 
resolved parts of the forces respectively along the radios vector, perpendicular to it 
in the plane of and perpendicular to that plane, prove that 

dU=Zm{Pdr+Qrd0+Rran0tUf>). 

Ex. 8. If (z, y, z) be the obUqne Cartesian co-ordinates of m; X, F. Z tbe 
components along the axes, prove that 

dU=lm{X{dx + ¥dy + ftdz) + Y{¥dx-^dy + \dx)-^Z{iJLdX'\-\dy + dz)}, 
where (X, ft, i^) are the cosines of the angles between the axes yz, tx, xy respeotiTidy. 
This example is due to Poinsot. 

340. If a system receive any small displacement ds paralld to 
a given straight line and an angvlar displacement Ad round that 

line, then the partial differential coefficients -r~ and 3-5- represent 

respectively the resolved part of all th^ forces along the line and the 
moment of the forces about it. 

Since dU is the sum of the virtual moments of all the forces 
due to any displacement, it is independent of any particular co- 
ordinate axes. Let the straight line along which c^ is measured 
be taken as the axis of z. Taking the same notation as beforey 

dU= 2m {Xdx + Ydy -f Zdz), 
But do; = 0, dy — 0, and dz = ds, hence we have 

dU = ds ,^mZ\ .'. -j-=2mZ. 

as 

Here dU means the change produced in U by the single dis- 
placement of the system, taken as one body, parallel to the given 
straight line, through a space ds. 

Again, the moment of all the forces about the axis of r is 
2rw {xY— yX)y but dx = — ydd, dy = xdO, and dz = 0. Hence the 
above moment 

_^ Ydy -{- Xdx + Zdz dU 

'^"^ dd "dS' 

Here rfZJ is the change produced in U by the single rotation 
of the • system, taken as one body, round the given axis through 
an angle dd. 




VAHIODS KINDS OF WORK. 

341. As consi(lera,ble use will be made of the force -function, 

the student will find it advantageous to acquire a facilitj in 
writing down its form. The foliowiog examples have therefore 
been cbosea as likely to be the most useful. 

342. Work done by gravity. A system of bodies /aUa 
under the action of gravity. Jf M he the whole mass, h the space 
descended by the centre of gravitij of Ike whole system, the work 
done by gravity is Mgh. See Art. 140. 

Let the t.ti» ot i be vertical and let the positiTe direction bo downwards. Then 
in the Biimmation (1) ot Art. 336, X = 0, Y-0 and Z = g. Heoce dU = Ziagdi. It i 
be the depth of the centre of graiitj below the pi&ne of xy, and C be an; oonBtant, 
we find U = Mgi + C. Taking this between limits we eaaily obtain the result given. 

Unlfai of work. The theoretical unit of work is the work 
done by a dynamical unit of force acting through a unit of space. 
We may use the result of thia example to supply a practical unit. 
The work required to raise the centre of gravity of a given raass 
a given height at a given place may be taken as the unit of work. 
English engineers use a pound for the mass and a foot fur the 
height, and the unit is then called & foot-pound. The term Horse- 
power is used to express the work done per unit of time. The 
unit of horse-power is usually taken to be 33000 foot-pounds per 
minute. The duty of a steam-engine is the actual work done by 
the consumption of a unit quantity, usually a bushel, of coal. 

Ex. 1. A force commnnicatea to & particle whoso mass ie equal to that of a 
onbio foot of water a velocity ot one foot per minute. Find the work done in foot- 
pounds. 

El. 2. Prove that the amount of work required to raise to the surface of the earth 
the homogeneous contents of a verr small conical cavity wboee vertex is at the 
centre at the earth, is eqaa,\ to that which wonld be expended in raising the whoU 
mass of tbe content*, through a space equal to one-Bfth of the earth's ladins from 
the surface, supposing the foroe of gravity to remain coDEitant. [Coll. Exam.] 

343. Work of an elaittc string. Ex. If tbe length of an 

elaatic string or rod which is uniformly stretched he altered the 
work done by the tension is the product of the compression of the 
length into the anOimetie mean of the initial and final tensions. 

Let tbe length be altered from r to r'. Let p be any length between these two, 
let J be the unalretched length, and lot E bo the constant of elasticity. Tbe tension 

ia T^E^-j- and acts opposite to the direction in which p is measored. The 
wmk done while fi becomes p + dp'ie therefore equal to - Tdp. If we integrate thi« 
fronip=r to psr' we find that the work required ia -5jU''-')'-('"-')'t- ThJ* 
leads at once to the result given. 

If a string becomes alack, the tension is tupposod to vanish, and no work U 
dons until the string becomes again tight. In applying the rule, the compression is 
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fhe difference between the two terminftl lengths if the string be ti^it in botti, 
whether it hftd been slack or not during the vaiions ehanges of lengUi iHkieh maj 
have occurred daring the process. If the string be slack in either terminal state we 
most in calcalating the compression suppose the string to ha^e its unstEetched 
length in that terminal state. 

In the case of a rod the tension becomes negative when the rod ia c omfiwed , 
and the rule will apply so long as the rod remains straight, and we can auppoie 
Hooke's law to be true. 

If the string is not straight but is uniformly stretched over a snrfiaoe or in a 
fine tube, the same rule to find the work is still true. To prove this, we divide the 
string into elements, each of which may be considered as strai|^t. When the 
whole string is now uniformly stretched the work done ia the mean of the tensions 
into the sxmi of the contractions of all the elements. This last is clearly the eon- 
traction of the whole string. 

If the surface be fixed the string can contract only by one, at least, of the 
extremities moving, and in this case the work is done at that extremity. 

If the surface move, and the extremities of the string be fixed in space, the woric 
1b transferred to the surface by means of the reactions. If the string have no 
effective forces these reactions are in equilibrium with the tensions at the points 
At B where the string leaves the surface. Now let the surface receive any small 
displacement. By the principle of virtual velocities the work done by the leaetionB 
on the surface is equal to that done by the two equal tensions at the points A, B. 
But this work is the instantaneous tension into the contraction of the string, i.e. it 
is - Tdp. If the surface receive a finite displacement, the work done is the integral 
of this expression, and the rule is of course the same as before. 

Whether the string have mass or not, we may consider each separate element of 
it as one of the moving bodies whose motion will enter into the equation of vis 
viva. The work done by the contraction of all the elements is to be regarded as 
distributed over all the bodies. The work done by the equal and opposite reactions 
between the string and surface will then be zero. 

344. Work of collecting a body. Ex. 1. If m, m' be the 

masses of two particles attracting each other with a force — =- 

It 

where r is the distance between them, show that ^ vxyrh done 
when they have moved from an infinite distance apart to a dista/nce 

r w . This follows from Art. 338. 

r 

Ex. 2. Let two finite masses M, M' attract each other and 
occupy given positions. Prove that the work of bringing the par- 
ticles of one from infinite distances apart into their given positions 
under the attraction of the second, supposed fixed in its given 
position is the same as that of bringing the particles of the second 
from infinity into their positions under the attraction of the first. 
Prove also that this work Tnay he found by taking both bodies in 
their final positions and multiplying the mass of eojch element of 
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one body by the potential of the other at that element and then 
grating throt^kout the volume of the one hodij. 

This integral is sometimes called the mutual work 
mutual potential of the two bodies. 

Let thera be two eeU of attracting particleB whioh we maj represent b; 
m,, m,, itc.. in,', n,'. Sx., aud let the partiolei ot each set attract the partioUs of 
the other eet but not the partioIeR of its own set. Suppoie the particles n, , m, , dto. 
to occupy any given poaitiona, aud let oue particle nt' of the second set be broaght 
from an infinite disUnce to ao; given position, saj to a position at distanoes 
ri,T%, 4o. fromthepftttidesBh.mj.Ac. The work done iam' ( — + — + 4o. j=m'F, 
vhcre V is the potential of the attracting masses at the given position ot m'. 

Let us now bring in eucoesEdon all the particlea m,', m^, &o. from infinite 
diitancea to their given final positions under the attraction aolelj ot the masses 
n,. nil, ^°- ^° whole work is Xm'V, which ma; also be written in the sym- 
metrical form Z — ' where r is the distance between the particles m, m', and the 

Z Implies summation for every combination of each particle of one set with each 
particle ot the other. This symmetrical form proves the first part ot the pro- 

These particles may be elementary, and iu that caae we see that the work 
of collecting any mass JT into a given position under the attraction of a masi M 
plaoed in a given position is equal to jVdm', where V ia the potential ot the Boat 
M at the final position of dn' and the integration extends over the whole nuws 
of If'. 

Ex. 3. If the particles composing any mass were separated 
from each other, work might be obtained from their mutual at- 
tractions by allowing the particles to approach each other. The 
work thus obtained is greatest when the particles are collected 
together from infinite distances. If dt? be an element of volume 
of a solid maas attracting according to the law of nature, p the 
density of the element, V the potential of the solid mass at the 
element do, prove that the work performed in collecting the par- 

tictes composing the masafrom infinite distances is = I Vpdv. 

The problem of determining how much work can be obtained 
from the bodies forming the solar system by allowing them to 
consolidate into a solid mass has been considered by several philo- 
sophers. Sir W. Thomson has calculated that the potential energy 
or the work which can be obtained from the existing solar system 
is 380,000 X 10" foot-pounds. Edin. Trans. 1851. 

Let m, , m, . n,, Ac be Ibe masses of any particles, r^, r^, dc. the distances 
between the tnosies m,.n,; )«,,«,: Ac. in any airaagement. Then as before 
the work done in collecting them from infinite distanoes ia U = -I—' + -XT' + ^e. , 
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which may be written U = X - . Now if F^ be the potential at the partidle mi of 



r 



*Hi*H 



all the particles except iii| in the given arrangement, Fj s -' + '--'+ ... If F^, Fg , Ao. 
have similar meanings we may write the work in the form 

17= - (rjmi + F3I14+ ...) = ^2Fm. 

In finding the potential of any solid mass at any point P we may omit the 
matter within any indefinitely small element enclosing P if its density be finite. 
For, since " potential is mass divided by distance,** and the mass varies as theeobe 
of the linear dimensions, it follows that the potential of similar figures at points 
similarly situated mnst vary as the square of the linear dimensions and most vanish 
when the mass becomes elementary and the distance indefinitely smaU. In 

applying, therefore, the form (^=:- ZTm to a solid body we may write pdv for m and 

take F to be the potential of the whole mass at the element dv. 



Ex. 4. The particles composing a homogeneons sphere of mass M and 

r were originally at infinite distances from each other. Prove that the work dona 

3 M^ 
by their mutual attractions is = — . 
^ 5 r 

Ex. 5. The particles of a homogeneous ellipsoid whose mass is M and —»"<**— 
a, b, e are collected from infinite distances, show that the work done is 

3 t" ^^ 

10' Jo J(a^ + \){b^ + \)(c^ + \)' 

Ex. 6. The work of collecting the particles of two masses 
which are wholly external to each other from infinite distances is 
the sum of the works of collecting each separately plus their 
mutual potential. 

If one mass be wholly internal to the other, prove that the 
work of collecting the difference is the sum of the works of col- 
lecting each separately minus their mutual potential. 

If the first propoBition bo not evident, let M, M' be the masses already collected, 
and let us bring an additional particle from an infinite distance to the **i nf ff if. 
The work on this particle is evidently that due to the attraction of M together with 
that due to the attraction of M'. The first is an addition to the work of collecting 
M, and the second is an a<ldition to the mutual potential of M and AI', 

From the first proposition wo deduce by transposition that the work of collecting 
M is equal to the work of collecting (.V+.V) minus the work of collecting AT minus 
the mutual potential of M and M'. Now the mutual potential of M and AT is equal 
to the mutual potential of {M + M') and M' minus twice the work of ooUecting AT. 
The second proposition follows at once. 

Ex. 7. A quantity of homogeneous matter is* bounded by two spheres which do 
not intersect, one sphere being wholly within the other. The radii of the spheres 
are a and 6, and the distance between the centres is e. Show that the woik of 

collecting this matter from infinite distances is ^ ^ ] ■= - -^ + •— 4. ^Lz!i . 
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345. Work of a gaaeoui presaure. Kx. 1. An L>nvelope 
i>f any shape and wlmse volume is v, contains gaa at a UDiform 
presaure p. Assnming that the presaure of the gas per unit of 
area is some function of the volume occupied by it, prove that the 
work done by the press^irea when the volume increases /ram v = a (o 

V = b I'a I pdv. 

OiviJe the Hurtwo into elementarj arena each equal to rftr, then p<la is the 
presaure on dr. When the volume has lnQreaBed to ir + ilv, let any element da take 
the positioa iTs' and let dii be the length of the perpenJicular drawn from the 
central point of dv' on the plane ot da, then pdrdn ia the work done b; the preaeara 

on dr and pldsdn is the work done over the whole area. BdI dirrfn ia the volume 
of Ibe oblique rjlindemhoie baee is da and opposite face ifir'; so that /da Jn U the 
whole iiierement o[ volume. The whole work done when the volume increase! by 
dr ia therefore pdn. 

Ei. 3. A epherical envelope ot radius a oaotBiaH gas at pressure P, assumins 
that the presaare ot the gae per unit of area ie interacl; proportiouul to the volnme 
oooupicd by it, prove that the work required to compreea the envelopo into a sphere 
of radiua b is *ra'F log r ■ 

Ei. 3. An envelope of any shape ouutnina gae and the efaape ia ulteroil without 
altering the volome. Show that the work doue over the whole surface ia zero. 

34G. Work of an XmpnUe. Ex. 1. An impulsive force acts 
on a body in a fixed direction in space. Show that if f be the 
whole momentum communicated by the force; u„, u, the velo- 
cities of the piiint of application resolved in the direction of the 
force, just before and just after the impulse, llieii the work done 6y 



the impatse is * --—' F. 



This resolt is given in Thoinwm and Tnit's Salural Philmophy. 

Let UB regard the impulse si the limit of a finite force acting in the Qied direc- 
tion fi>r a very short time T. Let the direction of the axis of z be taken parallel t« 
the Died direction and let X be tije whole momentum communicated during n time 
t measured from the eommeneement of the impulse. Here ( is any lime lesa than 
T and A' varica from xero to f as C variea &om to T. Also, since 3^ is the whole 

momentum np to the time t, ^ is the moving force on the body at the time 1. Let 
u be the resolved valodly of the point of application at the time r, then ii, and h, 
are the values of ■ when t = and t = T, Sinoe udl is the space describad in the 

lime dt by the point of application of the force ~ , the work done in the lime T ia 
I -- adi. Thia is the same an I adX. Kow, nhen the tune t ia indeSuitely 
small, the velocity u is kiiowu by Art. 313 lo be a linear fiuetion of X, so that we 
may write ti = it„ + t.X. where I. is a eonstant depend: n|{ on the nature of the body. 
It. D. IS 



274 VIS VIVA. 

Kuhstitutiiif; thii^ value of u, we hare the work equal to f (»« + L.X)dX=^ tfoF+ L -. 
Bat Hi = Uq + LF. Eliminating L we And that the work =^ (mq + Wj) F. 



Ex. 2. Find the work done bj an impulae whose direction is not 
tlie Kame dnriug the indefinitely short duration of the force. 

Jjet A', r, Z be the components of the whole momentom given to the body 

any time t meaAiired from the commencement of the impnlse. Let u, r^ tc be 1 

reHolved velocitiefl of the point of application at the time f. Then, by the sai 

1 * .1 1 J ['FfdX dY dZ \ ^ ,> ^ . - 

reason mg an before, the work done= I (j~*'+'j~**'^"^"^)* ^^* ^^ ^^^ ^ 

when T is indefinitely small m = Mo+ ,.;, t:=rA+,-^,, «=«Co+j^. where ^ 

a\ at aX 

a known qnadratic function of (.Y, }', Z) depending on the nature of the bo4 

8ubstitnting we have 

,,.,,« [fdE,„ dE ,., dE ,,, \ 
work - M^A, + r^l i + v^Z^ + II ^. rfA + . rfl + ■ dZ \ 

where A'j, I'l, Zj, A\ are tlie values of A', T, Z, £ when t = T. 

We may eliminate the form of the body and express the work in terms 
the resolved velocities of the point of application just after the termination of 1 
impulse. Since A'j is a homogeneous quadratic function of X^, }',, X^, we have 

^^' ^;Ia'; •'^'' + ly. ^'' + '§ ^' = <"' - ""^ -'^' + (•'• - '■•> ^'> + <"•' - «••) ■^• 

SubKtitutin^' wo Hiul work.--"".'"! .Y, + ''"'-'' 1', + ^';^"'! Z,. 

847. "Work of a membrane. A spherical membrane is stretched into a sph 

whose radius is r. Let Tdg be the tension across any elementaiy arc ds when 

membrane is strotchcil, whore T is a known function of r depending on the nat 

of the mutorial. Tlicn the work done by the tensions, when the membrane 

fb 
Ftrctched into a sphere of radius i» is ftir l Trdr, 

y « 

Let the centre of the sphere be taken as origin and let us refer any point on 

sphere to polar co-ordinates (r, 0, tf>). The adjacent sides of an elementary a 

are rdd^ r Bin 0d<p. The tensions across rdO and the opposite side are each eq 

to Trd$. Wlien the radius r increases by dr, the distance between these si 

is increased by dr nined<pj this being the differential of an adjacent side. He 

the work done by those tensions is TrdB.dr sin $d<p. Let us now consider 

remaining two sides of the element. Tlie tensions across r sin^rf^ and the oppo 

side are each equal to Tr ainOdip. When the radius r increases by dr, the diata 

between these sides is increased by drdO. Hence the work done by these tensi 

is Tr Rin0d<f>,drdd. The work done by the tensions on the four aides of 

element is therefore *2Trdr sinddddip. Integrating this from ^=0 to 2w, 9=0 t 

we find that the work done over the whole sphere when the radins increase 

dr is SwTrdr, 

If the membrane be such that we may apply Hookers law to the tensici 

T — (t 

we have T=E — , where a is the natural radius of the membrane and E U 
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He find that the work done ^^M 

to fini that the work dono ^^H 



eoeOicicDt ol elastiulLy. Substituting this voloa ot T 
by the tenBiiins when the radius increases from a to i is 

K aoQp -bubble T is constant, ' 

« rrom A to b is iwl{b*-a'). 

It ne suppose the spherical membrane to bo alowlj stretched by filling it with 

Sas at a pressure ;, w« have by a theorem in Hydrostatius i)r~2r. Inthiieasu 

the work reqair«I iias hwn shown to be ipde. and since i' = ^ 'H this lends to the 

tame retnlt as bcroro. 

348. Work of a couple. Ex. A given couple ia moved 
in its own plane from one iMsition to another; show that tha 
work is the product of its viamenl by the angle turned round. 

Any iliaplacement of a couple is eqairalent t< 
ol it« arm and a transference ot the whole eonplo parallel to itself. The work 
done by Ihu two forces dnring the transference is clearly aero. We need therefore 
only consider the work done during the rotation. 

Let F be the force, a the length ot the am, and let the eosple be tnraed roond 
one extremity A of its arm through an angle d0. The force at A does no work, 
the work done by the other force is F.adi. Integrating this we have the work 
done by the coQple when it turns through any finite angle. 

349. Work of Bending a rod. Ex. 1. A rod originally 

Biraight b K'nt in ont- plane. U L h<- the Btresa conpla at any 
point, p the radius of curvature, it is known both by experiment 

and theory that L = — where £ is a constant depending on the 

nature of the material, and the form of a section of the rod. 
Assuming this, prove (1) When the jW is bent into a given /or 
that p ia a known function of s (whether the forces are known or 

not) the work ia ^ i ^ds, (2) when the rod is bent by known fori 

80 that i. is a known function of s (whether the form of the rod is 

known or not) the work is ^i-p ds. The limits of integration a 

from one end of the rod to the other. 

tiot PQ be any element of the rod and let its length hedt. Aa PQ it Mng bent, 
let ^ be the indefinitely small angle between the tangent* at its eitrcmitieB, then 

the slreH couple is E 
which is the same as 
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Consei'vation of Via Viva and Energy. 

350. Def. The Via Viva of a particle is the product of 
mass into the wjuare of its velocity. 

The principle of vii viTa. If a ayatem be in motion unc 

the action of finite forcea, and if the geometrical relations of i 
parts of the system he expressed by equations which do not a 
tain the time explicitly, the change in the vis viva of the system 
passing from any one position to any other is equal to twice \ 
corresjionding xuork done by theforcea. 

In detennining the force-function all forces may be omitt 
wliich would not appear in the equation of Virtual Velocities. 

Let J?, y^ 5 be the co-ordinates of any particle m, and let -Y, 
Z be the resolved parts in the directions of the axes of the i 
pressed accelerating forces acting on the particle. 

The effective forces acting on tlie particle m at any time t ar 

d*x (Py <Pz 

"^ de ' *"d«*' ^rft'' 

If the effective forces on all the particles be reversed, they will 
in e<iuilibrium with the whole group of impressed forces by Art. 
Hence, by the principle of virtual velocities^ 



^m \ 



[(•^-^)^^(»--§)»*-(^4')^}=». 



where S^, 8//, hz are any small arbitrary displacements of the p 
tirle m consistent with the geometrical relations at the time t. 

Now if the [geometrical relations be expressed by equati 
which do nut cnuUiiii the time explicitly, the geometrical relati 
which hold at the time f will hold throughout the time S^; a 
therefore, we can take the arbitrary displacements hx, Si/, Sz to 

respectively e(iual to the actual displacements -j- St, — St, -.- 

of the particle in tjjo time St. 

Making this substitution, the equation becomes 

-''' W dt ^ de dt ^ dt^ dt) " -"^ \r dt^^dt-^ ^dt) • 

Integrating, wc get 

where C is a constant to be determined by the initial conditi 
of motion. 
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Let V and v' be the volocitiea of the particle m at the times t 
aiiJ ('. Alao let tf,, U be the values of the force-function for the 
syatem in the two positions which it has at the times t and t'. 
Then 

tmv"-'S.mv' = 2{U,-U^]. 

351. The following illustration, taken from Poisaon, may show 
more clearly why it is necessary that the geometrical relations 
should not contain the time explicitly. Let, for example, 

+ (j:, y, z. t) = „ (1) 

be any geometrical relation connecting the co-ordinates of the 
particle m. This may be regarded aa the equation to a moving 
surface OD wbtch the particle is constrained to rest, The quanti- 
ties &r. Si/, Sz are the projections on the axes of any arbitrary 
displacement of the particle m consistent with the geometrical 
relations which hold at the time t They must therefore satisfy 
the equation 



= 0. 



The quantities -j;S/, ' 



' lit ^'' ^ ^' ^^^ ^'^^ projections on the 
axes of the displacement of the particle due to its motion in the' 
time St They must therefore satisfy the equation 



dfdj Mdj d^dj d^, 



!S«' + SI«'+ 



(Le dt 



dy dt 



dz dt 



St-i 



Sl = 0. 



The equatio 



ia zero throughout the whole motion we can- 



not take Sjc, Si/, Sz Ut he respectively equal to 
d^ 



dt 



= expresses the condition that the geometrical 



equation (1) should not contain the time expUcitty. 

3o2. The great advantage of this piiuciple is that it gives at 
once a relation between the velocities of the bodies considered 
and the variables or co-ordinates which determine their positions 
in space, so that when, from the nature of the problem, the posi- 
tion of all the bodies may be made to depend on one variable, 
tbe equation of vis viva is sufficient to determine the motion. In 
general the principle of via viva will give a first integral of the 
equations of motioD of the second order. If, at the same time, 
some of tbe other principles enunciated in Art. 282 may be ap- 
plied to the bodies under consideration, so that the whole number 
of equations thus obtained is equal to tbe number of independent 
co-ordinatea of the system, it becomes unnecessary to write down 
any equations of motion of the second order. See Art. 143. 
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» 

353. The principle of Vis Viva was first used by Hayglu 
in his deteimination of the centre of oscilUttion of a body, bat 
a form different from that now used. See the note to page ! 
The principle was extended by John Bernoulli and applied 
his son, Daniel Bernoulli, to the solution of a great variety 
problems, such as the motion of fluids in vases, and the motion 
rigid bodies under certain given conditions. See Montucla^ Hi^ 
des MathSmatiques, Tome ill. 

854. SJMunplM of tli« prlaalpto. If a vyniem be under the action of 

external forces, we have ^=0, r=0, Z=0, and hence the vis viva of the sysien 
constant. 

If, however, the mutual reactions between the particles of the ayatem are m 
as would appear in the equation of virtual moments, then the vis viva of the i^st 
will not bo constant. Thus, even if the solar system were not acted on bji 
external forces, yet its vis viva would not be constant. For the mutual attractii 
between the several planets are reactions between particles whose distances do : 
remain the same, and hence the sum of the virtual moments wiU not be zero. 

Again, if the earth be regarded as a body rotating about an axis and slowly o 
tracting from loss of heat in course of time, the vis viva will not be constant, 
the same reason as before. The increase of angular velocity produced by t 
contraction can be easily found by the conservation of areas. See Art. SOO. 

355. Let gravity be the only force acting on the system. Let the axis of z 
vertical, theu wc have A'=0, }'=0, Z= -^f. Hence the equation of vis viva becoi 

rmi '« - Zinv^= - 2Mg (/ - z). 

Thus the vis viva of the system deix^nds only on the altitude of the centre 
gravity. If any horizontal plane be drawn, the vis Wva of the system is the sa 
whenever the centre of gravity passes tlirough the plane. See Art. 142. 

356. Ex. If a Hystem in motion pass through a position of equilibrium, U 
position in which it would remain in equilibrium under the action of the force 
placed at rest, prove tliat the vis viva of the system is either a maximum o 
minimum. Courtivron's Theorem, M^m, de VAcad, 1748 and 1749. 

357. The equation of Virtual Velocities in Statics is knoi 
to contain in one fomiula all the conditions of equilibrium, 
the same way the general equation 

2m (J 8x + jpy + J bJ) = 2m {XBx + 1% + ZSz), 

may be made to give all the equations of motions by propei 
choosing the arbitrary displacements Sx, Sy, Bz. In Article 3 
we made one choice of these displacements and thus obtained 
equation in an integrable form. 

If we give the whole system a displacement parallel to t 
axis of z wc have S.r= 0, Sy = 0, and Ss is arbitrary. The em 
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"x 

j =Siiiif, wliich ropreseuta any uuc uf tbc 
three' first general equations of motion in Art. 71. 

If we give the whole system a displacement round tlie axis 
of z through an angle B0, we have Bx = - t/B0, Bi/ = xo0, Bz = 0. 

The equation then becomes ^"* ('^-/ii ~:!/ jj) =^ ~nt {xY — t/X), 

which represents any one of the three hist general equations of 
motion in Art. 71. 

358. Potential and kinetic energy*. Suppose a weight mg 
to he placet! at any height h above the surface of the earth. As 
it falls through a height *, the force of gravity does work which is 
measured by mgz. The weight has acquired a velocity o, half of 
iU vis viva is Jntw* which ia known to l»e equal to mgz. If the 
weight fall through the remainder of the height h, gravity may be 
made to do more work measured by vig(h — 2). When the weight 
has reached the ground, it has fallen as far as the circumstances of 
the case permit, and no more work can bo done by gravity until 
the weight has been lifted up again. Throughout the motion we see 
that when the weight bas descended any space z, half its via viva, 
together with the work that can be done during the rest of the 
descent is constant and equal to the work done by gravity during 
the whole descent h. 

If we complicate the motion by making the weight work 
some machine during iU descent, the same theorem is still true. 
By the principle of vis viva, proved in Art. 350, half the vis viva 
of the particle, when it haa descended any space z, is equal to the 
work ntgz which has been done by gravity during this descent, 
diminished by the work done on the machme. Hence, as before, 
half the vis viva together with the difference between the work 
done by gravity and that done on the machine during the re- 
mainder of the descent is constant and equal to the excess of the 
work done by gravity over that done on the machine during the 
whole descent. 

Let us now extend this principle to the general case of a 
system of bodies acted on by any conservative system of forces. 

359. Let us select some position of a moving system of budiis 
as a position of referonce. This may be an actual final position 

* Cotiolis, Hehnholtz and otbeni have anggcsted that it would be atote con- 
venieat if Ibe Vii Tira were defined to be half the boiii of Uie producU o( tha 
massea into tbe sijtuircs of Ihc velooitiM, See Vkil, Trant, 18S1, |). 80. Bnl thin 
tliange in tba mcanmg of a t«rm ao »idoIy eHtablintipd in Europe would li« very 
likely lo oauM «>iue conforion. Il si-enii! better for tlio iirencnt to u»c anotlicr 
uume. Kuulj as kinetic enerpr. 
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p;iss<.Ml through by the system in its motion, or any positi 
which it may be convenient to choose, into which the sysi 
could bo moved. Sup])ose the system to start from some positi 
which we m:iy call A^ and at the time i, to occupy some position 
Then at the time t, half the vis viva generated is equal to 1 
work done from A to P, Hence half the vis viva at JP togetl 
with the work which can be done from F to the position of rel 
ence is constant for all positions of P. 

To express this, the word energy has been used. Half the 
viva is called the kinetic enerrjif of the system. The work wh 
the forces can do as the system is moved from its existing positi 
to the ]>osition of reference is cilled the potential energy of 1 
system. The sum of the kinetic and potential energies is cal 
the e!iergy of tlie system. The principle of the conservation 
energy !iiay be tlius enunciated : — 

^Vh^n a i<i/stem moves under any conse^nsative forces, tJie sum 
the kinetic und pidjntial energies is constant throughout the 7noti<i 

3()0. Tile distinctitm between work done and potential enei 
may be analvtically stated thus. The force- function has hi 
defiueil in Art. :i:\7 to be the indefinite mtegral of the virt 
monic!its of thi* forces. As the system moves the work done 
the (h'tiiiite iut.roral t;;kon with its lower limit determined 
siunc standard position of reference, which we may call C and 
uj)|U'r limit drtinninrd by the inst4mtaneous pK>sition of 1 
systtin. 'I'lu' pttmtial enrr^^y is the definite integral taken w 
its u|>prr limit dctirnnnrd by some fixtnl position of rcferei 
which wi' niay rail />, and its lower limit determined by the 
stantaufous position of the systi»m. If the two fixed positions 
rri'cn hit' wiiicli wc have distini;uished by the letters C and D 
idontiral tin* work intr«^ial is the same as the potential integ 
with its .^i^n (.lianL^^rd. But this is not generally the case; i 
positions oi rrl'm-ncc are chosrn each to suit the particular inteo 
in connrction witli which it is used. 

H<;i. Examples of Potential Energy. Ex. 1. A particle describes an ell 

frcilij (ihttut a ciHtrc 0/ I'l'in- in it< ctntrf. Find the urhole energy 0/ its tnotiorL 
Lit m he tlic Inas>^ of tho ]uuti<U', r its distance at any time from the cen 
nr tlu- aocih-ni tiller f«^rc»' oil tbt* jiarticlf. If coincidence of the particle with 
centrt- of force hv taken as tlu* i)o>itii»n of refcrrnce, the potential euergy by Art. 

iH= / ( - Mi/xr) (7r = ^^ w/xr". If r' bo the semi-conjugate of r, the velocitv of 

particle is ^/fir and the kinetic energ}* is therefore Jm^ir'*. As the particle 
bcribcrt its ellipse round the centre of force, the Bum of the potential and kin 
energies U vi{\iii\ to i wjm('<- + ^"J where a and b are the semi-axes of the ellipse. 
Kx. 2. A particle do^criht?H an ellipse freely about a centre of force in 
centre. Show that the mean kinetic energy during a complete revolution is eQ 
to tho mean potential enerf.^; the means being taken with regard to time. 
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Bt. 3. U in the lut example the means be token with regard to the ttngle 
deaoribed round the ceotro, tha differeDcc of tbe means is J ni^ (a - b]'. 

Ex. 4. A maei Jlf ot fiuid ia laimiug round & ciruiilur channel ot rodine a with 
Talodity u, another equal muss of fluid ii nmninf; round a channel of rodiiiB b with 
Telocil; *, Ihe radius of ono channel is made tu iuurease and the otbor to decrenoo 
until eaeb bas the original vnlue of the other, show Uiat the work required to pro- 
duce the change Lb - (\~ '^\ (i'-a»]«. [Math. Tripoa, leGO.] 

363. Uot otgoi e — to b* omltU4. la applying tlie principle of via vica to 
an; actual cases, it viU be important to know bclurehuod what forces and iutemal 
reactioua ma; be disregarded in fonoiug the equation. The general rule is that all 
(otCM may be neglected which do not appear in the eiiuation of Virtual Velocities. 
These forces may be eaumarated us follows : 

A. Those reactions whoso lirtuol velocities are ten. 

1. Any force whose line ot action passes through an ioBtantancoas axis; as 
rotliHg /fiction, but not sliding frivtiou or the resistaoce ot any medium. 

3, Any [uree whose line of notion is perpendicular to the direction of motion 
of the point of application ; M the reaction of a imoolh fixtd nirfaet, bat not that 
of a moving surfaoe. 

B. Those rMKliona whose virtual velocities are not icro and which therefore 
would enter into the eqnation, bat which disappear when joined to other re- 
actions. 

I. Tlie reaction between two particles whose diiitance apart remains tbe some ; 
as the tension of an inexUiuibU tiring, but not that of an elastic string. 

3. The reaction lietwcen two rigid bodies, parts ot the same system, which roll 
on each other. II is necessary howover to include both these bodies in the taint 
equation of vis viva. 

C. All lemiona which act along ineitensible airings, even though the strings 
are bent by passing through smooth fixed tings. 

For let a string whose tension is T oonnect the paiticlos m, m', and pass through 
a ring distant rcspeotivdy r, r* from the particles. The virtnal velocity is clearly 
Tlr + TJr', beoanso (he tension acts along the string. But since Uie string is 
inMtensJblc 8r + 4»' = 0; tharelore tlie virtual volijcily is lero. 

3G3. Expressions for the vis Tiva of a rigid body In 
motion. If a bo-It/ move in nni/ manner its fw Ptra at any instant 
in eijufil to Hie i-is ii'itt of the whole mass collected at its centre of 
gravity, loifether with the via viva round tJie centre of gravity con- 
sider^ as a fixed point: or 

The m viva of a body = vis viva due to translation 
+ via viva due to rotation. 

Let x,y,she the co-onlinates of a particle whose moss is m 
and velocity v, and let x,y,z be the co-ordinates of the centre of 
gravity 6 of the body. Let ir = x + ^, y = y + i}, x = z + ^. Then 
by a property of the centre of gravity £mf = 0, Smi; = 0, 2mf=0. 



Hence Sm 



(/(" 



'•dt 



= 0, Sn 



= 0. Now the vis viva of a 
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..,,. w..».{©V®-.(S)]. 

Substitutiug for x, y, z, this becomes 

All the terms in the last line vanish as they should, by 
Art. 14. The first term in tlie first line is the vis viva of the 
whole mass ^m, collected at the centre of gravity. The second 
tenn is the vis viva due to rotation round the centre of gravity. 

This expression for the vis viva may be put into a more con- 
venient shape. 

3G4. First. Let the motion be in two dimensions. See Art. 139. 
Let V be the velocity of the centre of gravity, r, its polar co- 
ordinates referred to any origin in the plane of motion. Liet r be 
the distance of any particle whose mass is m from the centre of 
gravity, and let i\ be its velocity relatively to the centre of 
gravity. Let co be the angular velocity of the whole body about 
the centre of gravity, and Mk^ its moment of inertia about tlie 
biinie point. 

The vis viva of the whole mass collected at O is 3fv\ which 
may by the Diflfcrential (,'alculus be put into either of the forms 

The vis viva about G is ^inr*. But since the body is turning 
about G, we have v^ = i\o}. Hence 'S.mv* = a>* . Smr^* = w* . Mk\ 

The whole vis viva of the body is therefore 

lmv' = Md' + MkW. 

If the btxly bo turning alK)ut an instantaneous axis, whose 
distance from the centre of gravity is r, we have v = r<». Hence 

where 3Ik'^ is the moment of inertia about the instantaneous axis. 

Secondly. Let the hoilf/ he in motion iw space of tliree dimen- 
sions. 

Let ~e be the velocity of (7; f, 6, ^ its polar co-ordinates re- 
ferred to any origin. Ixjt to^, (o^, &>, be the angular velocities 
of the body about any three axes at right angles meeting in (?, 
and let A, //, C bo the moments of inertia of the body about 
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the axes. Let f, »;, f be the co-onlinaU^a of a particle 
tu these axea. 

The vis viva of the whole mass collected at O la Atv', which 
may be put equal to - . 

^{(S)'-(D^©]»^{(|i^r.(|)"-^(f)] . 

according a^ we wi§h to use C 

The via viva due to th^mottop aEout G is 



Substituting these vnlncs^ 



-2(S™W»,»,-2(: 

We m»y find the vii »ivft of Ihs moMn about in another monner. Let I) be 
Ihs angtilAr velcidt<r *boat Uie iDstrintaneoui axis. I the moment ot inertia about 
it. The vis viva U th«n olearly /IP. Now / ii foand in Art. 13, and in onr d 
wiEzClo. 10, = (1^. w,=:Qy (olloiving the notation of that article. Eliminating a, /S, y 
we get the same reanlt as before. 

If the axes of co-ordinates be the principal axes at G, this tv- 
duces to 

£«!»,' « Aai,* + Bd)/ +- flu,'. 

If the body be turning about a point 0, whose position in 
fixed for the moment, the vis viva may be proved in the saniu 
way to be 

£»«!)•= A'o>J'+ Kj^-f C'w.', 

where A', ff, C are the principal OM^nt^ of inertia at the 
point 0, and w,, «,, «, are the angl>inr> velocities of the hotly 
about the principal ajics at 0. '^ 

,HGS. *■"— r'— of tIm Tlva. Ei. l: A risU body □^m 
BpKce in any maimer and tta position ia determined by the co-oidiDUtea of itt 
centre of gravity aod Ibc angles 0. #, ^ which the principal a 
gravity make with lome fixed axes in tfae manner explained in Art. SS6. Shov 
that ita via ilia in given by 

ar=Jf(i' + p^ + rT + C(#' + f BOB »)»+(^«oV + B «»'*)'' 

+«n'fl(J co»'#+a«inV)^ + 3(B--^) Bin»Hin#co8#S'^, 
where accents denote diflcrentisl coeOieicrts nith regard to the time. 
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Show also that when two of the principal moments A and B are equal, thii 
takes the simpler fonn 

This result will be often foond osefol. 

Ex. 2. A body moving freely about a fixed point is expanding nnder the in- 
fluence of heat so that in structure and form the body is always trfwiiii^r to itadl 
If the law of expansion be that the distance between any two partioiea at the 
temperature 6 is equal to their distance at temperature zero multiplied by /(#), 

show that the >-is viva of the body = -4 w,> + Bwy> + Cw,« + 1 (-i + B + C) ^li^Zl?! V, 

where A.B^C are the principal moments at the fixed point. 

Ex. 3. A body is moving about a fixed point and its yis viva is giyen l^ the 

equation 

dT ^T rfT* 

Show that the angular momenta about the axes are j— , -^ — , ^ — . 

aw^ dufp a<a^ 

Let the body be moving freely and let 2Tq be the vis viva of translation. Prove 
that if X, ^, z be the co-ordinates of the centre of gravity referred to any rectangulir 
axes fixed or moving about a fixed point, and if accents denote differential ooeffidents 
with regard to the time, then the linear momenta parallel to the axes will be 

dTQ dTp dT^ 
ly' dy'* dzf ' 

Thus the vis viva, like the force-function, is a scalar function whose diffeKotiil 
coefilcientB arc the components of vectors. See Arts. 262 and 840. In the case of 
the semi vi8 viva, these are tlie resultant linear momentum and angular momentmo 
round the centre of gravity. 

366. FrobUms on the Prinelpls of Tis viTa. Ex. 1. A circular wire cm 

turn freely about a vertical diameter as a fixed axii^ and a head can slide frteU 
along it under the action of gravity. The whole system being set in rotcLtUm dbmA 
the vertical axis, find the subsequent motion. 

Let 3/ and in be the masses of the wire and bead, u their common im pnUr 
velocity about the vertical. Let a be the radius of the wire, Ml^ its moment of 
inertia about the diameter. Let the centre of the wire be the origin^ and let the 
axis of y be measured vertically downwards. Let be the angle the radius drawn 
from the centre of the wire to the bead makes with the axis of y. 

It is evident, since gravity acts vertically and since all the reactions at the fixed 
axis must pass through the axis, that the moment of all the forces about the vertical 
diameter is zero. Hence, taking moments about the vertical, we have 

Mk-(a + wa' sui^0u=h. 
And by the principle of vis viva. 



Mk*i^-^m\ a^ (^)'+a' ain>^ur»| =C+2m^a oos^. 
These two equations will suffice for the determination of -j- and cu. Solving 
them, we get ^^^-^ — r-^2i» + '^^ ( ^* ) =C-f2OT^acos6!. 
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This equstion ouinot be integrated, and bence S oannot be (oimd in termfl of (. 
To detennine the eonstanta \ aad C we muet reour to tbe iuitial conditioDB ol 
motion. Supposing that initiallj e = T, and ^ = and iu = Q. then A = .U*'a and 
C = 2mpa + J/fo'. See Art. 303. 

Ex. 3. A lamina ol an; form rolla on a perfeotlj rongh Btraiebt line nnder tbe 
action of no forccB; proire that Iho velocity v of the centre of gravity ia giyen by 
"' ~ '' -I . M • wbere r is the diBtanoe of (J trom the paint of contact, and i is the 
radiuB of gyration of the body about ao axis tbiongli Q perpendicular to its plane, 
and c ia some conatant. 

Ex. 3. Two equal beams connected by a binge at tbdr ocntrea of gravity so ob 
to form an X are placed syni metrically on two amootb pegs in the same honxontal 
line, tbe distance betireen vhiob ii b. Show that, if tbe beams be perpendicular to 
each other at the eonuuencement of tbe motion, tbe velocity of their centre of 

gravity, when in the line joining the pegs, ia eqnal to ./ t-, — ?^ 
radiuB of gyration of eithei beam about a line perpendicular 
centre of gravity. 

Ex. *. A onifonn rod la moving on a horizontal table about one extremity, 
and driving before it a particle of maes equal to its own, which starts from rest 
IndeQnitely near to the fixed extremity ; show that when tbe patlicle has described 
A distance r along tbe rod, its direction of motion makes vith tbe rod an angle 



where k is the 
it through ita 



J^ 



[Chriit** Coa] 



^1 Ex. S. A thin nuitorm Htnooth tube is balancing horizontally ahont ita middle 
point, which ia fixed; a uniform rod each as just to fit tbe ba^e of tbe tuba is placed 
end to end in a line with tbe tube, and then ithot into it with such a horizontal 
velocity that it« middle point shall only jast reach that of tbe tube ; euppoaing the 
velocity of projection to be known, find the angular velocity of tbe tube and rod at 
the moment of the ooincidenoe of their middle points. [Math. TripoB.J 

Rtt^^U. It n be the raa« of the rod, m' that of the tnbe, and 2a, 2a' their 
nspective lengths, n the velocity of the rod's projection, u the required angular 

velodtj, tbeo i^ = — , , ,-, - 

J Ex. S. If an clastic string, whose natural length is that of a uniform rod, be 
attached to a rod at both ends and suspended by the middle point, prove by mcADs 
of vis viva that the rod will sink nntil the strtnga are inclined t« the horizon at an 
angle 0, which satisfieA tbe equation cot'~-oot^-3n = 0, where tbe tension of the 
string, when stretched to donble its length, is n times the weight. [Math, Tripos.] 

Ex. 7. The centre C of a circular wheel is fixed and the rim is constrained to 
roll in a uniform nuumur on a perfectly rongh horizontal plane so that tbe plane of 
the wheel makes a oonstant angle a with the vertical. Round the circiunfcrenco 
there is a nniforto smooth canal of very small sectiou. and a heavy particle which 
jnst fits the oanal can slide (reely along it under the action of gravity. If m be the 
particle, B tbe point where tbe wheel toucbea tbe piano and i~ ^BCm, ,-uid if n be 



n 
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the augnlar mte at which B deieribei the cirenltf Iraoe on the horimontal pU; 

prove that [--] = ' cosa cos^- rr coa^a cos^^+oonst., where a is the rmdiiu 

the wheel. Aumile* de Genjonne^ Tome xix. 

Ex. 8. A rc;*ular homof^eneons pri^nif whose normal section is a regular poly( 
of n sides, the nulinii of the circnmticribing circle being a* rolls down a perfo 
irtti^'h inclined plane whose inclination to the horizon is a. II w^ be the angi 
ViltM:;ty jnst before the n*^ edge becomes tlie instantaneous axis, then 

8 + cos =- / 2 + 7 cos \ / . 8 + cos — \ 

1} sin g w _ I w II ^ g sin a n I 

r 2x ~\ 2t / I *^""' "a- 2y r 

(I •'in r> + 4 cos - \ 8 + cos " - / \ a sin - 5 -r 4 cos - / 

I* « \ M / \ n H / 



The Principle of Similitude, 

8(17. Wliat arc tlie conditions necessary that two systems 
partick's which are initially geometrically similar should also 
mechanically similar, i.e. the relative positions of the particles 
one system at time t should also be similar to the relative po 
tions in the other system at time t\ T^here f bears to i a coDSt£ 
ratio? 

In other words, a model is made of a machine, and is found 
work satisfactorily, what are the conditions that a machine ma 
according to the uukIoI should work as satisfactorily? 

The i)rinciple of similitude was first enunciated by Newton 
IVop. 32, Sect. VII. of the second book of the Principia. But t 
demonstration has been very much improved by M. Bertrand 
(.Saltier j-.r.rii. of the Journal de Idcole Pobftechnique, He derii 
the theorem from the principle of Virtual Velocities so as to av< 
that n(.'cessity of considering the unknown reactions which ent< 
into some other modes of proof. Since all the equations 
motion may be deiluced from the general principle of virtual ve 
cities that principle seems to afford the simplest method of inves 
gating any general theorem in Dynamics. 

368. Let (x, ify z) be the co-ordinates of any particle of m 
m in one system referred to any rectangular axes fixed in spa 
and let (A', 1', Z) be the resolved part of the impressed wior 
forces on that particle. Let accented letters refer to correspoi 
ing quantities in the other system. 

Then the principle of Virtual Velocities supplies the t 

following equations: 



s|(.Y-w^^^)s,c+&c.l = 0, 



! 2 |f A" - m ^^ &r' + .tc.l = 0. 
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It is evident that one of theRc equations will be clianged into 
tlic otiier if wo put A" = FA', }" = I-'Y, &c.. x' = lx. y' = /y. Ac, 
vi=fim,&c., l' = Tt,&c., where F, I. fi, t are all constants, pro- 
vided fd= Ft*. Ik two geoiiiotrically similar systems, we nave 
but one ratio of similarity, viz. that of tho linear dimensions, but 
in two mechanically similar systenaH we have three other ratios, 
viz. that of the masses of tho particles, that of the forces which 
act on them, and that of the times at which the systems are to be 
compared. It is clear that if the relation just established hold 
between these four ratios of similitude, the motion of the two 
systems will be similar. 

Suppose then the two systems to be initially geometrically 
similar, and that the masses of corresponding particles are pro- 
portional each to each, and that they begin to move in parallel 
directions with like motions and in proportional times, then they 
will continue to move with like motions and in proportional times 
provided the external moving forces in either system are propor- 
, , mass X linear dimensions ,.. ,, ■ i i ■■■ 

tional to : :i . .Since the resolved velocities 

ttime) 

of any particle are -j , &c., it is clear that in two similar systems 

the velocities of corresponding points at corresponding times are 

, , linear dimensions ., i- ■ . .i 

proportional to - - - . . If we eliminate the time 

' ' tune 

between these two relations, we may state, briefly, that the con- 
dition of similitude between two systems is that the moving 
- , , . , niajss X (velocity)* 

lorces must be proportional to ,. ,- ^^^ . 

' ' tmear dimensions 

:i(i9. On Hodeli. M. Bortrand remarks, Uiat in comparing 
the working uf a modil with that of a krge machine, we must 
take care that all the forces bear their proper ratios. The weights 
of the several parts will vary as their masses. Hence we infer that 
the velocity of working the model must be made to be proportional 
to the square root of its lineai' dimensions. The times of describing 
corresponding arcs will also be in the same ratio. 

When the speed of working the model and tiie large machine 
arc thus related it is convenient to apply to them the tenns "cor- 
rapondiiig velocities." 

If there be any forces besides gravity which act on the model, 
these must bear the same ratio to the corresponding forces in the 
machine, if the model ,is to be similar to tne macbine. If the 
model be made of the same material as the machine, the weights 
of the several parts will vary as the cubes of the linear dimensions. 
Hence the impressed forces must be made to vary ns the cubes of 
tho linear diinenRinna. For example, in the case of a model of a 
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st<Tuii-cn^iii<S the pressure of the steam on the piston varies as 
|H(Mhict of tlu» area of the piston into the elastic force. Hei 
\\\r. clsistit: f«?nMj of thn stt^ini u:?eJ must be proportional to 
linear (hiiKMisions of the model. 

Suppt>sinj^ the impressed forces in the two .systems to La 
cjifh to e.'U'h, tlie projwr ratio, the mutual reactions between 
parts of tht? systems will, <»f themselves, assume the same ratio. ] 
if, 1)}' givin«^ pr(H>er displacements accoixliiig to the principle 
Virtual Velorities we form equations of motion to find these re 
tioiis, it is e;isy to sei? that they will be, each to each, in the >a 
ratio as the forees. Since sliding friction varit-s jvs the non 
pn*-sure, and is indepon«lent of the aretis in contact, these fricti* 
will l»ear thrir proper ratio in tlic model and machine. This. ht. 
ev«'r, is not the ease with rolling friction. Recti rrin«jf to Art. 1 
we see that the rojlinir friction varies inversely as the diametez 
the whetl, and will, therefore, bear a greater ratio to the otl 
f«»rees in the model than in the machine. If the resistance of 1 
air he proportional to the product of the area exposed into 1 
s<pjare of the vi'locity, this resistance will boar the proper ratio 
the model and the machine. 

1)70. BzamplML A^ nil rxaniplo. Kt ur apply the principle to the case c 
r'ni'ul 1)1 Illy oscilliitin;^ iibtxit a ti\t.il axis umler the actiou of >;ravitT. That 
iiiotiiiDH (if two ]riiiliil>nim in:iy bo siTiiilar t)uy must doscribe equal an; 
ciiiri>p«in(lin:^ tiim--^ aic tlirrct'on' pin]i()rti<>nul to thrir tinu-.s of os<.-iUation. Si 
tlu" fori'ts \aiy as tin nuir^- iiiii» j,'ravity, \\v sro that when n ]>endulnin o^cT.!; 
thrniDrh a ^-.ivi-n ati^'Ii , t)ic s<|iiarc of the thiic of oscillation must varv as the r 
of till' linrar iliiip ii>iiMis to ;.'iavity. 

As a si'ctind rxani}'li tojisLliT the vii-m of a particle descrihing an orbit ro 
till' niitri- tif attia«ii'>ii wlm i- forct? is iMjual to the protluct of the iuvcrso ?iH 
of till- ili^tancr into koihc coiistant fi. The principle at once shows that the Stp 
of i\\v pi'iioilii- tinn* mu^t vary as the i.-u1mj of the distance directly and as fi 
vjjrscly. This is Krplrr's tliiid law. 

In Mr FmU'li "s lApi linit'iii; t') d-t-Tniino the roj<istanco to s1ii])s he empl*"* 
small nioilcN. Tin- follow in;z rnU.' used hy liini will be a third exaiuplo. If 
lint'ar dinimsions of a ship If- n tinns that of the niixlel, and if at a speed V 

nn-asund ifsi-tanr*«' to thr nit>dil l»e A', then at the corresp«.)nding speed, viz. Ft 
tin* rr>isti»nc*t' to Ihi- ship will he ;/*/i'. 

:i71. Bayart's Theorem, hi the twenty-ninth volume of tho Antuilft. 
I'hhnie (rari»*, Ih'Jo) Savait drseiil>»K nnnitTous experiments which he made on 
noti.-H soiindrd hy similar v< sscls containing air. He says that if we const 
iMihical boxes and si>t the air in motion as is ordinarily done in organ pipes we 
that the niimlu r of Nihiations in a ^ivcu time is proportional to the reciprocal 
the linear dimensions df the masses of air. Tliis law was verified between estr 
limits, and it^^ truth tested with a great many notes. He says lie frequeutlv \ 
tht; law during his re.-.eareheM, and never once found it led liim wrong. This re 
having been obtiuned for cubes, it was natural to examine if the same law held 
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But bjrMsr- 



He Uiea tested the tftv ^tb oonical pipes in which the opening itm «lw^g 
of the same solid angle, theD with cylindrical pipes, thea with pipes whoM 
bkMs were eqalUtenl triangles. These he made to sound in different wfljs, put- 
ting the month-piece for instutoe nt different points of the length of the tab& In 
all casus the sane law w&s found to hold, for tabei whaee diameters were yexy 
small compared with tlieir lengths as well as for those whose diameters were Tery 
great. This law he again tonad Bpplicsble to masseB of air set in motion by eom- 
mtmication from other vibrating bodies. Hence he infers the following general law 
whioh he enunciates as an eiporimontal fact. 

When masses of ait are contained in two similar vessels, the namber of vibra- 
tions in a given time |i. r. the pitch of the note Bonnded] is inversely proportional 
(0 the linear dimensions of the vessel. 

This theorem of Savart's follows at once from the principle of Similarity- Divide 
the similar vessels into oorresponding elements, then the motion of these elements 

will be similar eaoh to each if the forces varv as -r-. — ^^ '-. 

■' (time)' 

riotle's taw the force between two elements varies as the prodnot of the area of 
oontact into the denaitj. Hrnoe the times of oscillation of eorresponding pwtidee 
of air must var; as the linear dimensions of the vessel. 

372. The fiist person who gave a theoretical explanation of Savart's law wu 
Caach;, who showed, in a iltmoire presented to the Aoademy of Scieneea in 1829, 
that it followed from the linearity of the equations of motion. He refers to the 
general equations of motion of an elastic body whose particlea are but sllgbtly dia- 
placed even though the elasticity is different in different directions. These equa- 
tions which serve to determine the displacements (f, q. f) of a particle in terms of 
the time i and the co-ordinates {x, y, i) are of two kinds. One applies to all points 
of the interior of the elastio body and the other to all points on its snrface. These 
are to be fonnd in alt treatises on elasticity. An inspection of these equstioni 
shows that they will continue to exist if we replace {, q, f, z. y, i, r by ■{, ii), if; («, 
■y. ■:, tt, where ■ is any constant provided we alter the accelerating forces in the 
ratio I to I. Eenoe if these accelerating forces are lero. it will be safficient to 
increase the dimensions oF the elastio body and the initial valnes of the disptaoe- 
ments in the ratio 1 to x, in order that the general values of £, ii, i and the dura- 
tions of the vibrations should taij in the same ratio. Hence we dedaoe Canchy'a 
extension of Barart's law, viz. if we measure the fiXtih of the note given by a body, 
by a plate or anetastio rod, by the nnmber of vibrations produced in a unit of time; 
the pitch will vary inversely as the linear dimensions of the body, plate or rod, sup- 
posing oil its dimensions altered in a given ratio. 



373. TbeotT of Dlmenilotu. 

deduced from the theory of dimeDsk 

of Art 332, a force F is measured by 



These results may be also 
as. Following the notation 

wt jT. We may then state 



the general principle, that all dynamical equations must be auch 

that the dimensions of terms added together are the same in space, 

B.O. 19 
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t:::.- :ir.i r.::i>i. ilo dimensions of force being taken to be eqi 



L-.: ^:? i»rT'"y :}.:* ::■ the case of a simple pendulum of lei 
C'^* :".l.i:::.j '].r ".J:. ;» ^\\r\i rnide a, under the action of gi 
Lv! ft V- :*r '. :;:ri-- ■ !* :!.•■ p:»rick*. F the moving force of gi 
Xii<z. ::.'. 'i::!- r i ■ ^ il'.iivi-^u can bo a function only of i 
vxiii 2. L*.: :''..''.^ r.inc:: a be* expanded in a series of pow^ 

wl.orc A. I". ::._' :i !"".r.ot:'iii of a <«iilv. is a number. Since t is 
dim*. !.-: :. :!. >jki'.v. wv havi- yi^iy=0. Also t is of one di 
si^'ii !!i v.::.v: .". — -;• = 1. Finallv r is of no dimensions in i 
.*. jt ^ r = o. H* !. V /> = — A . 7 = r = i, and since />, q, r 
each oii'.v ^.i.t valuc. thvrc is but one term in the series. 

intVr li.a: in aiiv siiiijV.o fkuJuhmi r = A a/ -^ where A 
uuJi.T«.rm:i.t'i i/iii/i-er. See a!>o An. 370. 

374. Ex. 1. A lar:!-.!-: n: v»? fro::: rtst towards a centre of force whose i 
lioE vari^- a- :':... i.-:.ir.i ::: a v.-.tiium rcM-iing as the velocity, show 1 
thiory ..:■;:■...:>!. r.- :■ .i: ij.-. :;:i.< if iiAvhii:*; the Ctntre of force is indepeDC 
ihc ir-i::.u iv?i:i. n ■. : :h-: yariic'.o. 

Ex. '2. A v.«r:-..l. ::::'Vi« fro::: ri*r in vacno towards a centre of force 
atir:ic:i^ :i v.;ri' - i:;^ •.:-«'.%■ a- ::,i •:•■ i\"»wcr of the distance, show that the t 

reaching the CkVAvc o: force varies as the - th power of the initial diatazice 
panicle. 

Cl-i •'.<{•'$' therein uj stationary motion. 

375. 7f d'i-rf.n, tlr ;■;<.;■; v>' viv-.i ■>/ d iy^tem of material points instat 

Fy -tatioii:!!^ :::o:ion i- Ri-.ani siiiy iT^.otion in which the points do not conti 
move f:;ri}.tr ar.-l fiiril.tr fri ra their oriLMual position, and the velocities 6 
altiT 0'iitiii';»i:-'.y in ihc ?a::To i\irt\*!i'«n. but the points move within a 1 
Fpaco nii'l tl-.c vi 1. li::.. •; oi:ly i!;:otuati' within ct-rtain limits. Of this nature 
porio»lio nir.tii»i:s, -r.ch a- tLo-i of tlio pl:in»ts about the sun and the vihrati 
elastic bo.li«.'». ai.^l funhvr. such irrt^jul.ir nn'tions as are attributed to the 
and mob.cult- «■( a b.vly in order to t.\i«lain its heat. 

Let X. »/. c be ibr co-ordinate* of any particle in the system and let its 
he wi. Let A". 1", Z be thi cumponents of the forces on this particle. 

m -p. = A'. Wo have by pimple differentiation, 

^n^-'^dtVdtj'^\dt) ^-^dt*' 

* Thiia nnd iho next articb' arc an abrid^t?ment of nausiua* paper in th 
Mag., August, 1H7U. 
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Let thie eqastion be intPBratod with regud b 
integi&I be divided by I, ne thereby obtun 



a Irom to ( and let (he 



sj:(sy-4/>-2[i?-m]' 



3 bo; qatuiUty implies that the initial 




In which the ftpplioation of the enfiii zero ti 
v&lne of that quantity is to be taken. 

The left-hikTid Bido of this equation and the Brat lerm on the right-hand aide are 
evidently the mean valuea °f g{ ~r] f^^i ~ a^ daring the time I. For a periodie 
notion the darttion of a period may be tJtkon for the time t ; bnt for inegulai 
motioDB {and if we please for periodic ones also) we have only to conaider that the 
time r. in proportion to the times during which the point moves in the same diren. 
tioD in respeat of any one of the directions of oo-ordinates is vei7 great, so that In 
the course of the time ( many changes of motion have taken pluei and the above 
cipresaions of the mean valaes have become safGciently couataat. The last term 
of the equation, which has jta factor included in square bracknts, becomes, when 
the time is periodic, equal to zero at the end of each period. When the motion is 
not periodic, bat irregularly varying, the factor in brackets does not so regnlarly 
beoome zero, yet its valoe cannot continually increase with the time, bat can only 
flnatnato within certain llfflits ; and the divisor t, bj which the term is ofleoted, 
mnst accordingly cause the term to become vanishingl; small with very Kreat values 
of (. The same reasoning will apply to the motions parallel to the other co-ordi- 
nates. Hence adding together onr results for each particle, we have, if d be the 
velocity of the particle m, 

mean ^2m^=-mean^Z(X*-hr,+ 2«). 

The mean value of the expression - 1 S {^x + Fy + Zi) 
the virial ol the system. His theorem may therefore 
tenti vii viva of the n/item ii rqaat to iu viriat. 

376. In order to applj this theorem to heat, let us ooasidoi a body as a system 
of material particles in motion. Tbe forces which act on the system will ia general 
consist of two porta. In tbe first place, the elements of tbe body eiert on eaoh 
other attraotive or repniaive forces, and secondly, forces majoct on the system from 
without. Tbe virial will therefore consist of two parts, which are called the 
internal and rxlemat viriat. It has just been shown that the m 
will bt equal to the ninl of thetr tico parlt. 

If #(r) be the law of repulsion between two particles whose masses are m and m, 



e have .Tj+,ri'= 




-f{T) 



two other co-ordinates corresponding equations nuy be formed, we have for the 
internal virial - ^2{.Yr + yj/ + Zi)= -ZJr^fr). 

As to tbe eiternal forces, tbe caee most freqnently to be considered is whare the 
body is acted on by a uniform pressnre normal to the sarface. If p be this pree- 
sare, da an element of the Burfaoe, 2 tbe cosine of tbe angle the normal makee with 

19—2 
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tha azifl of x, -^ZXx=^ f^ld^=\ J 1*^9^ If Fba the tqIiiiim of «h8 b 

1 8 

ihii b ^pF, and therefoie tha whole eztenud TixiAl ii sP^- 

Ex. 1. Show that tha TirUl of a qnrtem of fbcoaa it indflpendoit of tha od 
and tha directions of the axes supposed reetangolar. 

The first result is clear, sinoe in stationary motion ZZ«0, Ao. Ihe no 
follows from the equality Xx+ Ty-^Zz^Rp, where JR ia the resnltaat of Z, F, I, \ 
p ia the projection of the radius vector on the directum of £• 

Ez« 2. If an infinite number of smooth perfectly eUstie aphflzieal pntk 

equally distributed throughout a hollow vessel of any fonn, be in motioii, each i 

any velocity, show that the resulting continuous pressure p pxodnoed bj ti 

impacts on the interior surface, when referred to a unit of area, ia equal to aoe-ti 

of the vis viva of the particles which occupy a unit of volume. If the part^if^' 

also under the action of their mutual forces, and P be the mean potential ena 

dJP 
show that to find p we must subtract from this result ^ . Bee Art. S46. Thi 

a proposition in the Kinetic theory of gases. 



General Theorems en Impulses. 

377. General equation of vlitnal velocitieB. Let (x, y 

be the co-ordinates of any particle m, and {X, K, Z) the resoF 
parts in the directions of the axes of the impulses which act 
that particle. Let (m, v, to), (w', v\ w') be the resolved parts 
the velocity of the particle in the same direction just beuire < 
just after the impulse. 

The momenta 7n (w' - u), m (v — v), m (w' — to) being rever 
for every particle, will be in equilibrium with the impulsive fan 
Hence by virtual velocities we have 

2m {(u' - u) &c + (v - v) By + {w - w) Sz] = 2 {X8x + YSjf ^ZSs] 

where Sx, Sy, Bz are any small arbitrary displacements of 1 
particle m consistent with the geometrical conditions of 1 
system. 

This is the general equation of virtual moments, and it i 
be seen further on that the subsequent motion of the avstem q 
be deduced from it. At present we are only concerned with si 
general properties of the motion as may be deduced from t 
equation by a proper choice of the arbitrary displacement. 

378. Camot'i first theorem. Let us first suppose that i 
only impulsive forces are those produced by the actions and 
actions of the bodies forming the system. For example, 1 
bodies may impinge on each other or two points may be sudde 
connected together by an inelastic string. Then these mut 
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actions and reactions are in equilibrium and tbe sum of their 
virtual moments will be zero for all displacements which do not 
alter the distance apart of the particles acting on each other. 
Suppose the bodies impinging to be inelastic then just after the 
impact the points of the two bodies which impinge have no veloci^ 
of separation normal to the common surface of the bodies. If 
therefore we take as our arbitrary displacement the actual die- 
placement of the system during the time dt just after the impact, 
the sum of the virtual moment of the impulses will be zero. 
Hence writing Sx = H'St, Bt/ = v'St, Sz = tu'St, we have 

2m {{u -u)u' + (t)' -v)v'+ {a - w) to'} = 0. 
This gives us 

£m («■' + »'■ + «>") = tm (uu +w' + tua') 
which may be put into the form 

2m (u" + w" + w'') — tm (it* + ti" + uf') 

= - Sm I C«' - w)' + («' -«)'+(»'- w)'} . 
Therefore in the impact of inelastic bodies vis viva is always lost. 
This is the first part of Camot's general Theorem. 

879. Oeoerallzatlon of Camot'i theorem. It should be 
noticed that Camot's demonstration does not apply exclusively 
to collisions but to all impulses which do not appear m the equation 
of Virtual Velocities as applied to the subsequent displacement. 
Let a system be moving in any way, and let us suddenly introduce 
some new restraints by which some of the particles are compelled to 
take new courses. The impulses which produce this change of 
motion are of the nature of reactions and are such that in the 
subsequent motion their virtual momenta are zero. It therefore 
follows that vis viva will be lost and the amount of vis viva lost 
is equal to the via viva of the relative viotion. This is sometimes 
called Bertrand's Theorem. 

380. Camot'i lecond theorem. Let us next suppose that 
an explosion takes place in any body of tbe system. Then just 
before the imptdse, any two particles about to separate are moving 
so that the virtual moments of their mutual actions are equal ana 
opposite, but Just after the explosion this may not be the case. 
Hence we now put Sx = uBt, £^ = uSt, Sz = loBt and we have from 
the equation of virtual moments 

This may be put into the form 

2m («" + iT + to") - Zm {«■ + »' + lO 

= 2m [(«' - u)* + {v' - V)* + («/ - wy\. 

Therefore in cases of emplosion vis viva is always gained. This 
is the second part of Camot's Theorem. 
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381. Thirdly, let the bodies of the system be perfectly dasl 
If two clastic bodies impinge the whole action oonsists of two pa 
a force of compression as if the bodies were inelastic, and a force 
restitution of the nature of an explosion. The circumstances 
these two forces are equal and opposite to each other. Hei 
the vis viva lost in compression is exactly balanced by t 
vis viva gained in the restitution. This is the last part of Camfl 
Theorem. 

382. Three fbrms of the equation of Virtual Mmniml 

Let us now resume the general equation of virtual moments for 
system in motion acted on by any impulses. We have aliea 
seen that there are two displacements, either of which we may wi 
advantage choose as our arbitrary displacement. One of the 
coincides with the motion just before and the other with t 
motion just after the action of the impulses. These equations m 
be written 

2m {(u' - m) u + {v'-v)v+(u/- w) w} = 2 (Xu +Yv + Zw) 
2m {{u - u) w'+ (t;'-t;)i;'+(fi;'- w)w'] = 2 {Xu'+ Tv+Zu^ 

But besides these we may conceive a great variety of posal 
motions which might occur, %,e. which are geometrically possih 
Let (m", v", w") be the components of the velocity of the typic 
particle m for any one of these possible motions. T*hen we mn 
write &r = u'Bt, By = v''Bt, Sz = w'^St and we obtain 

2m {(u' - w) m" + (t;'-t;)t;"+(M;'-t(;)«;"}=2(Ztt"+ Yv^'+Zw'y 
This equation of course includes the two former as special cases. 

This possible motion might have been produced from the initi 
state by the application of proper impulses. Let these be repr 
scnted by A'', 1'', Z\ Then with these forces this state becom 
the actual subsequent motion and our former subsequent moti< 
becomes a mere variation from this motion. Thus we may wri 
down t])ree more equations, obtained from these by interchanin] 
{u\ v\ v/) with or, v\ u;") and ( X, F, Z) with {X\ Y\ Z')7^ 

By comparing these equations we may deduce several genei 
theorems. But m onler to avoid a great deal of analytical reaso 
ing let us adopt a simple notation. 

383. Vis Viva of the Relative Motion. Let 23" be tl 

initial vis viva of the system. Let 22" be the vis viva after tl 
application of a set of impulses which we shall designate as the & 
-4, and let the resulting motion be called the motion -4. Let 2j 
be the vis viva of any other possible variation of this motion whi 
we sliall call the motion B, and let the forces which produce tl 
be called the forces B, We shall also want to use the vis viva 
the relative motion of any two of these. Thus taking the two fii 
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and expreaaing the via viva of the relative motion by 2fl„ we have 
2fi„ = tm [(«• - «)• + (v' - vy + («;' - w)] 
= IT + 27 - 2Sm (uu' + vo' + Mm/), 
Xm (w«' + W + ww') =T+T - R^. 

Similarly if we call the vis viva of the other relative motions B^^ 
and il„ we have 

Ivi { w«" + vo" + »w«" ) = r + r" - B„, 
Sm {m'u"+ vV'+ w/w/') = r'+ r" - fl„. 
The three equationa deduced from Virtual Velocities in Art 382 
may therefore bo written 

T ~ T— M^ = Vir. Mt. of forces A in initial motion, 
I" - r + ^„ = Vir. Mt. of forces A in motion A, 
T - T~ fl„ + fl,, = Vir. Mt. of forces A in motion B, 
where the divisor dt on the right-hand side has been dropped for 
the Bake of brevity. Or we may say that the right-hand sides 
eipress the rates at which the forces A are doing work in the 
respective motions. Or again, the right-hand sides express the 
sums of the products of each force into the velocity of its point of 
application resolved in the direction of the force, for the respective 



3S4. Change of tIi Tlva due to Impulwi. If we add the 

first two equations together we see that R^^ disappears and thus we 
are led to the theorem ; If any impulses act on a system in motion 
the change in the aemi vis viva ts equal to the sum of the products of 
each force into the mean of tlie velocities of iis point of application 
just before and j«st after, both being resolved in the direction of the 
force. This theorem was proved in a different manner for a amgle 
body in Art. 3iG. 

385. Vli Viva of the Relative motion. If we subtract 
one equation from the other we are ted to the theorem; If any 
impulses act oh a st/stem in motion the setni ma viva of the relative 
motion is equal to the sum of tlie products of each force into half tlie 
&rcess of the resolved velocity of its point of application just after 
over that just before, both velocities being resolved in the direction of 
the force. 

386. Let us now consider the third equation in Art. 383, and 
let US choose the hypothetical motion B, so that the virtual mo- 
ments of the forces A may in it be tlie same as in the actual 
motion. Then we have 

Therefore, if any intpulsiee forces act on a system in motion the 
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vis viva o/the relative motion is les3 than if the particles took i 
other mmon for which the virtual moments of these impulses ! 
the same. Of course this hypothetical motion must be consist^ 
with the geometrical conditions of the system. 

387. Sir W. Thomson'B Theorem. If the system start 
from rest we have T= 0. li^ = T, B,= T", and thus -we obtain 
T" = T' + fl,,. This gives us Sir W. Thomson's theorem. Sup- 
pose a system to be at rest and to be set in motion by jerks or 
impulses at given points so that the motions of these points are pre- 
scribed, then the vis viva of the subsequ^it motion is less than that of 
any other hypothetical motion the system, could take in which these 
points have the prescribed motion. By prescribing the motion of 
the points of application of the impulses (i.e. the forces called A 
in the fundamental equations of Art. 383) we secure the fact that 
their lartual moment is the same for all hypothetical displacements 
of the system. 

By the use of this proposition the actual motion may be found 
by the application of the ordinary processes of maxima and 
minima. 



388. Bertrand'a Theorem. We may write down the equa- 
tions for the motion B con'esponding to those given in Art. 383 for 
the motion A. These are 

T' — T— R^ = Vir. Mt. of forces B in initial motion, ^^ 

T'-T+R^-Tyt. Mt. of forces 5 in motion B, ^| 

T"- T- R„+ i?o,= Vir. Mt. of forces B in motion A, ^M 
where the divisor dt has been omitted as before. 

Comparing the second of these with the last of the three given 
in Art, 383 we see that if we choose the hypothetical motion B 
so that the right-hand sides of these two equations are the same, 
we have 

In order that the right-hand sides may be equal we may suppose 
the motion B to differ from the motion A only by the introduction 
of some constraints, so that the forces B differ from the farces A 
only by some reactions whose virtual moments are zero in the 
motion B. 

We thus arrive at a theorem of Lagrange generalized first by 
Delaunay (Liouville's Journal, vol. v.) and afterwards by Bertrand 
in his notes to the M4canique Analytique. Suppose a system in 
motion to be acted on by any impulses then the vis viva of the sub" 

sequent motion is greater tlian- if the system ivere subjected to i 

constraints and acted on by the same impulses. See Art. 379. 
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Comparing Sir W. Tliomaon'a and Eertrand's theorem we 
ceive tbat when the motioD of the points of application of the 
impulses are given the subsequent motion may be found by making 
the vis viva a minimum, but when the impulses are given the sub- 
sequent motion may be found by introducing some constraints and 
making the via viva a maximum. 

S89. BxunplM. To underaUnd these two principles jiroperly we Bhoold 
siamino their appliaation lo aomo simple ubm of motion. 

Ex. 1. A body at rat haeing one point O Jixed it ttruck by a s'ven impuUe, 
flad the mulling motion. See An. 308 aod Art, 310. 

Let L. SI, N he the giien oomponeDti ot the impnUe ftbout the prindpkl kiss 
at 0, Then if the body begin to turn about an ania^fixed in ipaee whoae diraotion 
OOEines are (I, m, n), the angular Telodt;^ u is found b; Art. SB from 
(.J P + Bn» + Cn') u = I,i + Jlfm + 2ffi. 

To find the axii about whiob the bod; begins to turn ahtn frtt, we must b? 
Lasrange's Theorem make the vis viva a maiimam. That is we have 
(JI' + flni' + Cn')«' = aiaximnni. 

We have also the condition f-t-m' + n'^l.. 

Treating these three equations in the usual rauincr indioated in the Differential 
„ , , „ , Al Bm Cn 

CalouloB, wa find L ~ Itf ~ S" ' 

wbiuh delennines the direotioo cosines of the axis about whioh the bodj begins 
to torn. 

Ex. S. A body it at reit teith one point O fixed in ipact. Saddtnli/ a itraight 
tine OC/ixed in the body begint to move round O ina known manner, find the motion 
of the body. See Ark 393. 

Take the inctantaneons position of OC as the axis of Z, and let be the origin. 
Let the motion of OC be giveu by the angular telocities e, ip about the axes Ox, Oy, 
and let w be the required angular velocity of the bod; about Oi. Then, by 
Sir W. Thomson's theorem, we make the vis viva of the bodj a minimum. We 
have tbeiefon 

^*» + B#' + Cw" ' 2D^ - aEtfm - af a^=min., 
where A, B,iM.an the momente and prodaets of inertia at O. Differentiating we 

Cw-D#-£tf = 0. 
Thus u has been found. This last equation expresses the bet that the ongnlai 
momentum about the axis of Z is unaltered by the blow. 

Ex. 3. A rod AB at rest U acted on by an impoUe F perpendicular to its length 
at the extremity A, and that extremity begins to move with a velocity/. Find the 
point O in ilii about which the rod will begin to turn (I) when F is given and 
(3) when / is given. If AO-i, show that both Bir W. Thomson's theorem and 
Lagrsnge'i or Bertrand's theorem lead to the same function of f to be made a 
mi ?Ti'"""i . 

Ex. i. A system is moving in any manner. A blow is given at any point per- 
pendicular to the direedon of motion ot that point. Prove that the via viva iB 
increased. 



297 ^M 

(VG per- ^^M 




29H 

Thii (oUowi from iIm fint oi ibt 
of ihU foree (there eallcd J) TaniihM in die iaitU MnriiM Htmm F^I^M^ 

Ek. 5. A HTrtem At rest if aded oo bj two 
il and iir will tAke tvo diilerent mntiona. Ploiv 

momcnti of the foreet A for displaecmcBti 
motion B u equal to the nun of virtixAl mnmrntt at 
reprceented by the velodtice in the motioo A. 

Since 7=0, r'=/2gi. and 7**=i{«a the rmdh 
equations in Art 343 and Azt. 388. 

prerioQi article, and which repreeenta the tie vira of two relasiic 
been interpreted by GaoM in another manner. Let the 
a Hytit#;m juKt br:fore the action of any impolaee o ee upy 
call pp P|. Sec. Let ns rappofle that these partides if frtt would vnder dK i 
of these impulftcs and their preriooa momenta acquire mefa Teloataea ttes a 
time di sabHoqaeot to the impulses they would describe the bbaII i^ttees^fi. 
Ac. But if these particles were coruiraxnitd i% any MajMer eonaiitait wid 
geometrical conditions which hold just before the aetioo of tha nnpalaes, 1 
supiioso that they would under the same impulses and their jnevioas moii 
describe in the time dt subsequent to the impulses the sniAll Bpacca p^r^, ^, 
Then the HpaccH 9,r|, ^ ,r^ &c. may be called the deriadona ftom free molioi 
to the oouBtraints. The sum Zsi (^r)' is called the " constraint.'* 

301. We might alflo measure the constraint by the ratio of this ■mw to 
W(; then take yij'/,, Ac, ;))r,, itrc. to represent, not the displacements in the tin 
but tho vcl<icitic-M of the particleR just after the action of the foroes in the two 
in which the |)artick-8 are free or constrained. Referring to D*Alembert*s prii 
in Art. C7, wi; Hfo that ;}7 represents the resultant of the prerioaa Teloeity a; 
the velocity kc^"!)!.' rated by tho impressed force on the typical particle m, whi 
represents tlic velocity ^t-'i^erati'd by the molecular forces*. 

If wc suppose that tho lengths p^, 7r, d;c. represent veloeitiea and not dis] 
mcnts, let (ii, r, ir) bo the components of ^ in any motion, and (a', e', tf 



* Gauss' proof of the principle is nearly as follows. By D'Alembert's prii 
tho particles r/ip w^, Arc. if placed in the positions r|, r^ <frc. would be in equilil 
under the action of those molrcnlar forces alone. Let us apply the princii 
Tirtnal velocities, and di'4))laco the system so that the typical particle m dea 
a spnco rp^ making' an angle with tho direction rg of the moleoolar fozoe < 
Then sinco thu product m (rg) measures tho molecular force on m, we ha^e 

Zni (r;) (rp cos^) =0. 
But gp?=grS+r/)'-2gr.rpooB0. 

Hence we easily find 2m (gp)' = 2m {qrf + 2m (rp)'. 

In tho actual motion tho particles move from P], d;a to r|, 9cq, and the ^ 
I straint*' is 2m (r/r)'. If tho particles had been forced to take any other hypotfa 

I I courses, by which they would be brought into the positions p|, &c, the ** oonstz 

t would be 2m (gp)'. Gauss' Principle asserts that the former is alwi^ya leas 

the latter. 
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nee. Let 37' be tho y. 
m by tbe sysMm. I> 
e bypotbelical motio 
s further a 



components ol pr in any other motion ; then 

ffleunrcB the '■eoiulniDt" from one matiou to the other. This is precise!; what 
«a hkvo lepreiented b; the symbol 2R, with enffiiea to denote irbich two motions 
aie meant. 

303. OBiua' iwtnatple of ImM eonatralnit. Snppoae a system of partiales in 
motion and conitruned in any given manner to be acted on by an; given set of im- 
is viva o( the subseijaent motion. Thin is tbe actual motion 
et as now BUppoae Uiat the partidea had been forced to tako 
n oonBiBtent with tbe geometrical conditiona by introdnoing 
. Let 37" be the aabseqnent via viva in this hypothetioal 
notion. Thirdly, lot at auppoae that all oonatrtunta were removed so that the parti- 
elea were acted on aolely by the given set of impulses. Let SF" be the anbaeqaent 
vis viva in thia tree motion. Let 3T be the initial vis viva common to all these 
motiona. Let 311,^ Sfi,^ ill„ be the lirea vivoi of the relative motions of the first, 
Moond and tliird subaequant motiona as denoted by the snffiiea. 

By Bertrond's theorem, since tbe hypothetical motion is more oonatrained than 
the aotnal motion, we have 

r=r'+fli,. 

Also, sinoe each of these is more constrained than tbe bee motion, 
T" = T" + ilu, 

r-'-r+B,,. 

Benoe we have R^ = R^ + Jiu- 

Therefore R^ is alwsyi greater tb»n it,j. It follows that the motioD which the 
ayatem actually lakes when anbjeot to any impnlsee ia aach that the "conatraint" 
from the tree motion is leaa than if the ayitem look any other motion conaialent 
I true whichever way the "coD' 



393. If we auppoae the system to be acted on by a series ot indefinitely small 
impulaes, thcae impolaea may be regarded aa finite fonws. We therefore infer the 
following theorem, which ia naoally called OauMt' principle af Uatt comtraint. 

The motion of a ij/ilmi of malfrial puintt coiaucled by any geomttricat rtlatioBM 
U alwayi at nforJy u poiilbU in accordance aitk free motiatt, i.e. if the conilraint 
during any time dl u meatured by the rum of lA£ proiJucM of the mau of each 
particle into the $qiiare of il» ditlaaee at the end of thai time from the potition it 
would have taken if it had been free, then the aettlal notion during the time dt u 
tueh lAuC the foiwtraint ii Uti than if the parlielei had taken any other poiilion. 

Gauas remarks that the free motionii of the particle when they are incom- 
patible with the geometrioal oonditiooa of the ayatem are modified in exactly the 
same way aa geometers modify reaalU which have been obtained by observation, 
i.e. by applying the method of Least Sqaares so as to render them compatible with 
the geometrieal conditions of the qoeation. 

394. El. Any number of particlet m,, mj, Ste. are acted an bg any foret* 
wJiiMf eompanentt art miXi, niiY,, ri,Zi, Ao. Their eo^ordinatet ij, ji, e,; 
!]> 7i< ^! iK-are eonnteled logitheT by iditm rrtulion nteh aa $ (i,, &o,)aO, /or 
i'iulaiic< the particUi might be bead4 liung on a itring of given length ichote exlremi- 
tiet are tied together. It ii rejuirfU to form the eguatioru of motion. 

hti V, r, IF be the resolved velocities of the typical particle tn at the time ( ; 
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u, r, IT iu Ksolyed velocities just after the aeticm of the impolM wIiom xhoI 
parts are mXdt, mYdt, mZdt on the supposition that tiie particle ia psfsetlyfl 
But as the typical particle is not perfectly free, let h', v', w^ be its itaotwtd vdodj 
at the same instant Then to find u\ v\ v^ we make 

i2u= Zm [(u' - «)> + (r* - r)* + (v - v)*] s minimiim 

where the Z implies summation for all the partides. This qmuitiij ia to b 
minimum for all variations of u', r', w* subject to the oondiiioii 

where the Z here also implies summation for all suffizea. 

To make Ru a minimum we take the total differential of emch of thoae qaatii 
with regard to all the accented letters, multiply the seoond bj some indetamni 
multiplier X, and add the results together. Equating to aero tha eoeffldwrti 
dtt', &c. we obtain the three typical equations 

m(u'-ii) + X0.=O mi^-r) + X0,=O m(«0'-w)+X^««O. 

Putting suffixes wo have sufficient equations to find X, and the (v'p i/, w) of ev 
particle. 

We may write these equations in another form. Sinoe U and v* are two nee 
sive values at an interval dt of the same quantity in the oontinoona motion we 

seeking to investigate, we write u'- U=-j; ^^ Since u ia the leaolved vdoc 

after the impulse when the particle is free we have «- I7=:Xdt. The eqnatii 
therefore become 

m(^-jr)+/i*0,=O, Ac. 

where fidt has been written for X. 

In this form the equations might have been derived directly from tha princi 
of virtual velocities. By that principle we have 



Zfnr(^^"-X^aj; + Ac. 1=0 



with the condition 2 [<Pafix + Ac] = 0. 

Multiplying the second by an indeterminate multiplier fi^ adding the tea 
together, and equating to zero the coefficients of dx, &c, we obtain the aame zea 
as before. 



EXAMPLES*. 

Ni 1. A Rcrcw of Archimedes is capable of turning freely about ita tfrim^ whid 
fixed in a vertical position : a heavy particle is placed at the top of the tnbe 
runs down through it ; determine the whole angular velocity commnnioated to 
screw. 

Hesult. Let n be the ratio of the mass of the screw to that of the part 
a=:the angle the tangent to the screw makes with the horizon, h the he 
descended by the particle. If w be the angular velocity generated, ptore that 

w'tt' (fi + 1) (n + sin* a) = 2gh cos* a. 



* These examples are taken from the Examination Papers whioh have been 
in the University and in the Colleges. 
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J %. k Sm oirotilw tnbe, CMTjing within it a heavy partiolB, is set revolving 
ftboat a tertiokl diameter. Show that the diS^reiioe of tlie Bqnares of the abeolnta 
Telooitiisa ot the pactiole at anj tvo given points of the tube eqaidistant trom the 
axis is the eame Tor all initial velocities of the particle and tnbe. 

3. A oironlar wire ring, carrying a email bead, lies on a emiMtth horizontal 
table; an elaalic thread, the natural length of vhioh is teas than the diameter ot 
the ling, has one end attached to the bead and the other to a point in the irir«; 
the bead ii pUoed initially' bo that the thread coincides very nearly Kith a diameter 
of the ring; find the via viva o( the eyatem when the string has contracted to ite 
original length. 

-J 4. A straight tobe ot given length b capable ot taming freely abont one ei. 
tremity io a horizontal plane, two equal particles are placed at different points 
within it at rest, an angular velocity is given to the system, determine the velocity 
of each particle on leaving the tube. 

5, A smooth oircnlar tnbe of mass If han placed within it two equal partiolei 
of mass m, which are connected by an elastic string whose natntal length is } of 
the circamrereDce. T£e string is stretched nntil the particles are in contact and 
the lube is placed flat on a smooth horizontal table and left to itself. Show that 
when the string arrives at its natural length, the actoal energy of the two partiolei 
is to the work done in stretching the string as SC-U^ + ^m + m') : (lf-l-2M) (23f + n). 



a which the mass per anit of 



S. An endleee flexible and ineitensible chain 
longth ia ii through one continuous halt, and ii.' through the other half, is stretched 
over two eqnal perfectly rough uniform circular discs (radius a, mass Hf ) which ean 
turn freely about their centres at a difltanoe h in the same vertical line. Prove that 
the time of a small oeoillation of the chain under the action of gravity is 



■■J^- 



-(.fl + &)(w ■)-<.•) 



7. Two particles of maeset n, mf are connected by an inelastic string of length a. 
The former is ploeed in a smooth straight groove, and the latter is projected in a 
direction perpendicular to the groove with a velocity V. Prove that the particle m 
will oscillate through a space ,, and it m be large compared with m' the time 



ot owillation ia nearly —^ ( ' ~ i"' ) ' 



a. A rough plane rotates with uniform angular velocity n about a horisontal 
axis which ia parallel to it but not in it. A heavy sphere ot radius a being placed 
on the plane when in a horizontal position, rolls down it under the action ol 
gravity. It the centre of the sphere be originally in the plane containing the 
moving axis and perpendieiilar to the moving plane, and if z be its distance from 
this plane at a subseioent lime t before the sphere leaves the plane, then 

e being the distance from the axii to the plane measured npwards. 



-15 a"". 



1 nniform heavy beam of length 9a slide on a smooth 
wire in the form of the curve whoM equation is r = a (1 - coe 0) the prime radius 
being vertical and the vertex of the curve downwards. Prove that it the beam 
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II. A in« v^^riiliMB fcriz«r Lft-vizir % p^raeLe ms one extmutr is putt 
er.C^i r:<::i>i i !!•:•:? -vii.i:c if rijhM«i :c % ta-x^ LcrizocttJ |daiw. and is esp) 
cf noci-.c ^•.':: i lir*i T^r::i.-al &u u:r:a^ ta cocac If «be boop be xniiianT 
nss k-.i ;hi! 'iLTLd.'z '*< rr:;'%;4«i is & Lrecccc perpi^idxalAr to the ko^th d i 
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vhen : ii 'jji -jiLiLil s^zi :f f. m kZfi ^ ;be zn^ues oC ifae hoop ftsd partide, c l3 



.1-2. A f.^riire *:r=Led :f f.:ir siziilir onifcra rods jc-inwd freely at their i 
tR^^urs 1.4 Liii ir*:n i 9=i-:<:h b:rlzcr::al table, one of isa as^nlar points bei 
£i«d: if an^rLikr t.Ix:::^^ u. .j i=. ;be place cf the table be eommanicated to t 
tvo »idee cci'-Lniz*' ihii anxle. shov thit the greatest T&loe of the angle ^ 

5 i M-ary 



between thea is ^T^n by the eqoaaon cos 2a 



- 13. Tvo pirticle? of rs^aea m, «' lying on a smooth horizontal table axe ft 
nected by ac inelastic siring cx;€nied to its fall length and i^miwinf throngh a m 
ring on iLe table. Th< particles are *t distances a, a from the ring and are p 
ject^ with Tel :-:!::■=« ». . •. ' a: r.*-h: as/ics to the string. Prove that if iiir\i-=ii'r 
their second ap^iUl di-iancea £r\:m the ring will be a', a respec ti vely. 

14. If a un: form ihin roi FQ move in consequence of a primitiye impa 
between two Bir.<>jtL curve- in the same plane, prove that the square of the angn 
Telocity varies icvcr^ly a« the d:Jerence between the sum of the eqoazes of i 
normals OP, OV to the cunes at the exuemities of the rods, and ^^ of the squ 
of the whole length of the rod. 

.J 15. A small bead can slide freely along an eq ni a n g nl a r sinxal of equal m 
and angle a which can turn freely about its pole as a fixed point. A centre 
repulsive force F is situated in the pole and acts on the particle. If the ^yst 
start from rest when the particle is at a distance a, and v be the angolar veloc 
of the spiral when the particle is at a distance k from the pole, ahow ti 

fiiib*(l + 2oot'a)fai'= / F(fr where mJk^ is the moment of inertia of the spiral ab 

its pole. 



i 16. The «itreiiutiSB of a nnifonn beun of length 9a, ilide on two alcnder toda 
without inertik, the plane ot the rodi being Tertical, tbeir poiot ol iateraeotion 
fixed and the roda inclined at angles ^ and- ^ to the horizon. The Bjitem ii set 
rotating about the vertical line through the point of intersection ol the rods with 
at) angular velocity u, prove that if be the inclination of the beam W the vertical 
at the tims I and a the initial valne of 9 

, »% '°°",-/'^'-'' ,j.(ii»j.ti.-.|,Jtfe(d..-a..). 

\ at J a cos' -k- Bin" ff a 

17. A perfectly rongh uphere of radins a in placed olose to the intereeotion of 
the highf^t generating lines of two fixed equal horizontal cyUaden at radius e, the 
axei being inclined at an angle !a to each other, and is allowed to roll down be- 
tween tbem. Prove that the vertical velocity of ita centre in an; poeitioa will be 

•inacoB^ \ „---_ — -}- r-^[ , where a ia the inclination to the horiton of the 

I 7 - 6 cos" f coa" a / 

ladina to cither point of contact. 

IB. IdH a ootnptete integral of the equation jTi = jT >" which T is a fuDotion 
ot xbtx = X, X bung a known function of a and b two arbittaiy constants and I. 
Then the solution of ^-j = j; + jT ■ ^ being a fnnotion of a, may also be repre- 
■ented by 2=^.Y provided a and b are variable qtiantitiea determined by theeqaatjong 

-,- = * ,; , -,- = -*:;-. where t is a function of a and 6 which does not contwn the 
dt db dt da 

time eiplicill;. 



CHAPTER VIIL 

IiAGRAN-QE'ij E417A^TIOMa. 

395. Two adTuttaffM of Lsffnutff^'a equatlonc. 

object in this section is to form the general equation of moti 
a dynamical Rystem freed from all the unknown reaction! 
exprensc'il, as fur na is possible, in terms of any kind of co-ordi 
which mjiy bo couveniont in the problem under consideratioiL 
In order to eliminate the reactions we ahall use the piii 
of Virtual Vuliicities. This principle has already been appli' 
obtain the etjuation of Vis Viva by giving the system that 
ticulur dis])lncemGnt which it would have taken if it bad beei 
to itself. But since every dynamical problem can, by D'AlemI 
principle, be reduced to one in statics, it is clear tbat by g 
the «y»t<'ni proper displacements, we must be able to dedui 
in Art. 357, not Vis Viva only, but all the equations of motioi 

tmiii. Let (.r, y, s) be the co-ordinates of any particle m o 
system rt'funi'il to any tixed rectangular axes. These are 
indopt-ndeut of oaih othiT, being connected by the geome 
relations of the system. But they may be expressed in ten 
a cert.iiu iiuiiibt-r i>f indopcndont variables whose values wil 
termiiiu tlii' fxisitiun of the system at auy time. Extendin 
defiuitioii i;ivrn in Art. 7'). we shall call these the co-ordi 
of the system. Let these be called 0, ^, ^, &c Then x, y, : 
arc functions of 8, (f>, &a Let 

x=/{U 0. <t>, &c.) ( 

with similar equations for y and s. It should be noticed that 

d0 dA ^ ^ 

equations are not to contain -, -y-, &c.' Tfte xndepe 

variables in terms of which the motion is to be found may h 
we please, with this restriction, that the co-ordinates of 
particle of the body could, if re^nired, be expressed in ten 
them hij means of equations which do not contain any din 
tial coefficients witli regard to the time. 

The number of independent co-ordinates to whicb the po( 
of a system is reduced by it^ geometrical relations, is some 
spoken of as the number of the degrees of freedom, of that 
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Sometimes it is referred to as being the number of independent 
motions which the system admits of. 

In the following investigations total differential coefficieata 
with regard to t will be denoted by accents. Thus -j- and -^ 
will be written x' and x". 

If 22* be the via viva of the system, we have 

2r=2m(iB'' + y'' + (2); 

we also hare, since the geometrical equations do not contain 
ff, ^', &C., 

, ax . dx ^ . ^ ±1 , B in\ 

'-S+re^*lf**^ <'>■ 

with similar equations for y' and s. In these the differential co- 
efficients -^ , T^ , &C. are all partial. Substituting these in the 
expression for 2T, we find 

2T= F{t. e. *, &C. ff, 4>: &c.). 

Wlien the sj-stem of bodies is given, the form of F will be 
known. It will appear presently that it is only through the form 
of F that the effective forces depend on the nature of the bodies 
consideTe<l ; so that two dynamical systems which have the same 
Fare dynamically equivalent. 

ft should be noticed that no powers of &', ift. &c. ahove tie second 
enter into this function, and when the geometrical equations do not 
contain thir time ej:plicitli/, it is a homogeneous function of&, <ft, &c. 
of the second order. 

3!)7. Virtual moments of the effective (brcet. To find 

tfie vii-tuol moments of the momenta of <i Sf/stem, and also of the 
effective forces corresponding to u displacement produced by varying 
one co-ordinate onlg. 

Let this co-ordinate be 0, and let us follow the notation al- 
ready explained. Let all diiferential coefficients be partial, unless 
it be otherwise stated, excepting those denoted by accents. Since 
x'. y. t are the components of the velocity, the virtual moment of 
the momenta will be Sni (ar'Sa: + y'^ + *'&), where Sx, hy, he are 
the small changes produced in the co-ordinates of the particle m 
by a variation W of Q. This is the same as 

If 2 7* be the vis viva ^ven by (2) of the last article 
dT _ I .dx-.\ 

&D. 20 
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But differentiating (3) partially with regard to ^^ we see 

that •jEt^'jA' Hence the virtual moment of the momenta is 
dv du 

equal to -^ 8^. 

398. The virtual moment of the effective forces will be 

Omitting the factor Z0 for the moment, this may be written in 
the form 

where the -j^ represents a total differential coefficient with regard 
to t We have already proved that the first of these terms is 
S^'* It remains to express the second term also as a differ- 
ential coefficient of T. Differentiating the expression for 2T 
partially with regard to 

dT ^ f ,dx' o \ 
But differentiating the expression for x' with regard to 

dJ0''d0drW^ ^ d0d^^^^' 

d doc 
and this is the same ^^ -r,-^* Hence the second term may be 

written -53, and the virtual moment* of the effective forces is 
ddT dT^ 



fddT dT\^^ 

^^'^^^'^[dtdff'T0)^^' 



^ The following ezplanation will make the argument dearer. The virtoal 
moment of the effective foroee is clearly the ratio to dt of the difference between 
the virtoal moments of the momenta of the particles of the system at the iimefl 
i+dt and t, the displacements being the same at each time. The virtual moment 

of the momenta at the time t is first shown to be -r^ d^. Hence (^+3^3^<^)m 

is the virtual moment of the momenta at the time t+<ie corresponding to a dis- 
placement 19 consistent with the positions of the particles at that time. To make 
the displacements the same, we must subtract from this the virtual moment of the 
momenta for a displacement which is the difference between the two 



at the times I and t+dt. Since to=>3^9^, this difference for an abaeisBa is 



I 
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899. Lagrraage'i equations for finite forces. To deduce 

the general eqitaliojis of motion refei'red to any co-ordinates. 

Let U be the force-function, then Z7 is a function of 0, <f>, &c 
and I. The virtual moment of the impressed forces corresponding 

to a displacemeut produced by varying only is -jw t0. But by 

B'Alcmbert's principle this must be the same as the virtual 
moment of the effective forces. Hence 

d dT_dT_dU 

dtdff d0~ dd' 

o- -1 ) 1. d dT dT dU , . 
oimilarlT we have t, -rr. — -r, = .-r ■ «c, = «c. 
at aq> dip d»p 

It may be remarked that if F be the potential energy we 
must write — F for K We then have 

±dT d/T dV 
dt de- d0 "'' d0 • 
with similar equations for 0, ^, &c. 

In using these equations, it should be remembered that all the 
differential coefficients are partial except that with regard to (. 

Let us write L = T+ U, so that L is the difference of the kinetic 
and potential energies. Then since ?7is not a function of^, 0',&c. 
the Lagrangian equations of motion may be written in the typical 
fonn 

d^dL dL_ 
dtd0''d0~^- 
Thus it appears that when the one function L is known. aU the 
differential equations of motion may be deduced by simple par- 
tial differentiations. The function L is called the Lagrangian 
function. 

These are oalled Lagrange'B seiieral eijaatione of motioii. Lagmige oal; 
ooDBid<vfl tho ease in wbich the eoomatrical equationa do not oontoia the time 
ezplicitlj, but it twR been Bhoim bj Vieille, in LioavilWt Journal, 1340, tb&t the 
eqaatioDB are »lill trne whim thiit restriction is i«moved. In the proof given above 
we have incladed TieUle'a eil«nBioD, and adopted in part Sir W. Bamiltoo's mode 
of ptoof, Phil. IVani., 1S34. It diflen (rom La^rangn'i in these reepectB; SxMy, he 
tnakea the arbitm; diaplaccment «uch that oulj on« oo-ordinate vaiiee at a tima, 
Hid aeeondl7. be operate* diiectl; on T instead of Zntz^. 

400. ElI. Ifwecbangetheao-ordinateaiQLaKiange'Reqaationsfromff.^.Ae. 
to any others x, y, which are oonneoted with 8, ^. rta. bj eqaationa which do not 

^(S)'"'^' '^«'>>«'^'«'ol>t"^totith0whoUZm|«'^ ^^^.M + ifte-JM. md 
this ia ahown to be -^ dt J0. 
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oontain diflerentud ooeffidents with regard to the time, show by an amaliftictl 
transfarmoHon that the fonn of Lagrange's equations is not altered. Leu tiie trans- 
formed equations are the same as the original ones with x, y, Seo. written fior 
$f ^, Ac This is of course evident hy Dynamics^ 

Ex. 2. If two sides 5, e and the included angle A of any triangle be taJoen M 
the co-ordinates ^, 0, ^, prove that the Lagrangian equations are satisfied by 
L=B'. 

This easily follows from the last example by a change of co-ordinates. 

401. laagrange^i eqaationB for impulsive forces. To 

deduce the general equations of motion for Impulsive forces. 

Let SU^he the virtual moment of the impulsive forces pro- 
duced by a general displacement of the system. Then from the 
geometry of the system, we can express SC^ in the form 

The virtual moment of the momenta imparted to the particles 
of the system is 

where «, y,', <), (a;/, y/, z^') are the values of {x\ y\ z") just 
before and just after the action of the impulsive forces. 

Let ^/, ^j', &c. ^j', <^j', &c. be the values of ^, ^', &c. just 
before and just after the impulse, and let T^, T^ be the values 
of T when these are substituted for ff, <f}, &c. Then as in 

T^' — ;7B^ ) ^^« 
The Lagrangian equations of impulses may therefore be written 

dT^ dT^^p 
dO^ dd^ 

¥dth similar equations for <f), and ylr, &c, 

402. These equations are sometimes written in the convenient 
forms 



c 



f):=^. Gf):=«.^ 



where the brackets enclosing any quantity imply that that 
quantity is to be taken between the limits mentioned. Sometimes 
when no mistake can arise as to what limits are meant, these 
limits are omitted and only the brackets, with perhaps some 
distinguishing marks, are retained. 

When the quantity in brackets (as in our case) is a linear 
function of the variables 0', <f>\ &c. of the first order, another 
meaning can be given to the expressions. The brackets may then 
be said to mean that 5/ — 0^, 5^/ - ^/, &c. are to be written for 
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0^ <f>', &c. after all other operations indicated within the brackets 
have been performed. 

403, If we compare this equation with the general principle 
of Art. 283, viz, that the momenta of the particles just after an 
impulse compounded with the reversed momenta just before are 
equivalent to the impulse, we see that it will be convenient to 

call , ., the component of the momenta with regard to ^, a name 

only slightly altered from that suggested in Thomson and Tait'a 
Natural Philosophy. More briefly we may say that the B-cam- 

ponent of the momentum 's j^ , In the same way we may 

define the 6 compoDent of the efiective forces ^^ 't -jff — -fn ■ 

VA. Theaa eqaatioDs for impnlBivo foroee lU^ not given bj Lagrange. Thej 
teem to lutve twen &rsl deduced by Prof. Niven from the Lagiajigiui eqoation 
d drdTrfP 

dtW d9~ da' 

We may regard an impnlBe as the limit of ■ laj large foroe acting (or a Tei7 
short time. Let (oi 'i be the tinieB at which the force begins and oeases to not. Let 
na integrate this equation between the limits (=t« to ( = f,. The'int^ral of the fint 

which ia the differenoe between the initial and final tbIum of -r 



dg' 

is a funetion of 8. 0, £o., ff, #', fa. 



The integral of the second term ia zero. For 

which though variable retcains finite during the time (j - V If -^ be \U greatest 
vaiae during thii time, then the integral is low than >J (ig - tjj whioh ultimately 

vaniabeH. Heneo the Lagraugian cqnation becomes I j^ I ' = ~j^- Bee a paper 
in the ilathtnnti(al il/neii^fr for May, 1867. 

405. Example! of Lagrange'f equation!. Before pro- 
ceeding to discuss some properties of Lagrange's equations, let us 
illustrate their use by the foflowing problems. 

A body, Uco of tehoK principal tmymmU at the etiitre of gravity art equal, turns 
aiout a JLud point O titualed in the axii of unequal mtmrnl taider the action of 
gravity. To dtttrmine the eondiliotu that Iherf may bt a timple equivalent 

Def. If a bod; be enspended ^m a died ptunt O nnder the action of gravity, 
and if the angalar motion of the straight line joining O to iLe centre of giavit; be 
the same as that of a string of length I to the extremity of which a heavy particle 
is attached, then t is callnl the lenglh of the limple equivalent pendutim. This is 
an extension of the deOaition in Art. 93. 

Let OC be the axis of unequal motDcDt, A, A, C tbe principal moments at the 
fixed point, and let the rest ul the notation be the same as in Art. 3C5, Ex. 1, Ibea 
aT-.( (ff'^ sin'S^-') + C (^' + ^' coifl)t. 
1^= Jf^A ooatf+eonstant. 





"-^ 
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where A is Hie diatanoe of the centre of gravity from the fiied prfat, and gravity 
is Bnppoaed to act in the positive direation of (be oiiB ol i. Lagrange's eqiutit 
will be fonnd to beooma 

^ (Jtf')-J Bine BOB ef' + (7f(^' + fco3(l)sinfl = 

•$<!/] =0. 

Integratiiig the seoond of Lagrange's eqnationa we have 
^' + ^coBe = n, 
le oonfltsnt eipreasing tbe angular velocltnp aboDl the axis 
moment. See Art. 256. Integrating tbe third we have 

where a is another conHtant expressing the moment of the momentoin about the 
vertical through O. See Arts. 2C4 & 266. 8ee alao Art. 103. 

There is an error, sometimca made in nsing Lagrange's equations, whiob we 
ebonld here gnard against. If uj be the angnlai velocity about OC, we know 
Enler'H equations, Art. SSI. that w, ia constant. If n be Uiis conatact, the Tib 
of the body might have been correctly written in the form 
3r = J {&'»+ Bin«flf3) + Cn*. 

But if this value of r be atihstitated in Lagrange's equations, we sbonld obtain 
results altogetlier erroneous. The reason is, that, in Lagronge'fl equations, all the 
differentia! eoeflicientB except those with regard to t are partial. Though ai, is 
ooustant, and therefore its total differential coefficient with regard to t in zero, yet 
its partial difCerentiol coefficients with regard to B, ^, iSo. are not lero. In writiiig 
down tbe valae of T, preparatoiy to using it in Lagrange's eqviation, no propertietf 
<)f the motion are to be assumed whieh involve differential coeffioients of the eo> 
ordinates. This has boon already indicated in Art. 3%. But we must introdaoe 
into the eipreesJon any geometrical relations which exist between the co-ordinatea 
and which therefore reduce the number of independent variables. 

Instead of the first equation, we may use the equation of Tis Viva, which gi' 
-p + iMgh eoBd, 

To find the arbitrary constants a and fi we must bare reoonrse to tbe initiat 
vaioes of 6 and it. Let 0,, if'^ --^■- " 
then the above equations become 

am e ^- + ^ ooafl-am ^ -^ ■ ^ „ . 

. , f'i'PV /'^*^' • ,„ f'i'f'i,'^' /d0.\* Mak i *^^'l 

Theae equations, when solved, give 6 and ^ in terms of (, and tbaa det 
the motion of the line 00. The uorresponding equations for the motii 
simple equivalent pendulum OL ore found by making C^O, A=MP, i 
where j ia the length of the pendolum. These ohanges give 



('i)"+(S)'i-'="^.'~«- '"^B 

nd p we must bare reoonrse to tbe initiat 

^f; be the initial values of 6, f, ^, ^. 
dt ' ^' di' dt' 






Tn order tlwt the motionB of the two linw 00 tai OL msj be the Mine, the two 
18 (1) ana (S) rnoBt be Iho game. TbiH will be the case ir either Cn-0, Ot 
In the SralMse, -we mnBt hare n = 0, or C-O, no that the bod; mnst ather 
_ LO rotation aboot 00, or else the body muat be a rod. In the iwcond oase, 

we mart have throogboiit the motion B nni <(/ eoDstant, bo that the body maat 
be moving in steady motion nuildug a oonBlunt angle vith the rertical. In either 
ease, the two sets of equations arc idenlioal it ilM^A. This ia the iame lormola 
whiob was obtained in Art. 93. 




*06. Rx. I. SAow flow (0 deduce Eider't rjuatioiw. Art. 351. from Lagraagt't 
iqtiationi, 

Takiiie ai am of refsrenoe the prinoipal aiea at the Qxed point. 

We cannot take (w, . »,, w,) as the independent varisfalee beoaase the eo-ordioatea of 
every particle o( the body cannot bo exproesed in ternu* of them without introducing 
differential eoefficienta into the geometrical eqnations. See Art, 396. Let tu 
therefore aipreM u,, w,, w, in lomu of e, f, ^. By Ait. 356, we have 

«! = «' Bin $ - f ain COS # J 

•j|=^MB^+^'sis0dn^V. 

»,=#• + f CDS fl J 

Aa it will be only neoeuaiy to eatabliah one ot Etder's eqnalionB, the others follow* 
ing by lymmotry, we need only nae that one of Lagrange's eijaatianH which givea 
the simplest reanlt. SlQoe ^' does rtot enter into the eipreeaiona for uij, ui,, it will 
ba moet oonveniant to nae the eqnAtion 

d dT dT_dU 
dt d^' " d^ d^' 

Now ^, = C«,^ = Ciu„ and ^ = Jti^^ + flu,^=.iu,«,-Bi#,u„ M suy 
be seen by diflcrentiatiug the eipresEionB for wi, w,. Al»o by Ait. 340, if N be 
the moment of the forces aboot the axis o1 C, j— =N. 

Bnbstitnting we have ^ (Cib,) -{A-B) u,H| = N, which ifl a tyjuoal form of Enler'a 
eqoationa. 

Bi. 3. A body tarns about a fixed point and its vis viva ia given by 

Show that if die axe* are fixed m the body, but not neeeasarily ptindpal axea, 
Eoler'a eqofttiona ot motion may be written in the form 

£ ^-£1 +^ =L. 

dt dta^ dlA^ datj 

with two Bimilai equations. Thia result ia given by Lagrange 
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407. Ex. Deduce the equation of VU Viva from Lagrange^ $ equatumt. 

If the geometrical eqoations do not contain the time explicitly, T is a bomo- 

geneous fimction of ^', 0', <&c. of the second degree. Hence 2^= 3^ ^+ tt ^+ ... 

Difleientiating this totally, we have 2 ~ = ff ^ (^\ + ^^ ^' + Ac., 

at at \w J vLv 

where the &c. implies similar expressions for 0, ^, dkc. If we now sabstitate on 

the right-hand side from Lagrange's equations, we have 

dT AT dT 
But since r is a function of ^, ^, 0, 0', &o., ^ = ~^h^^' + Ac., 

at aO off 

subtracting this from the last expression we have -r- = 'js^'^'jl 0'+ ••• 

Integrating, we have the equation of Vis Viva T- U= h, 
where h is an arbitrary constant, sometimes called the constant of Vis Viva. 

408. Ex. As an illustration of the application of Lagrange's equationfl to 
impulsiye forces, let us consider the example already discussed in Art. 176. 

Let OB be the altitude of the centre of gravity of the rhombus at any time, then » 
and a may be taken as the independent variables. 

We have r=2 {x^+(k^+a^ o'«}. 

Let P be the impulsive action between the rhombus and the plane, then the 
virtual moment of the impulsive forces is 

SU=P5 {x - 2a cos a) =P8x + 2a sin a Pda, 

The Lagrangian equations are therefore by Art. 401 

4K-^')=P 

4 (ik« + a»)(ai' - oo') = 2aP sin oj 

Now the initial and final values of a:' are Xo = - F, Xi = -2aBinaw; those of a' 
are oo' =0, oi' = w. Hence eliminating P we have 

, B V sin a 



I- 



2 a 1 + 8 sin* a' 
which is the same result as in Art. 176. 

If we wish to avoid introducing the impulse into the Lagrangian equations we 

must choose such co-ordinates that the variation of one, the other being oonstanti 

will not alter the point of application of the blow. This will be the case if we 

take as co-ordinates a and the ordinate y of the point A which strikes the plane. 

We then find 

r=2 {y'«-4a smoy'a'+(ib3+oa+4a» sin*o)a'»}. 

(dT\' 
^ j =0 so that it is unnecessary to oalonlate 

U, The limits of y' are yo'= ~ ^f Vi'^^i ^oee of a! are the same as before. The 
value of ci/ follows without difficulty. 

409. Sir W. R. Hamilton has put the general equations of 
motion into another form, which is sometimes more convenient for 
investigating the general properties of a dynamical system. This 
transformation may be made to depend on the following lemma. 
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I 410. The Reciprocal Function*. LetT^bea_^ncHonof 
g[ any quantities which it will be presenUi/ found convenient to call 

0, A , (fcc. Let 
* dT, dT, „ 

H dff ' d<f> ' 

' then ff, ^ <tc. nto^ be Juund in terms of u, v, (£c. from tliese equa- 
'* tion^. Let 

> and let T, be expressed in terms of u, v, ctc-, ike quantities , <f>', &c. 

being eliminated. Then will 
-. dT. 



du " 



dv 



/( may be tftat T, ia a function of some other quantities which it 
will presently be found convenient to designate by the unaexxnted 
letters $, 4>, etc. Then T^ will also be a fmction of these, and we 
shall have 

dT,__dT, dT. dT, 

d^ d^ ' d<f> d4> ' 
To prove this, let us take the total difTerential of 7*,, wo have 

dT^ = -~'dd + (~^J^ + u\dff + ffdu + &c. 

By the conditions of the lemma the quantity in brackets 
vanishes. Now if 7*, be expressed us a function of 0, u, ^, v, &c. 
only, and not ff, 0', &c., we have 



dT = 



da + &c 



' We nu; dednoe from this lemma the nttlutd af lolving partial differential 
tttuUiotu by reciprocation, ■omotimeB cnllod De Morgui'B method. Let the pwtul 
diffeientiBl eqoation be ^(x,y,(,,p.7) = 0, whetcpand 7 ore thepartialdiflerentia] 
coefficients ot t, with regard to j; uid y. H we write i,= ~i,+psi-qy, we h»Te 
by the lemms j=«-jJ, y = ^- Henoo this rale; subBtitole (or i, y, »i from 
the suzUiuy eqrationa 

_ lie. di, (ii. di. 



■•*pji*'-i 



•nd treat p, g «s the indepeodeut T&ri&bles. Thue we h»ve a new differentUI 
eqoation which it m&y be moie «!<j to solve than the former. Let the solation 
be i.=/(j), j), then, by the aaxiliar; eqiutioiis, x, y and i. have all been found in 
terms ol two independent quantities p and q. This method may be extended to 
an; number of variables and orders. Also as in Art. 418 we may if we please 
modi/n the equation for some only of these variables. 

El. If the difforential equation b« tp' + yq' = i, , show that 
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Comparing these two expressions for dT^ we have 

dT^ dT. .dT^ „ 

Thus we have a reciprocal relation between the functions 2! and 
T^ We find T, from T^ by eliminating ff, </>', &c. by the hdp of 
certain equations, we now see that we could deduce 2\ from 3L by 
eliminating u, v, &c. by the help of similar equations. We fihaU 
therefore call T, the recijprocal function of T^ with regard to the 
accented letters ff, j>\ &c. 

411. It should be noticed that if T be a homogeneous quadratic 
function of the accented letters ^, <f>\ &c., then u^+t;0'+&c.= 22\, 
and therefore T, = T^, but differently expressed. Thus T^ is a 
function of ff^ ^', &c. and not of w, v, &c., while T, is a function of 
% V, &c. and not of 0y if>, &c. We notice that in this case T^ is 
a homogeneous quadratic frmction of u, v, &c. 

412. If Tj be the semi vis viva of a dynamical system, this 
process is really equivalent to changing from the use of component 
velocities to the use of the corresponding component momenta. 
Either may be used to determine the motion of the system, some- 
times the one and sometimes the other set is the more convenient. 

418. TlTtinpliw on Um Baelproeal Fimetlon. Ex. 1. The position in space 
of a body of mass M is given by x, y, z^ the rectangular co-ordinates of its centre of 
gravity, and 0^ 0, yp the angular co-ordinates of its principal axes at the centre of 
gravity as nsed in Chap. v. Art. 256. If two of its principal moments of inertia aio 
eqnal, and if {, 17, ^, u, v, to be the components of the momentum corresponding 
respeotiyely to x, y, z, 6^ 0, ^, then the vis viva 2Ti is given in Art. 365, Ex. 1. 
Show that the reciprocal fonction is 

^-'«" M "^J + C"** ^sin«^~ • 
Ex:. 2. If the via viva 2Ti be given by the general expression 

2ri=ilu^'»+2ilu^0'+... 
show that the redprooal Amotion of T\ may be written in the form 

« V 

11 Ai\ An ,,, 

V A^ iifi •«• 



^»" 2A 



where A is the discriminant of 7| . Thus the coefficients of «i', v*, 2ttv, Ac in T^ 
are the minors after division by 2A of the corresponding terms in T^. See alao 
Ohap. I. Art. 28, Ex. 8. 

Ex. 8. If {, fi, Ao, be partial differential coefficients of a Amotion P of x^ y^ Ao« 
with regard to those variables respectively, prove that x, y, dto. are also partial 
differential coefficients of a fonction Q of {, 17, <&c. with regard to these variaUea 
respectively. If P be homogeneous and of n dimensions prove also that Q = (n - 1) P. 
Thus P might be the potential function in Attractions, or the velocity potential in 
Hydrodynamics. 
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Ex. i. Beg&rding T, ae a functioD of 9", 9'. io., [et A be the HeBdan of 7,, 
Le. the Jaoobian of its first differential coefficients with regitrd Co f, ^', <to. Then 

iPr, d-T 
inll -j-j 1 ^j- • *«- l>e eqnal to Iho minotB of the correapouding constituents of 

the dclermin&iit &, each minor having its proper sign and being divided by A. 

To prove this, wa take the total differential of the two seta of equations. 



dr. 

du, di>, Sk. SnbEtitating . 



From the first set wo find il^, d#', ias. ii 
1 the seeond set the theorem follows at anoe. 



414. The Hamlltonlan Tranaformatlon. Let us put 

L = T+ U so that L is the differmice between the kinetic and 
potential energies. Tiien, as explained in Art. 399, L is called the 
Lagrangian function and the Liigrangiau etiiiation may be written 
in the typical form 

ddLdL 
dt d& d6 ' 
there being corresponding e(|uation3 for all the co-ordinates. 

Let H be the reciprocal function of L, then H is called the 

pamiltonian Junction. The equations of transformation are 

_dL_dT 

" dff'dff 

with similar equations for all the co-ordinates. We have by the 

reciprocal property ff = -7— ; and by Lagrange's equation we have 

tt' = -j3 = — -J3 , with similar equations for all the co-ordinates. 

Thus the single typical Lagrangian function written down above 
ifl transformed into the two Hamiltonian equations 
ff_dE .__^ 
dw ' " dd' 

There are of course similar equations for all the coHsrdinates. 

When the geometrical equations do not contain the time ex- 
plicitly, 7* is a homogeneous quadratic function of {O", 0', &c.), and 
therefore US' +v<ft'+&c. = 2T. Hence 

H=-L + u8'+Vil>' + &c. = T-U. 
Thus ff is the eum of the kinetic and potential energies, and 
is therefore the whole energy of the system. 

415. To ea^reas Oie Lagrangian equations 0/ tmpulaea in the 
Hamiltonia n/orm. 

Referring to Ar 
[ motion may be writ 

/dr 



i Lagrangian equations of 



©:- 
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Let H be the reciprocal function of T, and let us replace ti, v, 
&c. by P, Q, &c. Then these equations take the typical form 

416. WTampHwi on the BamUtonian Bqnatloas. Ex. 1. To deduce the 

equation of Vis Viva from the Hamiltonian eqoationB. 

Since JET is a fanotion of {6, 4>, <&o.), (u, v, &c.) we have, if accents denote total 
differential coefficients with regard to the time, 

dt do du dt 

80 that the total differential coefficient of H with regard to f is always equal to the 
partial differential coefficient. If the geometrical equations do not contain the 
time explicitly, this latter vanishes and therefore we have n=h, where ^ is a oon- 
Btant. 

Ex. 2. To deduce Euler*s equations of motion from the Hamiltonian eqnationa. 

Taking the same notation as in the corresponding proposition for Lagrange's 
equations, Art 406, we have 

dT , . ^ ^ ^ dT ^ 

dT 
w = ^ = ( - ii wi cos + Bw, sin 0) sin ^ + Cwi cos ^. 

Before we can use the Hamiltonian equations we must by Art. 411 express T in 
terms of (u, v, w). To do this we solve these equations to find ci^, 0%^ o^ in terms 

ofu, V, 10. We find iiwi=usin0 + (rcos^-t©)-^:— ?, 

' ' * * ' am 

^ , ^ .sin0 

B w, = u cos - (t? cos ^ - tt?) -r— 5 . 

Also by Art. 414 JBr= J (^«i" + ^^ + Giof) - ^• 

As we only require one of Euler*s equations, let us use jt^-v*, -^ =^'. 

The former of these gives Aio^^ + Bwi ^ - tt = - ^ ^» 

00 wp atp at 

which IS the same as -4wi -P-Bw,-7-: - -7-= -C^ -rr» 

A B (Up at 

and this leads at once to the third Euler*s equation in Art. 251. The latter of the 
two Hamiltonian equations leads to one of the geometrical equations of Art. 856. 
Thus the six Hamiltonian equations are equivalent to all the three dynamical and 
the three geometrical Eulerian equations. 

Ex. 3. A sphere rolls down a rough inclined plane as described in Art. 144. 
We have T^^ma^ff^ and U=mga6 sin a. Is it correct to equate JET to the difference 
of these functions f Verify the answer by obtaining the equations of motion given 
in Art. 144. 

Ex. 4. A system being referred to co-ordinates &, 0, <&o., and the corresponding 
momenta u, v, (&c. in the Hamiltonian manner, it is desired to change the 00- 
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n fanctioca of i, y, &o. Show thnt 



OTdinales to x, y. &a. where B, <p, &c. ate givi 
it f, i;. A6. be Iha corresjioDituig monieato, Uiec 

i = a$^ + vip^+ ... If = uS, + !■*, + ... *o. =4o. 

There the suffiiea as ubiuI denote purlial iliflerentilttiolle. Show also by a 
purely analjrtiDal tmDBronnstiDn that the Hamiltoniati oquatiotiB with e, u, Sto. 
ohaage into the correspoDding ones with x, i, Ac. 

Ex. S. The Iiagrangiaa timction is a function of 9, ^, Ae. uicl S", #', &a. In 
what preoedee we have taken its reciprocal (nnction with regard to ff, ^', Ae., but 
we might alao have taken its reciprocal function with regard to 0, 0, Ao. The 
following eiawple will illuBtral* thia. 

Let Ti, or L, he (be Lagma^aa function, and in order to keep the n 



arly the bi 



p.lelU=^, F 



dTi 



Ao. Then II 7, be the rsciprooal 



fonctioD of r,, the transformation corrosponding to BirW. BamiltoD'B leada It 
d dT, 
dl do'' 



e=F„' 



-T,+ i7tf+r^+... 

I J '=*, whence the reenltB 



typical eqnationB 

To ahow this, it will be anfficiant to no 
Then b; the lemma in Art. 410 we have 
follow at onoe b; Lagrnnge'a equations. 

117. T&a analOKT to rM^wocatlon In O^omMOy. The Eamiltonjan tnins- 

formation of Lagrange's equatiuoa bears a remarkable analog; to the transformation 
b; Reciprocatiou Id Ueomett}'. Thus suppose the syiitem has three co-ordinatea 
S. #, ij/. and let the eemi vis vJTa T) be a homogeneoos quadratic (unotloD of the 
Telocilies B", 0', ^'. We may regard ff, ^', if/ as the Cartesian co-ordinalee of a 
representative point P, the poiiition and path of which will exhibit to the eye the 
iiwlaulaneous motion of the system. These co-ordinates of P may be foond from 
Lagrange's equations. In the same way wo may regard the Uamiltonian Tariables 
B, r, IT as the Carteeian co-onUnates of another point Q whose poatttoa and path 
will alao exhibit the instantaneooa motive of the syBtem. 

Taking any instantaneous values of S, 9, <!• the jioint P will lie somewhere on 
the qnadric T, = U where ('is the instantonoons valoe of the force fuuotion. Thea 



dr, 



dT, 



dl\ 



e see that Q will also lie on a qnadrio which is 
the polar reciprocal of the qnailric A with regard to a sphere whose centre ia at 
the origin, and whose radius is eqoal to •JiV. 

Let (hit Molprooal qnadrio be ri= (7. Then dnoe these qnadrios possess rccipro- 



Bz. I. If the ooeffioiente of the two quadi 
9, abow gtonetnealli/ that — ' = - 



dH 



T, and T, be ranotions of any 
Thenoe dedoee the remaining 
dH , dir . 



W 4C Ihe Eamiltonian eiinationi 

ffP, See the Author's essay on " Slabihiy of Motion," page 62. 
bow that (he form ol T, as naed in Qeomotr; ia tba eai 
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418. The Modified Lagrangian FuncUon. Sir W. Hanul- 
ton transforms all the accented letters ff, <f>\ &c. into the cone- 
sponding letters u, v, &c. But we may also apply the Lemma to 
change some only of the Lagrangiau co-ordinates into the cono- 
sponding Hamiltonian co-ordmates, leaving the others unchanged. 
We should thus use a mixture of the two kinds of equations. With 
one and the same function we can use Lagrange's equations with 
those co-ordinates for which his equations are best adapted, and 
the Hamiltonian equations with the remaining co-ordinates^ if we 
think his forms are preferable to Lagrange's. 

419. To explain this more clearly let us consider a system de- 
pending on four co-ordinates 0, ^, f, 97. Let L^ be the Lagrangian 
function. Let us now suppose that we wish to use Lagrange's 
equations for the co-ordinates f , 97 and the Hamiltonian equations 
for the co-ordinates 0, <l>. To do this we use the two formul® of 

transformation -^ = u, -^ = v, and we put 

i, = - i, -h w^ + v^'. 

We have in consequence the two sets of Hamiltonian equa- 
tions, 

We must now include ^', rj among the unaccented letters spoken 
of in the Lemma of Art. 410, so that we have 

df 5f' "df "Sf' 

with two similar equations for 97. Thus the two Lagrangian 
equations for f , 17 are still true if we replace L^ by X, ; so that 
we have the two sets of Lagrangian equations, 

d dh^ dL^ d dL^ __ dL^ 

dtl^~"dl' dt'dv'^dii' 

420. The function i, might be called the modified Junction, 
but it is more convenient to give this name to the function with its 
sign changed. The definition may be repeated thus. 

If the Lagrangian function X be a function of 0, 0', <f>, <f^\ &c., 
then the function modified for (say) the two co-ordinates 0^ <t> 
will be 

where ^ = jz? 1 '^ — ^ijf ^^^ ^® suppose ^, <^' eliminated firom the 



r 

l' THE MODIFIED LAOBANOIAN FUMCTION. 

I function L'. Thus Z is a function of 6, <h, ff, if>' and all the other 

I letters, L' is s. functiou of 0, 0, u. v nud all the other letters. 

f These two functions L, L possess the property (bj Art. 410} 

\ that their partial differential coefEcienta with respect to any letter; 

( except 0, if)', u, V ; are the same. As regards these four we have 

' dl dL . di' .y dL' 

^ = «.^, = «,and^=-^, -^ = -0. 

We may form the dynamical equations for the co-ordinates with 
regard to which the function has been modified by the Hamiltooian 
rule, as if Z, = — L' were tho HamiltoniaD functiou, and for the re- 
maining co-ordinates by the Lagrangian rule, as if either L, or L' 
were tho Lagrangian function. 

The function L, may bo also called the reciprocal function of 
the Lagrangian function L, with r^ard to the co-ordinates $, ^, &c. 
because it is obtained from L, just as T, is obtained from T, in 
Art. 410, except that we only operate on such of the co-ordinates 
as we please. It will however be convenient to use the two words 
in slightly different senses. We shall use the word Reciprocation 
when we change all tho co-ordinates, and Mixlitication when we 
change only some. 

Tlw inbitanoe of this theoi^ ai given in Aita. 118 to 435 i» taken from the 
■Bthor't tM^ on ■' BtabUitj' of Uotion." 

491. To find a gtntral exjireitioji /or tht nxidified Lagrangian /unction after 
IIm iwefuary eliminaliotu have been performed. 

Lei the vU Hra 2T be given by the homogeneoiu qudntiii eipreidon 

BO that the LagT&DgiftD fncolioo ia L = T+ V. tehera C in a fcnetion of the <>□• 
ordio&tee 8. «, '. Aa. We inteod lo modify L «ilh regard to 6, #, Ac., leaving 
{. I). Ha. to be openited on b; LaKronKe'B nUe. We therefore have aocording lo 
Art. 420 to elimioate #'. <fi', Ao. b; help of the eqnation* 

IMS' + Tf^fp! +... = u - Tife - r»,v -...| 

r###'+r***'+...=''-r*ff-r«,v+-.| fll- 

For the uke of brevity let na coll the right-hand tnembetB of these cquatione 
H - .V, E - y, Ao. Sinoe 7 is a homOKEDeoua (unctioo, we have 

r=r«5+7-MV+-. 1 ^,. 

Bat b; definition the modi&cd fnnctiOD L'= -L,i» 
V=L-*0'-v*''... 

=Ttt5+rhrv+.-+P I (8). 

-i#'{u-jr)-i#'(i.-r)-*).) 



I 
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Let n be the reciprocal function of T, and let us replace t, i; 
&C. by P, Q, &c Then these equations take the typical form 

A' a* ^^ 



416. «'«^«»T^^ on the BamUtonUa Bgutlona. Ex. 1. To dedneethi 
equation of Vis Viva from the Hamiltonian equations. 

Sinee H is a function of (0^ 0, «&'c.), (u, r, <&c.) we have, if aooenta denote Md 
differential coefficients with regard to the time, 

dt de du dt 

80 that the total differential coefficient of n with regard to f is ftlwajs equal to tk 
partial differential coefficient. If the geometrical equations do not contain tk 
time explicitly t tliis latter vaniHhes and therefore we haye If = A, where ik is a ood- 
Btant. 

Ex. 2. To deduce Eulcr'a equations of motion from the Hamiltonian equatioBL 

Taking the same notation as in the corresponding proposition for lAgnsge'i 
equations, Art. 406, wc have 

dT , . ^ n ^ dT ^ 

u= ,=ilutsm0+£wjCOB0, *^— j^'~^"^f 

v =.,, = ( - At*i cos +£w| sin 0) sin $ + Cw^ cos 9. 

ay 

Before we can use the Hamiltonian equations we must by Art. 411 express T ii 
termn of {u, x\ tc), Tu do this we solve these equations to find cii|, ta^^ m^ in tents 

C0S<6 

of M, v, IT. We find Aui = ii sin + (» cos ^ - ir) . -Z , 

^ , ^ .sin^ 

^«,=iicosA-(rco8^-ir)-: — ~, 

Also by Art. 414 //=J (Au}i* + DuH^+CiaJ^)-U. 

As we only require one of Euler^s equations, let us use =s — v\ — — ^^ 

"9 dv 

The former of these gives Au>i^^^ + iJw* -.- - j— = - C -^. 

dip dip d^ at 

which IS the same as Aiai .-- J8«, -r- — -rr = - ^ -jr • 

A B aq> at 

and this leads at once to the third Eiilcr*s equation in Art. 251. The latter of tb 
two Hamiltonian equations loads to one of the geometrical eqaations of Art. 25< 
Thus the six Hiiiniltonian equations arc equivalent to all the three dynamical an 
the three geometrical Kulcrian equations. 

Ex. 3. A sphere rolls down a rough inclined plane as described in Art. X^. 
We have T^/^ma^^ and lJ=mga$ sin a. Is it correct to equate H to the different 
of these functions ? Verify the answer by obtaining the equations of motion give 
in Art. 144. 

Ex. 4. A system being referred to co-ordinates ^, 0, d'o., and the correspondii 
momenta u, v, 6io» in the Ilamiltouian manner, it is desired to change the o 
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ordinateB to x, y, ite. wliera B, ^, itc. ura circrt funotiona of j, j/, ilo. Show that 
if f, I), rfre. be the corresponding momenlo, then 

j=ue^ + i'#^+,.. i) = ufl, + !•#, + ... iVo. =j;'o. 

ThBre the Bnffixes aa usual denote partial diffcrentiationii. Show also hj a 
porel; aoaljliaBl truisronnation that the Hftmiltoniui equationB with 0, u, Ao. 
change into Che correaponclJnK ones with r, (, Ao. 

Bi. S. The Lagrangian (unction is a fonction ot f, #, Ao, and S", #', Ao. In 
what prooedoa we have takoo its reciprocal function with regard to S*. ^, 4o., bat 
we might sleo have taken its reciprocal (uuctioa with regaid to 9. ^ Ao. The 
following cuiQipte will illaatrute thin. 

Let Ti, or L, be the Lagrangian function, and in order to keep the notation u 
nearly the aame aa posaible, letU = -j~, *' " jX ■ *"■ ^"° if T, be the redprooal 
ftinction of Ti. the tranaformation oorreBponding to Bir W. Rarailton's leada to the 

dt dB'' 



lypical eqaationa 



tr=_^ " 



dV 



whence the reanlta 



To ihow tbbs it will be loffloient tu notice thai T. = - 7, + 170 -<- 1^ + 
Then by the lemma in Art. 41U we have J = 
follow at once by Lagrange's equationa. 

417. Th* snalosr to iwelpiaoBtlon In OaonutaT. The Eamiltonian traoi- 
lormalion of Lagrange's equations bears a remarkable analogy to the trensformatioii 
by Reciprocation in Oeometry. Thus auppoae the aystem has three co-otdinatee 
0. ^, ^. and let the semi tif viva T, be a homogeneoiu qnadralio tunctios of the 
velooitiea 9", #', ^'. We may regard *", ^', ^ an the Carteaiaa co-ordiantei of b 
representative point P. the po<iilioD and path of which will exhibit to the eye the 
inatanlaneoua motion ot the system. Theee co-ordinates of P may be found from 
Lagrange's equations. lu the same way we may regard the Hamillonian Tariables 
u, V, w as the Cartesian co-ordinatoi of another point Q whose position and path 
will also exhibit the inetantaneoua motive of the syatem. 

Taking any instantaneous values of B, ^, <^ the point P will lie aomewhAre on 
the qaadrio T,^U where U is the instantaneous value of the force (iioction. Then 
e that Q will also lie o 



iW ' 






df 



n a qaadrio which ii 

e whoee centre is ti 



the polar reciprocal of the qusiric T, with regard to a sphen 
the origin, and whose radios is equal to sj2U. 

Let this reciprocal qaadrio be T,= V. Then liace theee qaodricaposaeM recipro- 

^ .. . ^ dr. . dT, „ dT. 

calprop«rtieeweseeth«l»'=^'. *-=-^'. *'=-a^- 

Ex. 1. If (ho ooeSlcienU ot the two qoadrioa T, and T, be funotionB of any 

qnantity S, ahow geometrically that -^ = - '. Tbanoe deduce the remaining 

, .u r. ■. ■ . . f*^ J <*" J -"^ V 

three of the Hamtllonian equations, it*. -« = -:;. - r = -;— , -ar — -.-, wneto 
dv dp tty 

B=T,-U. See the Author's essay on " Stability of Motion," page 63. 

Ex. a. Show that the form of Ti aa nied In OMnettj ii tbe same h that 

given Art. 413, Ex. 3. 
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Let H be the reciprocal function of T, and let us replace n, v, 
&c. by P, Q, &c Then these equations take the typical form 

410. ^'■^•w.ri^ on the BamUtonUa Bqvatlona. Ex. 1. To dednoe tiv 
eqoAtion of Vis Viva from Uio Hamiltonian equations. 

Since H is a fonction of {6, 0, «frc.), (m, r, &c.) we have, if aooents denote totil 
differential ooofficients with regard to the time, 

dt dd du at 

BO that the total differential coefficient of H with regard to f is always equal to tk 
partial differential cooflicicnt. If the geometrical equationa do not contain tin 
time explicitly, this latter Tanishcs and therefore we haTe H = h^ where ik ii a ooi- 
fltant. 

Ex. 2. To deduce Euler's equations of motion from the Hamiltonian eqnacioai. 

Taking the same notation as in the corresponding proposition for lagnsge'i 
equations, Art. 406, we have 

u=^=AtaiBin^+ Buncos ^^ r=^-v>=CM^, 

IT 

w= , =i {- Atoi COS ^-^Bv^ Bin ^) Bin B-^Ctog COB 0, 

Before wc can use tho Hamiltonian equations we must by Art. ill expre&s Tii 
terms of (m, r, ir). To do thirt wc solve these equations to find Wi, u>g, m^ in tent: 

CO8 

ofu, v, IT. Wc find Atai = u Bin <f>-\-(v cob - w) .-\ , 

flin tf 

, ^ .8in0 
Z?w, = 11 cos A - (r cos ^ - If) -: — X • 

Also by Art. 414 Il=\{Aw^^BiA^-\'Cw^)'V. 

Aa we only require one of Euler's equations, let us use ^- =s — i/, _^=^\ 

"9 do 

Tho former of these gives ^ci^ , - + Boh -,— - -rr = "C -~ , 

^ ^d<p ^ d^ dip dt * 

which IS the same as -Iwi . ■ - Bia» -?; — -rr = ~ ^ -yr ■ 

A B aq> at 

and this leads at onco to the third Euler's equation in Art. 251. The latter of tl 
two Hamiltonian equations Icad^ to one of tho geometrical equations of Art. 2oi 
Thus the six Hamiltonian equations arc equivalent to all the three dynamical an 
tlie three geometrical Eulcrian equations. 

Ex. 3. A sphere rolls down a rough inclined plane as described in Art. 14 
We have T^^^ma^B^ and V=mgu6 sin a. Is it correct to equate H to the different 
of these functions ? Verify the answer by obtaining the equations of motion give 
in Art. 144. 

Ex. 4. A system being referred to co-ordinates $, 0, (&c., and the correspondli 
momenta u, r, <Vc. in the Hamiltonian manner, it is desired to ohange the o 
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ordiaites to x, y, to. where 8, 0, . 
10 the MiresiKiniling moi 

f = u9i+r*j + ,,. ii = uS, + t<^ + ... (to. -iHo. 

where the sniHxeB as usnol denote parlutl ditTerentialions. Bhow oUo b; h 
pnrel; ftUftlytioal trnnEforniatioii that the Hamiitoaiaa eqaBtiona with 8, u, Ao. 
ohaDge into the eorTeBponcling ooea with x, {, dc. 

Ex. 5. The LagrangisQ fnnotioo lb a function of B, #, Ae. and V, #'. in. In 
what procedea we havti taken ila teoiprooil function with regard to ff, #', (to., bnt 
we might atao have taken its reciprocal function with regard to B. ifi, ins. The 
following example will illOBtrala tliie. 

Let T,, or L, be the Lagnuigian fuuation, and in order to keep the notation m 
. Then il T, be the reciprocal 
ir W, Hamilton's leada lo the 
d dT, 
" dt dB- ' 

To show this, it will be »nfflcient to notice that T,= ~T, + Ue+Vit> + ... 
Then b; the lemma in Art. 410 we have - — 
follow at once b; I^grange'e eqaationa. 



□early the aanio aa possible, lei V = - 

function of T, , the tranafomiation oorresponding t< 

typical oquationB B = — ' ^= -rr. ": 



3 '=S, whence the reantta 



a nelpioeatlon In Oaomatty. The Hamillottian trans- 
tonnation of Lagiangc'B eqaationa bears a remarkable analogy to the transformation 
by Reciprocation in OeomeLry. Thus snppoee the system has three co-ordinates 
S, ^, if: and let the semi vis viva T, be a homogeneons quadratic function of the 
velocitiea B", ^', if,', We may regard *■, #', ^ as the Carlesian co-ordinates of a 
lepresentaliTe point P, the position and path of which will eihihic to the eye the 
inatantaneoQ* motion of the syalem. These co-ordinates of P may be found troia 
Lagrange's equations. In the same way we may regard the Hamiltonian variables 
u, t>, le as Ihe Cartesian oo-oidinateB of another point Q whose position and poth 
wiU also exhibit the instantaneons motive of the system. 

Taking any instantaneous values of B, 0, ^ the paint P will lie somewhere on 
the qoadric Ti — U where (7 is the instantaneous value of the foree function. Then 
e that Q wiU also lie o: 



(W ' 






df.' 






I a qnadrio which 
e whose oentre 



the polar reciprocal of the qnadric r, with regard 
the origin, and whose radios is equal to tjiu. 

Let this reciprocal qnadrio be Tt= !-'■ Then sitioD these qoadrica possess rcdpro. 



at 



_dT, 



dT, 



dT, 



cal properties we see that B" = 

Ex. 1. If the ooefDoienta of the two qnadrios T, and T, be timctions of an; 
qoantlty tf, show gtometrieaUy that -^ = - '. Thenoo dednee the remaining 

. ... T. -, ■ . , dH . dll . dH , 

three of the Hamiltonian eqnationi, vu. -H = ^- , -v^ = -i—, -u'=-;-, where 

dB Of: dfi 

H=T,-V. See tlio Author's essay on '■ Stability of Motion," page 62. 

Ex. 3. Show that the form of T, as used in Geometry it tha tame aa that 
given Art. 113. Ex. a. 
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Let H be the reciprocal function of T, and let as reidace «, i; 
&C. by P, Q, &c Then these equations take the typical form 






416. «'«^««T^^ on the BamUtonUa Bgnatlff— ■ Ex. 1. To dedoeefki 
equation of Vis Viva from the Hamiltonian eqoationa. 

Since JET is a function of {6, 0, ifrc.)i (u* Vi <9tc.) we have, if aooents denote toil 
differential coeffieientB with regard to the time, 

dt d$ du dt 

BO that the total differential coefficient of H with regard to ( is alwi^ %BpaX to tb 
partial differential coefficient. If the geometrical equations do not oonttiiilk 
time explicitly, this latter vaniHhcs and therefore we have ir= A, where ik is a eoD- 
Btant. 

Ex. 2. To deduce £ulcr*B equations of motion from the Hamiltonian equitioni 

Taking the same notation as in the oorresponding projiOBition for lagm^'i 
equations, Art. 406, we have 

dT , . ^ ry ^ dT ^ 



dff 
dT 



dp* 



v = -,=( - Afoi cos 0+^w, sin 0) sin + Ccd^ ooe 9, 

Before wo can use the Hamiltonian equations we must by Art. 411 ezpre&s lie 
tenut) of [lit \\ ir). Tu do thitt wc solve these equations to find ta^^ u^, m^ in tenni 



of u, V, tc. Wc find 



Also by Art. 414 



.'ifa^i = tiBm0 + (vcos&-tr) . -!;, 

*. . / /. V sin A 

Bta^ = u cos - (17 COB ^ - If ) -. — ^ . 



Afl we only require one of Euler's equations, let us use - =s — v\ ^— =0'. 

/f^ dv 



The former of those gives --Ici^ j^* + Bui -J^ - jr = ~ ^~t^» 



which is the same as 



diOi 
d<f> 

Dbft 



dufi dU 
d0 ~ d0 



d0 
d«tf^ 

Hi 



* A * B d<p dt * 



and this leads at once to the third Euler^s equation in Art. 251. The latter of tbe 
two Hamiltonian equations leads to one of the geometrical equa^ns of Art. 2o6. 
Thus the six Hamiltonian equations arc equivalent to all the three dynamical sod 
the three geometrical Eulorian equations. 

Ex. 3. A sphere rolls down a rough inclined plane as desoribed in Art. 144. 
We have T^^j^ma^ff- and U=mga6 sin a. Is it correct to equate £f to the difference 
of these functions ? Verify the answer by obtaining the equations of motion given 
in Art. 144. 

Ex. 4. A system being referred to co-ordinates 0, 0, Ac, and the corresponding 
momenta u, r, (&c. in the Hamiltonian manner, it is desired to ohanfle the oo> 



THE ABALOOT TO GEOHETBT. 



SlT 



ordlnataa to x, y, tt. wbere B, ^, i^. are si^en functiotia of j, ij, &o. Show that 
U f, 17. J^. be the oorrMponiling momenta, then 

i=uix+v4i^+... 1) = tt8,■^■v^-^ ... Ao. =Ae. 

where the Boffixei an asiial denote partial difFerentiationB. Show alio by a 
purely anaijtioal truisConnation that the Hamiltomaa eqaations with 0, h. Ao. 
ohange into the coireHpondinK ooea with s, i. Ac 

Ex. 6. The lAgraogian (imotton is a tnnotion of S, ^, <^o. and ^, #', Ae. In 
what preoedcs we havu taken itii reciprooal (unction with legaid to ff, ft', As., bnt 
we might ali>o have taken \U rrciprocal Tunelion with regard to 0, 0, Ao. The 
following exampla will illuBtrate tliis. 

Iiel Ti, or L, be the Lagrangiao fnnetion, and in order to keep the notation aa 



df. 



dTi 



nearly the same as poBeible. Ui Cl = ~, I' = j-' , *o. Then if T, be the reciprooal 
fOnction of T, . the transformation correeponding to Bir W. Bamilton's leads to the 
,_. , ^ „ dr. „ d dT. 

typuialeqoationa S^^^ ^■=~Jtde'- 

To show this, ie will be sufficient to notice that r,= -T, + [70')-r^ + ... 

Thenbv the lemma in Art. ill) we have ,J= - .^ and -,' = d, whence the reenlts 

aff ap dV 

follow at onoe b; Lagrange's eqnationa. 

JIT. Tba amalosy to redprooatloB In Qauuielii. The Hamiltonian traoB- 

tormation of Lagrange's eqaations beora a remarkable analogy to the tranafonnation 
by Beoiprocatiou in Geometry. Thus snppoae the ayitem has three oo-ordinatee 
9, #, ifi, and let the semi vis vitb T| be a hcanogsaeotu quadistic function of the 
Telocities f, ^', ^'. We may regard ff, ip', ^ as llie Cartesian oo-ordinales of a 
representative point P, the position and path of which will exhibit to the eye the 
instantaneous motion of the system. These co-ordinates of P may be fotind from 
Lagrange's equations. In the same way we may regard the Bamiltonian variables 
u, V, ir as the Cartesian oo-ordinatee of another point Q whose poution and path 
will also exhibit the instantaneooi motive of the aystem. 

Taking any instantaneoua valaes of B. iti. ^ the paint F will lie somewhere on 
the qnadric Tiif/ where Via the inslaiitancou« value of the force fonotion. Then 



dTi 



dT. 



dTi 



-' we nee that Q will also lie on a qoadrig which is 
the polar reciprocal of the qnadrie T, witli regard to a sphere whose centre is at 
the origin, and whose radios is equal to yfsu. 

Let this reeiprocal qoadria be T) = IT. Then since these qnadrics possess reoipro- 
cal properties we see that <>'=-j^', *'-''i'*. 1*' = ^'- 



Ex. 1. It Ibe ooeffioienti of the 
qoantity 8, show geomitrieaUy that 



quadrice 7*1 and 7, be fanotions of any 
Thence deduce the remaining 



" d8 ' 
._dH 



-^-■s. -^ 



three of the Hamiltonian eqaations, r 

n=T,-D. See the Amhoi's essay on - Subility of Motion," page 03. 

Ex. 2. Show that the form of T, as need in Geometry ia the aai 
given Art. 413, Ex. 9. 
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If we use the method of indeterminate multipliers*, the equa- 
tions of virtual velocities will be transformed in the usual manner 
into 

ddJ dT_dU dL JL dL, 

dtdff'dd^de'^^dff'^^dff'^'^dff ^*^' 

with similar equations for the other co-ordinates ^, '^^ &a These 
joined to the three equations X , L^^ L^ are sufficient to determine 
the co-ordinates of the body and \ fi, v. 

This process will be very much simplified, if we prepare the 
geometrical equations ij, L^, L^ by elimination, so that one dif- 
ferential coefficient, as ff, is absent from all but the first equation, 
another, as <t>\ absent from all but the second, and so on. When 
this has been done, the equation for becomes 

d dT dT dU dL^ .. 

dt dff dO'^ d0'^ dff ^^^' 

Thus X is found at once. The values of /i and v may be found 
firom the corresponding equations for ^, -Jr. We may then sub- 
stitute their values in the remaining equations. 

429. The method of indeterminate multipliers is really an 
introduction of the unknown reactions into Lagrange's equations. 
Thus let JJj, iZj, iZg be the resolved parts of the reaction at the 
point of contact in the directions of the three straij^ht lines used 
in forming the equations L^, L^, L^, Then L^, L^, Jb^ are propor- 
tional to the resolved relative velocities of the points of contact 
Let these velocities be /Cji , k^L^, '"^a^s- Then if 6 only be varied 
the virtual velocity of M^ is k^AJSO which may be written 

K^ -j^ B0, Similarly the virtual velocities of -B, and i2, aie 

f^^-jff^^ and f^s~l^^^' Hence, by Art 426, Lagrange's equa- 
tions are 

ddT_dT_dU J. dL pdL^. t. dL^ 
dtdff dd~ dd '^'"'^^ dff ^ "« « dff '^"^^dff^ 

* If we multiply the geometrical equations (3) by X, /i&, v respectively and sob- 
tract them from (2) we get 

_rd dT dT dU .dLi dU d^n.o A 

^V.dt de^'Te" W^W^W'de^J^""^' 

Now there wiU be as many indeterminate multiples X, ft, r as there aie geome- 
trical equations (3) connecting the quantities 6$, d^, Ac, t.€. there are as jdmbj 
multipliers as there are dependent variations. By properly ehoosing X, m r the 
coefficients of these variations may be made to vanish, and then the ooeffieientB of 
the independent variations must vanish of themselves. Hence the coefficient of 
each variation in this summation will be separately zero. 



= 0. 



INDETERMINATE MULTIPLIERS. 

Comparing this with the equations obtained by the method of 
indeterminate multipliers we see that X, fi, p are proportional to 
the resolved parts of the reactions. The advantage of using the 
method of indeterminate multipliers is that the reactions are 
introduced with the least amouot of algebraic calculation, and 
in just that manner which is moat convenient for the solution of 
the problem, 

430. The method of indeterminate multipliers may sometimes 
be used with odvant^e when the geometrical equations do not 
contain ff, if>', &c., but are too complicated to be conveniently 
solved. Thus if /((, 5, ^, . . . ) = 

be a geometrical equation, connecting 0, tf>, &c., we have, as in 
Art. 351, 

This may be treated in the same manner as the 
Jjf, L^, X, in the preceding theory. We thus obtain the equation 
±dT_dT_dU df 

dlW d0 de^ de 

with similar equations for 0, if-, &c, 

431. Ex. Form by Lagran-it't mtihod tht eqvationt of tnolion of a iimoge- 
*ti»u fphcre Totting on an inclinrd plant uiuUr the action of gravity. 

Let the aiia of z be token dona the plane along the line at greatest slope and 
let the Bzia of ^ be horUontal an^ that ot i noniuU to the plane. Lot {x, y, a) be 
the oa-ordinatea ol the centre of gravit; of the sphere, 0, #, xji the RDgrdar co-ordi- 
nates of three diameten at right angles fixed in the sphere in the manner explained 
in Art. 366. Then, if the moss be taken as imit;, the Vis Viva is b; Art. S66, Ex. 1. 
2T=i^ + V'' + *M(*'+^'coset' + ff^ + Bin'Sf»). 
The resolved velociticrs parallel to the axes of z and y of the point of the sphere 
in oontaet with the plane are to be i^ero. These give the conditions ^-ait, = ti, 
y'-^ au,=0. Bf Art. 267 these cooditiong will be found to lead to the eqnatioiis 
L, = j:'-aff'coi^-o*'Bintfsin^-0 
£,= I/' - off" sin ^ + a#' sin S ooa it =0. 
Also if ; be the resolved part of gtavit; along the plane, ftnd C bo an; eoastont, 
we have U=pi + C. 

The general eqoation of motion is 
d dT dT 



e □[ the five quantities 
l* I (^ -I- If/ (xw 0} => - Xo sin « sin ^ 4- jia si 



'• Vi 9- ^> ^- l&I'iDS these ii 



328 Lagrange's equations. 

The last equation shows that tp'oosB + yj/ is oonstant. From this we infer, I7 
Art. 257, that the angular Telocity w, of the sphere about a nomiAl to the plane ii 
constant throoghout the motion. Eliminating ft, from the two preceding eqnatkats, 
and substituting for }f/' from the last we find 

-^=^'co8^+0"8inasin^ + 0Ysinaoo8 ^-^^sin ^+^^'oo8a8inf. 

But this is ^. In the same way we find - ^ = ^* Subetitating theee Jtinmd 

X and /[& in the first two of Lagrange's equations we have 

«"(a«+fc«)=aV y"(a»+i>)=0. 
These are the equations of motion of a particle acted on by a constant force panlU 
to the axis of x. The centre of gravity of the sphere therefore describes a paraboli, 
as if it were under a constant acceleration equal to ^g tending along the line 
of greatest slope. 

This solution is rather complicated, but this problem has been selected to 
show how we may use Lagrange's equations as specially illostrating the renmb 
made in Art. 428. So far as this particular problem is concerned a very simple iiid 
short solution may be obtained by the ordinary processes of resolving and tskiDg 
moments. But for this we refer the reader to the chapter on the Motion of i 
Body under any forces in the second part of this work. 



^' 



EXAMPLES *. 

1. Two weights of masses m and 2m respectively are connected by a sizing 
which passes over a smooth pulley of mass m. This pulley is suspended bj ft 
string passing over a smooth fixed pulley, and carrying a mass 4m at the other end. 
Prove that the mass 4m moves with an acceleration which is one twenty-third psit 
of gravity. 

2. A uniform rod of mass 3m and length 21 has its middle point fixed, and ft 
mass m attached at one extremity. The rod when in a horizontal position is ad 
rotating about a vertical axis through its centre with an angular velocity equsl to 

—r^ . Show that the heavy end of the rod will fall till the inclination of ihi 

^ , n 

rod to the vertical is cos~^ (^Jti' + 1 -^, and then rise again. 

8. A rod of length 21 is constrained to move on the surfS&ce of a hyperboloid of 
revolution of one sheet with its axis of symmetry vertical, so that the rod ahrajs 
lies along a generator. If the rod start from rest, show that 

r^-2ar'd'sina + a'^'s + sin2o(r*+JP)^+2^cosa(r-ra)=0, 
{a» + sin»a(r» + jr«)}^-asin 01^=0, 

where r is the distance measured along a generator from the centre of gravity to 
the principal circular section, is the excentric angle of the point in which tiie 
generator meets this circular section, a is the radius of the circular section, and a 
is the inclination of the rod to the horizontal plane. 

* Most of these examples are taken from the Examination Papers which bavo 
been set in the University and in the Colleges. 



I 4. k ting of nuu m ani radias b rolls inside a perfectly roagh ring of IE 

t KDd radiuB It. whieh U moTe&ble about iU oootre in t, vertical plaoe. If 0. ^ bo the 
It Bngks turned lluoagh b; the rings &om their position of equilibriom, prove that 
flfl + 6« = (a-).)V, i/ae" = mi>#", {aJf + m) (a - 6) f = - (if -fm) 3 sin f . 
fi. If t, m, n be the directiou-eOBinos with respect to fixed aiee of a rod movinj 
in ftn; manner in apace, and if V be the potential energ;, prove thai 

where I is the moment of inertia of the root about an aiia through il 
pendicular to ite length. See Art. 130. 

6. A particle of mass m moves in one plane, and its motion is referred to ateal 
eo'ordinates x, y, i. If 2r bo the via viva, and V the potential energ; expressed at 
a homogeneoiia funotuin of the areal co-ordinates, prove that 

7. A heavy rod, whose length ia 3a, alips down with its extremities in contact 
with a smooth horizontal floor, and a smooth vertical wall; the rod not being 
initially in a plane perpendicnlar to tlje wall. If be the inclination of the rod to 
the vortical, ^ the inclination of the borizonlal projeotioa of the rod to the intu- 
BGCtion of the planes, prove that 

4'^{oo8 0}=ootf Me^^Cnneoos^)-^, 

S. A particle moves under the action of two centres of repnlaive fonse f and Q 
tending from two fixed points, nt a dislanoe 1c from each other. Show that the 
Lagrangian equations of motion ma; be written in the form 
d dT dT_^_ ^ d dT_dT_ 
dt V 
where X and «i are tb« elUptio eO'ordinates of the particle referred t< 
points M fod, and 

9. If r, tf be the polar co-ordinates of a particle of mass m which desoribes an 
orint under the action of a oenttal force F tooding to the pole, and u, v be the oor- 
lecponding momenta, prove that the Hamiltonian function iaH=^^ -i 
Thence deduce the Hamiltonian equations of motion 
iiw»(u' + il=c', p' = 0. 

10. If a variation !S of an; co-ordinate of a system have the effect of taming 
Um s;atem as a whole ronnd some straight line, then ^ is equal to the angular 
momentom of the system about that straight line. But if the variation J0 move 
the sjstcm as a whole parallel to some straight line, then ^ is the linear w 
parallel to that straight line. See Arts. 3'J7 and 403. 




CHAPTER IX. 



Small Oscillations. 



Oscillations icith One Degree of Freedom, 

432. When a system of bodies admits of only one independ 
motiou and is making small oscillations about some mean posit 
or some mean state of motion, it is in general our object to led 
the equation of motion to the form 

cTa; da? , J. 

de dt ' 

where x is some small quantity which determines the position 
the system at the time t This reduction is effected by neglect 
the scjuares of the small quantity x. 



433. M«anlnK of the T«niifl. Wc KiippoRC the oqaation to be obta 

by writiii;^ down tli«' LMjmuions o£ motion of all the particles, and then climizui 
the reactions. Let us consider tlic cane in which the system is difiplaced fro 
poKition of i>4nilil)riuin. We rcprc^sunt the amount of displacement bj some \i 
X buch that X bciii^ known the position of cver\' particle can be deduced from 
geonu-tricul coniliiiotiH of the Hystcm. The displacement | of any particle m 
tliercfore bo some function of j*, and since the sipiare of x is to be neglected i 
small oscillation wc have by M'Laurin's theorem ^^G^-Hx^ where G and H 
some constants dei)cndinf,' on the position of the particle in the system. 
effective forces on m will be (1) i/wij" along a tangent to its, arc of oscillation 
(2) a centrifugal force which has mx'^ in the numerator, and shoold theic 
be neglected. Here we have usetl accents as usual to denote differential coefficii 
with regard to the time. The effective forces will therefore contiibate terms of 

d'X 
form ~.-^ to the differential equation. 

Next let us consider the impressed forces on the system. These are of tl 
kinds 

(1) The system being displaced the forces of the system wiU tend to brin« 
back to its position of c<iuihbrium, if this position be stable. These forces 
all functions of x, and since the square of x is neglected, they wiU contiibate te 
of the form c-hx to the equation. The terms c-hx therefore represent 
natural forces of rettitution. 

(2) There may be some forces of resistance acting at speoial points of 
system which deiwind on the velocities of the particles. The velocity of anv s 
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ONE DEGREE OF FREEDOM. 

pkrtivio m viU be some fanetion of f, wLicb, as before, may be t&kea eqnol to H^. 
mieie reBiBtuncGs will tberotore contribute I«rmB of the fonn n -r- to the eqtuktion. 

(B) We n]»y hava BOme small rrtemal fijrat. Theaa may be functioDs of the 

le. We might, wbeQ they eziet, reptesent thorn by a tenn/(') on the right hand 
«kle of the equation. 

We sec that the efiectivB forwi and the three kinda of impressed forces con- 
Ubnle different kinds of terms to the equation, and since the prodnets of these 
tens are to bo neglected these terms come ezclasively from the sonrces mentioned. 

Wb propoae in the Gmt instance to omit the e«temal forcea, and to consider the 
notion of a system acted on only by the forces of restitution and the forces of 
IMistance. The oseillation produced by these two together is called the natural 
'or frtt tibratioa. The oscillations prodoced by the eitemal forces ore sometimea 
Mlled Forted Vibralioia, and will be considered under that beading. 

434. Solution of the Eqaation. It will generally happen 
that «, *, c are all constants, and in this case we can completely 

determine the oscillation. By putting 'B = r + f«"", we reduce the 

equation to the well-known form 

f{A-a*)f = 0. 

, for the sake of brevity, put 






I 



When 6 — 0* is positive, let i 
- o" — n*. We then have 



where A and B are two undetermined constants which depend on 
the initial conditions of tbe inotion. The physical interpretation 
of this equation is not difficult. It represents an oscillatoiy 

motion. If we write for t, t-\ , we have exactly the same 

expression for w with A^ written for A, where A^ = A6~~^; we 

tlierefore infer that the time of a complete oscillation is — , The 

central position about which the system oscillates Is determined by 

«= J. To find the times at which the system comes momentarily 

dx n 

to rest we put ;^ = 0. This gives tan (n( + B) = - . The extent 

of the oscillations on each side of the central position may be 
found by substituting the values of t given by this equation in tbe 

expression for 'C— ?. Since these must occur at a constant in- 
terval equal to -, we see that the extent of the oscillation 



SJULL OSCnJATIOKS. 



contintinlly decreases, and that the successive arcs on eaeb a 
the jKxsilioH of e(|uilibrium form a geometrical progresaioii i 

common ratio is e~ h' 

When i — o' is negative, wc put 6 — a* = — ii*. In this caa 
sine in the solution must I>e replaced by its exponential value 
the integral bccumes, 

There (! and D are two undetermiQed constants. The moti 
now no longt.T o.scillator\'. If a and b are both positive, v i 
tlian a anil in this case whatever the initial conditions ma 

ic will nltimntcly become equal to t, and the system will 

tinually approach the position determined by this value of x. 
same thing will occur if !• be greater than a, provided the ii 
conditiuna arc siicli that the coefiicicnt of the exponential i 
has a positive index is zero. 

If 6 — o' = 0, the integral takes a different form, and we hi 



x = ^ + (Et+F)e-*, 



where E and F are two undetermined constants. If a be 



post 



tlie system will continually approach the position determioec 
bx = c. 

iS'>. Whiii the value of x as given by these equations 
comes larf;o, thi' terms depending on j^ which have been negle 
in furming thu eipintiim may also become great. It is posi 
that these terms niav alter the whole character of the motion, 
such cases ihir c'luilihritim, or the undisturbed motion of 
system as iht- case may be, is called unstable, and these equal 
can represiiit (inly the nature of the motion with which the sys 
begins to inuve from its undisturbed state. 

436. Ex. 1. The iiiiliul coaditiona of the ayslem u« anch that 

find the olcimate value of z. 

Ex. 3. Show tbut the oomplcto integral of -jT + ^^+^'/IO ia 

_-( .linni / a , \j I f' -.ri-ri . , 

'^' r" n +'op""'+7,'""'"'j{+^ j^* "in* ((-0/(0*' 

where x^, V '^^ '^o vbIuob of x and ^ irhen t=0. [Math. Tripoa, 1976.] 

437. It will be often found advantageous to trace the moi 
of the system by a figure. Let equal increments of the abac 
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f a point Prepresent on any scale equal increments of tbe time, 
Bid let the ortTmate repreaent the deviation of the co-ordinate x 
mean value. Then the curve traced out by the repre- 
intative point P will exhibit to the eye the whole motion of the 
^tem. In the case in which a and b — a* are both positive the 
■ve takes the form 




The dotted lines correspond to tlie ordinate ± Ae~^. The re- 
I presentative point P oscillates between these, and its path alter- 
nately touches each of them. In just the same way we may trace 
the representative curve for other values of a and b. 

The most important case in dynamics is when a = 0. The 
motion is then given by 



r = ^8in(V6i + B). 



The representative curve is then the curve of s 
iSe the oscillation is usually called ha\ 



In this 



438. Ex. 1. A lyBtem aacUlates aboul a mean paaition, and its deriatioii ia 
niEAtared b; i. If x, Kti z,' be the initial Talaea of x aod ^ , abow thct tha 

■jitctn will never deiiate from iU mewi poiitiou by lo mooh as j'^_±*f^f^±3. (■ 
if b be gTMter than a*, 

Ex. 2. A lyateiB Mcillataa about a poution of eqnilibriuni. It is required to 
find bj obwrratiotii cm it< motion the nnmeric&l valaea of a, b, c. 

Any three detemunatioDa of tbe co.ordinate jc at thr«« dillerent times will 
generally inpply aoflicient equation! to find a, b, c, but Bome measuremeDts can 
be made more easily than otlien. For eiampte. Ilie values of x vhen the syitem 
oomes momeoUrily to re>t can be convenientlj obserred. because tbe system ia 
then moving slowly and a measarement at a time slightly wrong will e 
anor only of the second oider. while tbe valoes of t ml anch times cannot be 
oonvenieutly observed, because, owing to the slowness of tbe motion, it is difBcnlt 

to determine the precii 
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If three snooessiye yalues of x thns found be x^, x^ x^ the ratio of the two 

BUOcessiYe arcs x, - x^ and Xg - x, is a known fonction of a and h, and one equation 

can thns be formed to find the constants. If the position of eqnilibriiini is 

unknown, we may form a second equation from the fact that the three arcs 

c c c c 

a^-r, ^-Tf ^^ "h ^^^^ ^^'^^ ^ geometrical progression. In this way we find ^r 

which is the value of x corresponding to the position of eqnilibriom. 

The position of eqnilibriom being known, the interval between two snooesstfe 
passages of the system through it is also a known function of a and b, and thus 
a third equation may be formed. 

Ex. 8. A body performs rectilinear vibrations in a medium whose resistance is 
proportional to the velocity, under the action of an attractive force tending towards 
a fixed centre and proportional to the distance therefrom. If the observed period 
of vibration is T and the co-ordinates of the extremities of three consecutive semi- 
vibrations are p, q, r; prove that the co-ordinate of the position of equilibrium and 
the time of vibration if there were no resistance are respectively 



p+r'-2q 



and r jl + i Aog ^— ^^ r*. [Math. Tripos, 1870.] 



First Method of forming the Equations of Motion. 

439. When the system under consideration is a single body, 
there is a simple method of forming the equation of motion which 
is sometimes of great use. 

First, let the motion be in two dimensions. 

It has been shown in Art. 205, that if we neglect the squares 
of small quantities we may take moments about the instantaneous 
centre as a fixed centre. Usually the unknown reactions will be 
such that their lines of action will pass through this point, their 
moments will then be zero, and thus we shall have an equation 
containing only known quantities. 

Since the body is supposed to be turning about the instan- 
taneous centre as a point fixed for the moment, the direction of 
motion of any point of the body is perpendicular to the straight 
line joining it to the centre. Conversely when the directions of 
motion of two points of the body are known, the position of tbe 
instantaneous centre can be found. For if we draw perpendiculars 
at these points to their directions of motion, these perpendiculars 
must meet in the instantaneous centre of rotation. 

The equation will, in general, reduce to the form 

M1^^^ — f^^^^^^ ^f impressed forces aboutX 
df \ the instantaneous centre / ' 

where is the an^le some straight line fixed in the body makes 
with a fixed line in space. In this formula Afi^ is the moment 
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inertia of the body about the instantaneous centre, and since 
iie left-hand side of the equation containa the small factor -^ 

pre may here suppose the iustantaneous centre to have its mean or 
undisturbed position. On the right-hand side there is no small 
' fitctor, and we must therefore be careful either to take the moment 
' of the forces about the instantaneous centre in its disturbed 
position, or to Include the moment of any unknown' reaction which 
passes through the instantaneous centre. 

Ex. If a body with only one indopendeat motion Ban be in eqnilibriiui) in 
the ume position under two diffeicut syatcma of forces, and if L,, L, are the 
lengths of the eimpte equiialent pendulums for these systems acting separately, 
then the length L of the equivalent pendolum when they act together is given by 



A honogtntou* htmitpfitre performM tmall oieiltatiotu on a ptrfectly 
rough /lon'iontal plant : find tht motioa. 

Let C be the centre, O the centre of gravity of the hemisphere, N the point of 
oontact with the rough plane. I^t the ndins=a, Ca = c. e = iNCG. 




Here the point N is the oeotrs of instantaneous rotation, beoaoae the p 
being perfntly rough, anflicuent friction will be called into play to keep N a 
Hen«i taking moments about A' 



Therefore the 
It is clear that 1^ 

If the pUne had been smooth. J/ would have bean the instantaneouB axis, 
Gil being the perpendicular on Of. For the motion of Jif is in a horiEontsl' 
direction, because the sphere remsins in oontact with the plane, aud the motion 
of O is vertical by Art. 79. Hence the two perpendioolarn C.V, KM meet in the 
iostantaneous aiia. By reasoning aim ilar to the above the lime will be foond 

to be 3t 
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441. OscillationB of Oylindera. A cylindrical surface q 
any form rests in stable equilibrium on another perfectly rougi 
cylindrical surface, the axes of the cylinders being parcUlel, 1 
small disturbance being given to the upper sujface, find the time o 
a small oscillation. 

Let BAP, EA'P be the sections of the cylinders perpendicula 
to their axes. Let OA, CA' be normals at those points A^ A 




which before disturbance were in contact, and let a be the angle 
AO makes with the vertical. Let OPG be the common normal 
at the time t. Let be the centre of gravity of the moving body, 
then before disturbance A'O was vertical. Let A'G = r. 

Now we have only to determine the time of oscillation when 
the motion decreases without limit. Hence the arcs AP^ A'P will 
be ultimately zero, and therefore C and may be taken as the 
centres of curvature of AP, A'P. Let p = OA, p = GA\ and let 
the angles AOP, A'CP be denoted by ^, <f)' respectively. 

Let d be the angle turned round by the body in moving from 
the position of equilibrium into the position B'A'P. Then since 
before disturbance, A'C and AO were in the same straight line, 
we have ^ = z CDE = <^ + <^', where CA' meets OAE in 2>, Also 
since one body rolls on the other, the arc AP^ arc A'P, /. p<f> = p'<f>, 

p+p 

Again, in order to take moments about P, we require the 
horizoDtal distance of O from P; this may be found by projecting 
the broken line P4' + A'O on the horizontal. The projection of 
PA' = PA' cos (a + 5) = p<f) cos a when we neglect the squares of 
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■mall quantities. The projection oi A'G is r0. Thus the hori- 
' Eontal distance required is f ^^ , cos a — r J 0. 

If it be the radius of gyration about the centre of gravity, the 
equation of motion is 

If X be the length of the simple equivalent pendulum, we 

have 

i" + r» op' 
-^ - = -=-^—7 cos OL — r. 
L p-¥p 

442. Circle of Stability. Along the common normal at 
the point of contact A of the two cylindrical surfaces measure 

a length AS = 8 where - = - + -7 , and describe a circle on AS as 

diameter. Let A O, produced if necessary, cut this circle in N. 




Then ON s 5 cos a — r, the positive direction being from N towards 
A. The length L of the simple equivalent pendulum b given by 
the formula 

L . GN^ (rad)* of gyration about A. 

It is clear from this formula^ if 0^* lie without the circle and 

* Let it be the r«diii8 of carratnre of the path traced oat by O ai the one 
cylinder roUa on the other, then we know that it » --^ , so that all points with- 
out the circle described on AS tM diameter are describing cnrres whose eoncayity 
is tamed towards A, while those within the circle are describing carves whose 
convexity is tamed towards A. It is then dear that the eqailibriam is stable, 
unstable, or neutral, according as the centre of gravity lies within, without, or on 
the circumference of the eirole. 

K. D. 22 
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above the tangent at A, L is negative and th^ equilibrium is 
unstable, if within L is positive and equilibrium is stable. This 
circle is called the circle oj stability. 

This rule will be found very convenient to determine not only 
the condition of stability of a heavy cylinder resting in equilibrium 
on one side of a rough fixed cylinder^ but also to determine the 
time of oscillation when the equilibrium is disturbed. An ex- 
tension of the rule to the case of rough cones and other surfistces 
"will be given further on. 

443. It may be noticed that the preceding problem is per- 
fectly general and may be used in all cases in which the locus of 
the instantaneous axis is known. Thus p' is the radius of curva- 
ture of the locus in the body, p that of the locus in space, and a 
the inclination of its path to the horizon. 

If dx be the horizontal displacement of the instantaneous 
centre produced by a rotation dd of the body, then the equation to 
find the length of the simple equivalent pendulum of a body 
oscillating under gravity may be written 

This follows at once from the reasoning in Art 441. It may 
also be easily seen that the diameter of the circle of stability is 
equal to the ratio of the velocity in space of the instantaneous axis 
to the angular velocity of the body. 

Ex. 1. A homogeneous sphere makes small oscillations inside a fixed sphere to 
that its centre moves in a vertical plane. If the roughness be sufficient to prevent 
all sliding, prove that the length of the equivalent pendulum is seven-fifths of the 
difference of the radii. If the spheres were smooth the length of the equivalent 
pendulum would be equal to the difference of the radii. 

Ex. 2. A homogeneous hemisphere being placed on a rough fixed plane, which 

is inclined to the horizon at an angle sin'^ }>/2, makes small oscillations in a 
vertical plane. Shew that, if a is the radius of the hemisphere, the length of the 

equivalent pendulum is ( — - ^— ) a. 

444. If the body be acted on by any force which passes through the centre of 
gravity, the results must be slightly modified. Just as before the force in equi- 
librium must act along the straight line joining the centre of gravity ^ to the 
instantaneous centre A, When the body is displaced the force wiU cut its former 
lino of action in some point F, which we shall assume to be known. Let AF=fj 
taking / positive when and F are on opposite sides of the locus of the instan- 
taneous centre. Then it may be shown by similar reasoning, that the length L of 
the simple equivalent pendulum under this force, supposed constant and equal 

to gravity, is given by — __ s= -^^^ cos o - -~- , where a is the angle the 

^ P + P / + '* 

direction of the force makes with the normal to the path of the inatantaneons 
eentre. 
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If we measure along the line AO tk length AQ* bo that 



AG' 



^ + —^ . then the 
AO AF' •"'^•"^ 



ezpreesion for L takes the form — =:-- = G'N. The equilibriom is therefore stable 
or unstable according as G' lies within or without the circle of stability. 

445. Oefflllatfmia of a body reottns on two ourreo. Two pointi A, Bofa 
body are conttrained to ducrihe given curves^ and the body U in equilibrium under 
the action of gravity, A tmall disturbance being given, find the time of an oecilla- 
lion. 

Let C, D be the centres of ourrature of the given ourres at the two points A, B. 
Let ACt BD meet in O. Let G be the centre of gravity of the body, GE a perpen- 
dicular on AB. Then in the position of equilibrium OG is vertical. Let if J he 
the angles CA, BD make with the vertical, and let a be the angle AOB. Let 
A\ 1^... denote the positions into which A, B...have been moved whoi the body has 
been tamed through an angle $. Let ACA's:^, BDB>ss^', Binoe the body may 
be brought from the position AB into the position A'B' by taming it about O 

CA A BD 4i 
through an angle By we have —rri^ = '^ =^. Also GG* is oltimately popen- 

ijA. OB 

dieular to OG, and we have GG'^OO. $. Also let j;, y be the projesiionji of 0(y oo 
the horizontal and vertical through 0. Then by projeotionB 

a;oo8j+y8inj=distanoeof O'from OD^OD , ^\ 




coos i - y sin isdistanoe of O' from OC^OC . ^; 

OD . sini . 4f + 0C . nnj . ^ 
sma 

Now taking moments about O' as the centre of instantaneous rotation, we have 

(k*+OG^^^-g.(GG'^£i 
^/^ OD.OB B(n< ^OC.OA sinj\ 



wh«n k it the ndias of gyntion aboat the centre of gnTity. 



22—2 
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Hence if L be the length of the simple equivalent pendolom, we haye 

k*+OG* ^_ OD . OB sint OC . OA anj 
L BD Bin a AC una 

Cor. If the given carves, on which the points A^ B are constrained to xnoTe, be 
straight lines, the centres of curvature C and D are at infinity. In this ease, we 

may put ^7.= - 1, t7i= - 1, and the expression becomes 

JiU AC 

L Bin a sm a 

If OA and OB be at right angles, this takes the simple form 

where F is the projection on 00 of the middle point of AB. 

(^ Ex. 1. A heavy rod ACB rests in equilibrium in a horizontal position within a 
Surface of revolution whose axis is vertical. Let 2a be the length of the rod, 
p the radius of curvature of the generating curve at either extremity of the rod, t 
the inclination of this radius of curvature to the vertical Prove that if the rod be 
slightly disturbed, so that it makes small oscillations in a vertical plane, the length 

of the equivalent pendulum is equal to ?£^^gi^i^»p^') . 

Ex. 2. The extremities of a uniform heavy rod of length 2a slide on a smooth 

wire in the form of a parabola, whose axis is vertical, and whose latus rectum is 

equal to 4c. If the rod be slightly displaced from its position of stable equilibrium, 

2ac 
prove that the length of the equivalent pendulum is — — q-: provided a is greater 

o (a — dC) 

than 2c. Cains CoU. 

Ex. 3. The extremities of a rod of length 2a slide upon two smooth wires 
which form the upper sides of a square whose diagonal is vertical, prove the 
length of the equivalent pendulum is $a. Math. Tripos. 

446. Oscillation wlien patli of centre of grayity Is known. A body o$eillaU$ 
about a position of equilibrium under the action of gravity, the radim of curvatwrt 
of the path of the centre of gravity being known, find the time of osciUation* 

Let A be the position of the centre of gravity of the body when it is in its 
position of equilibrium, Q the position of the centre of gravity at the time t. Then 
since in equilibrium the altitude of the centre of gravity is a maximum or mini- 
mum, the tangent at A to the curve AG is horizontal. Let the normal GC to the 
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3+1 



onrve at G meet the norinul at A in C, Then when the oH:iUation l>cooiiif b iudefi- 
nitely email C i» the centre of curvature of the cdttg at J. Let AG = i, the angle 
ACil — ip, and let R be tbs radius of curvature of the carve at A, 

Let be t}\e angle turned round by the bodj in moving trom the position of 
equilibrium into the position in whioli the oentre of gravity is at Gi then — la the 
angular lelodtj of the bodv. Since G in moving along the tangent at O, the 
centre of instaaUneons rotation Ilea in the normal GC, at such a point O, that 

oaf--.,a.ota^%..:iio^'' 
dt ill dd 

Let ill* he the tnomcnl 

taking moments about O, i 



a of the body about Ha oentre of gravity, then 



:*+OG')^j= - g . Oa ma^. 



Now ultimately when the angle 9 is tade&iitely Rmall g= m~ ~r/ ' '*' ^^ 
equalion ot motion beoomw 

Hence If L be the length ot the simple equivalent pendulum wo have 

447. 0«dlIatloii« ftmnd b7 Vl» TItk. When the ByRlem of bodies in motion 
admits of only one indepondcnt motion, the time of a small osdilntioa may 
th^uently be deduced from the equalion of Vis Viva. This equation will be one of 
the second order of small qnanlilies, aod in forming the equation it will be neoes- 
BBry to take into account small quantities of that order. This will sometinei 
iavolve rather troublesome oousiderationi. On the other hand the equation will 
be free from all the uulmown reactions, and wo may thus frequently save much 
eliminalioa. 

The method of proceeding will be made clear by the following example, by 
which a com)iarison may be mode with the method of the last article. 

Tht motiva of a ttodn in 'paee o/ fifij dintiaUmi U girrn by the eo-ordiaate* i, y 
ef iti etntrt of gravity, and tht ani/U 6 ichidi any fiitd lint in iht bod^ tnaktt leilh 
a line jUed in ipaee. The bodj/ being in ffuilifrn'uia under tlu aelion o/ grarity it 
ii reifired to find ihe time of a ttnall oieillalion. 

Since the body is capable of only one independent motion, we mayeipreas (e, y) 
as functions of 8, thus 

r = F(fl). y=f{B). 
Let ilk* be the moment of inertia of the body abont its centre of gravity, then the 
equation of Vis Viva becomes 

where C ia an arbitrary constant. 

Let a be the valne ol 9 when the body ia in the position of equilibrium, and 
■nppMelhat at the time (, B = a*^ Then, by M'Laurin's tbootem, 
., ** 
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where y^y yn" are the values ot ^^ -j^ when 9^ a. But in the position of eqnili- 
briom y is a maiimnm or minimnm ; .■. yi=iO, Hence the equation of Yl« "^fa 
beoomes («o''+it») (^y^Cr-^oV, 

where t^ is the yalae of -rx when 0=a\ differentiating we get 

If I> be the length of the simple eqoiyalent pendolum, we have 

where for we are to write its value a after the differentiations have been effected. 
It is not difficult to see that the geometrical meaning of this result is the same as 
that given in the last article. 

This analytical result was given by Mr Holditch, in the eighth Tolnnie of the 
Cambridge Trantactions, It is a convenient formula to use when the nunftifai of 
the oscillating body is known with reference to its centre of gravity. 

Ex. The extremities of a rod slide on the circumference of a thiee-eoqwd 
hypocydoid whose plane is vertical The radius of the circumsoribing oirde is 9a, 
and one of the cusps is at the highest point of the circle. Prove that the length of 
the equivalent pendulum is |a. College Exam. 

448. Moments about the Instantaneous Asds. When a 

body moves in space with one independent motion there is not in 
general an instantaneous axis. It has, however, been proved in 
Art. 225 that the motion may always be reduced to a rotation 
about some central axis and a translation along that axis. 

Let / be the moment of inertia of the body about the instan- 
taneous central axis, XI the angular velocity about it, V the velocity 
of translation along it, M the mass of the body, then by the prin- 

11 

ciple of vis viva ^ /ft* -f ^ MV^ = U+ C, where U is the foioe- 

function, and G some constant. Differentiating we get 

da 1 dl ^VdVdU 
dt '^2 dt^ ildt ''adi' 

Let L be the moment of the impressed forces about the in- 
stantaneous central axis, then L = prrr by Art. 340. 

Let p be the pitch of the screw-motion of the body, then 
Fs|>ft. The equation of motion therefore becomes 

If the body be performing small oscillations about a position of 
equilibrium, we may reject the second and third terms, and the 
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equatioo becomes 

If there be an instantaneoua axis p = 0, and we see that wa 
may take monieDte about the iDstautaneous axis exactly as if it 
were fixed ia space and ia the body. 



Second MetJiod of forming (fie Equations of Motion. 

449. Let the general equations of motion of all the bodies be 
formed. If the positioQ about which the system oscillates be 
known, some of the quantities involved will be small. The squares 
and higher powers of these may be neglected, and all the equations 
will become linear. If the unknown reactions be then eliminated 
the resulting equations may be easily solved. 

If the position about which the system oscillates be unknown,' 
it is not necessaiy to solve the statical problem first We may by 
one process determine the positions of rest, ascertain whether they 
are stable or not, and find the time of oscillation. Tbe method of 
proceeding will be best explained by an example. 

450. Ex. The ends of a unifonn heavy rod AJB of length 21 
are constrained to viove, the one along a horizontal line Ox, and the 
other along a vertical line Oy. If the whole system turn round Oy 
with a uniform angular velocity a, it is required to find the posi- 
tions of etptilibrium and tJie time of a small oscUlatitm, 

Let a-, y be the co-ordinates of G the middle point of the 
rod, the angle OAB which the rod makes with Ox. Let R, Ji" 
be tbe reactions at A and B resolved in the plane xOi/. Let the 
mass of a unit of length be taken as the unit of mass. 



I 




The accelerations of any clement dr of the rod whose co- 
jl - »*f parallel to Ox, ^j (i 

dicular to the plane xOy and .^ parallel to Oy. 



ordinat«B are (f, 17) are 



- »*f parallel to Ox, j.-j (f<u) perpen- 



344 SMALL OSCILLATIONS. 

As it will not be necessary to take moments about Oas^ Oy, cr 
to resolve perpendicular to the plane xOy, the second acceleration 

will not be required. The resultants of the effective forces -j^ dr 

and -i5 dvy taken throughout the body, are 21 -^ and 21 -^ acting 

d^0 
at G, and a couple 2li^ -^^ tending to turn the body round O. The 

resultants of the effective forces ©"fdr taken throughout the body 

are a single force acting at ^ = 1 ei>"(a? + rcosd)dr = fi>"a?.2i, and a 

couple* round (7= I ft)"(a: + rcosd)rsin5c?r=ft)',2?.K-sintf costf, 

the distance r being measured from G towards A. 

Then we have, by resolving along Oar, Oy, and by taking 
moments about &, the dynamicaJ, equations 



2l.^ = --R^g.2l 
2Li'.^=Ba;-iry-ft)V2Z.^8indcos^ 



(1). 



We have also the geometrical equations 

x = lcos0, y = lBm (2). 

Eliminating i2, R\ from the equations (1), we get 

cPv d^x ,.d^0 , .P ' ^ 
^^-y^ + Ar^ = 5ra;- osTxy - « g sm cos (3). 

To find the position of rest. We observe that if the rod were 
placed at rest in that position it would always remain there, and 

that therefore 7;^ = 0, ;y^ ~ 0' "^ ~ 0- ^^^^ gives 

P 
gx-- coVy — ft)*-sindcos^ = (4), 

* If a body in one plane be taming abont an axis in its own plane with an 

angular velooitj w, a general ezpresBion can be found for the resnltanta of the 

centrifugal forces on all the elements of the body. Take the centre of grayily Q as 

origin and the axis of y parallel to the fixed axis. Let e be the distance of G from 

the axis of rotation. Then all the centrifugal forces are equivalent to a single 

resultant force at Q 

=fu^ {c-{-x)dm=i^. Me, since 5=0, 

and to a single resultant couple 

=/w' (c + x) ydm = ta^/xydmy since y =0. 
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Joining this with equations (2), we get 6 = ^ , or sin ^ = ■ , 

and thus the positions of equilibrium are found. Let any one of 
these positions be represented by = 3, x = a, t/ = b. 

To find the motion of oscillation. Let ar = n + a;', y = h + y', 
= a + ff, where x, y, ff are all small quantities, then we must 
substitute these values in equation (3). On the left-hand side 

d^x iPtj d^8 ,, ,, , ■ , , . 

since Tj , -^, -j-f , are all small, we have simply to wnte a, b, «, 

for X, y, 6. On the right-hand side the stibstitution should be 
made by Taylor's Theorem, thus 



/(, + .. 6+y.,^^,=^.' + |y^ 



di 



We know that the first term f{a, 6, a) will be ze 
tliis was the very equation (4) from which a, b, a were found. 
We therefore get 

a'^-b-^^,+L'-^^-=[g-o>'b)x-u,^ay-u>'^cos2i.e. 

But by putting fl = a + fl' in equations (2), we get by Taylor's 
Theorem x' = — lsiaa.&',y' = I cos a . 6'. 

Hence the equation to determine the motion is 

(P + it*) 2p + f?^ Bin a + ^ «V cos Si) ^ = 0. 

Now, if 5?sinn + sM'''cos2a = n he positive when either of the 

two values of a is substituted, that position of equ ilibrium is stable, 

fC + f^ 
and the time of a small oscUlatios is 2w w . 

If « be negative the equilibrium is unstable, and there con be 
DO oscillation. 

If w' > ^ there are two positions of equilibrium of the rod. It 

will be found by substitution that the position in which the rod is 
inclined to the vertical is stable, and the other position unstable. 

If «'< i? the only position in which the rod can rest is vortical, 
I and this position is stable. 

If n sO, the body is in a position of neutral equilibrium. To 
I determine the small oscillations we must retain terms of an order 
] higher than the first By a known transformation we have 

' de 'Jde-diVdil- 
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Hence the left-hand side of equation (3) becomes {JP-^-lf) -^ . 
The right-hand side becomes by Taylor's Theorem 

-j-| ( grt cos a — ^ o) T sm 2a 1 -zr—^ + ««. 

When n » Oy we have a = ^ and (»' = ^r • Making the neces- 
sary substitutions the equation of motion becomes 

Since the lowest power of on the right-hand side is odd 
and its coefficient negative, the equilibrium is stable for a displaoe- 
ment on either side of the position of equilibrium. Let a be the 
initial value of &^ then the time T of reaching the position of 
equilibrium is 

V gl JoVi^IF*' 
put ff = a^, then 

*V gl 7oVl-</)*'a' 

Hence the time of reaching the position of equilibrium varies 
inversely as the arc. When the initial displacement is indefi- 
nitely small, the time becomes infinite. 

This definite integral may be otherwise expressed in terms of the Gamma 
function. It may be easily shown that I ~-j -- — = ^ — ~= , 

451. This problem might have been easily • solved by the 
first method. For if the two perpendiculars to Ox, Oy at A and 
B meet in N, N is the instantaneous axis. Taking moments 
about N, we have the equation 

(Z* + A;*)^^ = (/Zcosd-r'a>'(Z + r)*8in^cos«^ 

4Z' 
=^Zcos d — -^-o)" sin ^ cos ft 

If we represent the right-hand side of this equation by f{0)^ 
the position of equilibrium can be found firom the equation /'(a) a 
and the time of oscillation firom the equation 



t 
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453, Ei. 1. It Llic inaai of Uie rod AB in M, ibow tbat the oikguitnda of Uw 
nple vbioh conalrainB the ifHtem lo tiirn rouud Oy with unifarm BDgalBc velocity 

Woold tha mftEQilada of this couple bo altered if Ox or Oj/ had sny massr 
Ex. 2. The upper extremity of b imifarm bcDiu of leagth 21 is conslruiiwd to 
■Ude on a smooth borixontal rod without inertia, and the lower along a smooth 
TCTtical rod through the upper extremity of which the borizODtal rod poisea : the 
tTBtem rotates freely abont the vertical rod. prove thai il a be tha inclination of tha 
beam to the vertical when in a position of relative equilibrium, the angular velocity 
of the syBtem will be I - - y, and if the beam bo vlightly displaced from thii 
position show that it will make a small oscillation in the time 

[ColL Gutm-l 



!¥<- 



:^- 



In the euunple in the teit the aystem is oonstrained to turn roand the Tcrtioal 

with uniform angular velocity, but iu this exiuuple the system rotates freely. The 
angular velocity about the vertical is therefore not constant, and it« email cariatioDa 
)t be found by the principle otaogolar momeDtnm. 



Lagrange's Method of forming the Equatioiis of JUvtivn. 

453. Advantage! of the Method. We now propose tu 
L state Lagrange's method of forming the equations of motion. This 
> method haa several adTantagea. It gives ua the equations of 
I motion free from all reactioDs, and is therefore specially useful 

I vben we have to consider the motions of several bodies connected 
tM;etber. It also gives us a larger choice of qriantities which we may 
I tue as co-ordinates. Again, as soon as we have written down the 
[ I^grangian function we may deduce from this one fimction all the 
equations of motion instead of deriving each from a sepantte 
principle. On the other hand, this function must be calctda4«d so 
aa to include the squares of the ssmll quantities. Now in small 
tMcitlatious we generally retain only tlie first powers of the small 
quantities, so that when only a few equations are wanted, it will 
often be more convenient to obtain these by reaulviug and taking 
moments. 

It will be seen, therefore, that this method is best a<lapted to 
oscillations which have more than one degree of freedom. For 
this reason we shall here state only the general moiie of forming 
the equations of motion, so that we may be able to apply 
Lagrange's method to the solution of problems. But we shall 
postpone the theory of the method to the second part of this work. 

454. The object of Lagrange's method is to determine the 
I oscillations of a sifstem about a position of equilibrium. It does 
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not apply to oscillations about a state of steady motion. We shall 
assume, for the present, that the forces which act on the system 
have a force function. We shall also assume that the geometrical 
equations do not contain the time explicitly, and do not contain 
any differential coefficient with regard to the time. 

In Lagrange's method it is essential that the co-ordinates 
chosen should be such small quantities that we may reject all 
powers of them except the lowest which occur. * They should 
therefore be so chosen that they vanish in the position of equili- 
brium. But with this restriction they may be any whatever. Let 
us represent them by the letters 0, (f), &c. Then if the system 
oscillate about the position of equilibrium, these quantities will be 
Ismail throughout the motion. Let n be the number of these 
co-ordinates. As before, let accents denote differential coefficients 
with regard to the time. 

Let 2T be the vis viva of the system when disturbed from its 
position of equilibrium, then as in Art. 396 we may express T as 
a homogeneous quadratic function of ff, <f>\ &c. of the form 

2T=A,,0^ + 2AJ'<f>' + A^4>'*-^&c (1). 

Here the coefficients A^^ &c. are all functions of 0, <f}, &c. and we 
may suppose them expanded in a series of some powers of these 
co-ordinates. K the oscillations are so small that we may reject 
all powers of the small quantities except the lowest which occur, 
we may reject all except the constant terms of these series. We 
shall therefore regard the coefficients A ^^ &c. as constants. 

Let U be the force function of the system when disturbed from 
the position of equilibrium. Then we may also expand 17 in a 
series of powers of 0, <f>, &c. In this series, the terms contain- 
ing the first powers will vanish because by the principle of virtual 

velocities --tk , -rr , &c. all vanish in the position of equilibrium. 

See also Art. S^O. Hence we may put 

2U^2U, + B^,0'+2BJ<t> + &c (2), 

where U^ is a constant, which is easily seen to be the value of U 
in the position of equilibrium. It is necessary for the success of 
Lagrange's method that both these expansions should be possible. 

We have now to substitute these values of T and U in the n 
Lagrange's equations 

d^dT^dT^dU 

dtd(/ d0 " d0 W. 

with similar equations for <f), -^j &c. Since the expression for T 
does not contain 0, if>, &c., we have 
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.J?„9 + «„* + ...! 
-ic. J 



...(4), 



I Tbe H equations (3) therefore become 

&c. -- 

I These &re Lagrange's equations to determiue the small oscillations 
I of any system about a position of equilibrium. 

4.)5. Method of Solution. We have now to solve these 
equations, Wb notice that they are all linear, and that therefore 
$, ^, &c. are properly represented by a series of exponentials of the 
form Jtfe**. But as we ore seeking an oscillatory motion it will be 
more convenient to replace these exponentials by their correspond- 
ing trigonometrical expressions. These equations also do not 
contain any differential coefficients of tbe first order. It will 
therefore be found possible, on making the trial, to satisfy them 
with the following trigonometrical forms 

$ = M^sin{p^t + a,) + M,sia( p,t + a,) + &c.] 

^ = jV,sin(p,( + aJ + i\sia(p,( + o,) + &c.V (5), 

&c. = &c. J 

which may be written in the typical form 

^ = 3/ sin (p( + a), <f> = NBiTiipt + a), &c. = &c. 
If we now substitute iu equations (+) we have 

(A,y + BJ M+ lA^y + BjN + &c. = 0] 
{A^p*+B„)M+iA„p'+ BJN+&c = 
&c. &c. 

Eliminating M, N, &c. we have the determinantal equation 



= 0. 



..(7). 



] -4„;>' + B,„ A,,p''+B„, &c. 
A„p* + B^^, A„p' + B„, &c 

I &c. &c. &c. 

This determinant it will be observed is symmetrical about the 
leading diagonal. If there be n co-ordinates, it is an equation of 
the n" degree to find p'. It will be shown in the second part of 
this work that all these values of^' are real. 

Taking any root positive or negative, the equation (6) will 
determine the ratios of N, P, &c. to M, and we notice that tbese 
ratios will also all be real. If all the roots of the determinantal 
equation are positive, the equations (5) will give the whole motion 
with 2« arbitrary constants, viz. M , lit,, M^...M^ and »,, «,,.,,(i 
These have to be determined by tne initial values of 0, (ft, &c. 0, 
<ft', &c. If any root of the determinantal equation is negative, the 
corresponding sine will resume its exponential form, tbe coefficient 
being rationalized by giving the coefficient ^an imaginary form. 
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In this case there is no oscillation about the position of equili- 
brium. The position is then said to be unstable. 

It may be noticed that for every positive value of p* given by 
the equation (7) there are two equal values of p with opposite 
signs. No attention however should be here given to these 
negative values of p. To prove this, we notice that the solution 
of the linear diflferential equations is properly represented by & 
series of exponentials. Now each sine is the sum of two ex- 

Eonentials with indices of opposite signs. Both these values of p 
ave therefore been included in the trigonometrical expressions 
assumed for <f>, &c. 

456. Periods of Osoillation. We see from (5) that each 

of the n co-ordinates 0, <f), &c. is expressed in a series of as many 

sines as there are separate values of p*. Thus when tbere are 

several independent ways in which the system can move^ thete 

will be as many periods of oscillation. These are clearly equal to 

2,'rr 2,'rr 

— , — , &c. Generally we want only these periods of oscillation 

and not the particular position the system may occupy at any 
instant. In such a case we may in any problem omit all the steps 
of the argument and write down the determinantal equation at 
once. We then use the following rule. Express Ihe force function 
U and the semi vis viva T as hwnogeneous quadratic functions of 
the co-ordinates 0, (f), &c. and their differential coefficients ff^ <f>, <fox, 
all powers above the second being rejected. Then, omitting the 
accents in the expression for T and also the constant term in XT, 
equate to zero the discriminant of p*T + U. The roots of the equation 
thus formed mill give the required values of p. 

The mode of using this rule in conjunction with the method of 
Indeterminate Multipliers will be given in the second part of this 
treatise. 

457. Position of the system. If it be also required to find 
the position of the system at any time, we must determine the 
values of the constants. Referring to equations (6) we see that the 
ratios of Jf, N, P, &c. for any particular trigonometrical term 
in the solution (5) are the same as the ratios of the minors of the 
constituents of any line we plectse in the Lagrange's determinant 
(7). In these minors we of course substitute the value of p^ whioh 
belongs to the particular trigonometrical term we are coiuaderiiiff. 
In this manner all the constants are found except those whM» 
occur in the series for any one co-ordinate. These remaining tn 
constants must be found from the initial conditions. 



Ex. Show that when the determmant (7) is zero, the ratioe of the annomef HM 
constitaents of any one line are equal to the ratios of the minon of tiie ce nstfl D C i H t 
of any other line. 



laohascks method. 
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^P- 4;;8. Example! of Lagrange's Method, liio folluwiii 
" examples will show how we may use Lagrange's method to fiuH 
the small oscillatioDs of a system. When only the periods are 
required, the proce.is may be summed up thus. Form tlie er- 
pressions for T and V to the squares of small quantities and equate 
to zero the discriminant of p'T + U. 

Ex. 1. A tod AB, whose length is 3a and maes m, is tUHpended from & fixed 
point bf B stiiug OA, the length ot which n L The rod oBoUlotea auder gravity 
in ft Tertieal plane, Gnd the periods of the amaJl osoUlBlta&i. 



es the string Bud rod make with the vertical. Proceeding 
that when powers of 6 and # higlier than the wcond are 



Let 0, # be the 
M in Art. 147 we 
B neglected 

^Bffennisg tlw diKriininatit of p^T-t-U, and dividing out the 
^P««Ufe 

■ tp-P-Sl alp^ 

■ I al^ Ji« (*' + ■'') 
^^KChis qtutdratie givM two values of p*. If these be ;>,* and p, 
^M » = *,wn{p,( + a,) + ir,«in(p,l + a,l, 

P ^ 

^ |d«ne 




*'.'-".'^I^."-'" "■'+".'■ 



Gi. 3. A smooth thin ehell of maNS .V and radias a rests on a smooth inolineil 

bj means of ao elantie string which is attar-hed to the sphere, and to a peg at 

tha auDa distance from the place an the centre of the sphere, and a particle of m 

m rests on the inner surface of the shell. In the position ot eqnilibrinm the si 

is parallel to the pluie, find the times ot oaciliation of the sjstrm when it is 

slightly displaced in a lertical plane, and prove that the arc traversed by tbe 

particle and the distance traverved b; the centre of the shell from their positions of 

equilibrium can alwa^rs be equal if lil *iK-^m con a) gl = Ea (I + tioa a) wbers £ is 

the coefficient of Blasticitj of the string. I its natural length, and a is the incUna- 

Uon of the plane to the horizon. Caius CoU. 

I Ei. 3. A three-leggeJ table is maJe by sapporting a heavy triangular lamin* 

HiM three equal legs ; the points of support being the angular points of the lamina : 

if the legs be equally oompresaible and their weights ncglcotml, then the systiim of 

eo-eiistent oscillations of the top will consist of one vertical and two angular 

oscillations about two axes at right angles in its plane, and the pariods of the 

latter ore equal and double that ot the former. St John's Cull. 

■ Ei. i. A bar 4B ol niaHD n and length 3u is hung by two equal shutio ooida 

BjC. BD which have no neneible maas, and have unatretched lengtbs Ig. C and t) 

fia* filed pointa in the same boriiontal line, and CD- 3a. Inreatigale the Mnall 

oatdUations of the bar. when it is displaced from its position of equilibrium in the 

TMtiaal plane through CD, and show that the periodia time* of the horixonlal and 

vartieal oacillations ol the centre of gravity of the bar, and of the rotational osdlla- 

ot pendulums of lengths 1, I - („ H^'k) respectively, where I a the 

irda when llie nvntpm is in eqnilibrinm Math, Tripos. 



I 

I 



l\:rl SMALL OSCILLATIONS. 

4:>9. Principal Co-ordinates. To ejrplain what is 
by the princijxil co-ordinates of a dynamical system, 

WhoD wc have two homogeneous quadratic functions 
nunibiT of variables, one of which is essentially positive 
valutas of the variables, it is known that bj a real lineaz 
fonuatiun of the variables we may clear both expressions 
terms contain ing the products of the variables, and also mi 
ciM'tficicnts (if the stpiares in the positive function each e 
unity. If the co-ordinates 0, 0, &c. be changed into f, fj 
the et) nations 

^ = \f + \v + &c- 

&c. = &c. 

we observe that ff, <f>\ &c. will be changed into f , rf, &c, 
same transformation. Also the vis viva is essentially ] 
Hence we infer that by a projwr choice of new co-ordina 
may express the vis viva and force function in the form 



2r=r + i;'' + r+... 



2(?.'-r,) = ^,P+6„i;' + 



}• 



These new eo-onlinates f, rj, &c. are called the princ 
ordlmttes of the dynamical system. A great variety o 
names have been given to these co-ordinates ; such as Ho 
itimplc and non/uil co-ordinates. 

4r»(). When a dynamical system is referred to princi 
ordiniiti's. L.'i;;rani;u*s equations take the form 

So that till' whoK' motion is given by 

f = /; .sin (p^t -h a,), rj = Fain {pJL -f a,), etc., 

where A', /', vir., ofj, a^, &c. are arbitrary constiints to be 
mined by the initial conditions and j>^ = — 6jj, j}^ = — ft , iS 

When the initial conditions are such that all the pi 
co-onli nates arc zero except one, the system is said to 1 
forming a principal or harmonic oscillation, 

4(H. The physical peculiarities of a princiiml oscillatioE 

1. The motion recurs at a constant interval, i.e. aft< 
interval the system occupies the same position as before, 
moving in exactly the same way. 

2. The system passes through the position of equili 
twice in each complete oscillation. For taking f as the v; 
co-ordinate, we see that f vanishes twice while pjb increa 

27r. 



► 8. The velocity of every particle of the ayBtem becomee zero 
the same instant, and this occura twice in every complete 

scillation. For Jj vanishes twice while p^t increases by 2ir. These 
may be called the extreme positions of the oscillation. 
^, 4. The system being referred to any co-ordinates, 0, <f>, ifr, 
^&c., which are all variable, the ratios of these co-ordinates to each 
^otber are constant throughout the motion*. For referring to 
^,the equations of transformation in Art. 459, we see that when rj, ^ 
are all zero, and only f is variable, 



462. Equal Rooti In Lagrange'i Determinant. When 

f some of the roots of the equation to find p' are equal, we know by 

a the theory of linear differential equations that either terms of the 

g, form (At + B) sin pt enter into the values of B, <f), &c., or else 

y there must be an indeterminateness in the coefEcients M, -V. &c. 

given by Art. 4.55. Referring the system to principal co-ordinates 

we see by Art. 460, that the fii-st alternative is in general excluded. 

If two values of p' were equal, say 6,, = b^. the trigonometrical 

(expressions for { and tj have equal periods, but terms which 
contain ( as n factor do not make their appearance, The physical 
I peculiarity of this case is that the system has more than one set of 
principal, or harmonic oscillations. For it is clear that, without 
introducing any terms containing the products of the co-ordinates 
' into the expressions for T or U, we may change f, tj into any other 
co-ordinates {,, ij^, which make f + V = f ,' + 1?,', the other co- 
onlintites f. &c remaining unchanged. For example we may put 
f = f , cos a — »)| sin i and i; = f, sin a 4- tj, cos a, where a has any 
value we please. These new quantities f,, i) f, &c,, will evidently 
be principal co-ordinates, according U) the definition of Art, 459. 

One important exception must however be noticed, viz. when 
one or more of the values of p are Kem. If, for example, ij, = 
we have ^= At + B, where A and B are two undetermined con- 
stants. The physical peculiarity of this cose is that the position 
of equilibrium from which the system is disturbed is not solitary. 
To snow this, wti remark that the equations giving the position 

of equilibrium are ,. = 0, -i— = 0, &a, where U has the value 

given at the end of Art. 459. These in general require that f, 
rj, &c, should all vanish, hut if b,^ = they are satisfied whatever 
^ may be, provided ij, ^, &.c. are zero. These values of { must 

* This pTOpert; is msBtioned by Lagnoge, wlio on Mveml ooossions luaa 
prlociiwl oo-ordiQktes thooRh not the name. 

B.D. SS 
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however be very small, because the cubes of ^, t), &a have been 
rejected. It follows therefore that there are other positions of 
equilibrium in the immediate neighbourhood of the given position. 
Unless the initial conditions of disturbance are such as to make 
the terms of the form At + B zero, it may be necessary to examine 
the terms of the higher order to obtain an approximation to the 
motion. 

Ex. A heavy particle of mass m rests in equilibriam within a right dzoolar 
smooth cylinder whose generating lines are horizontal. If the particle be disturbed, 
form Lagrange's equations of motion, and show that there may be terms in their 
solution of the form At+B. 

463. Initial Motions. We may also use Lagrange's method 
to find the initial motion of any system as it starts from a position 
of rest. See Art. 199. As before we must choose as our co- 
ordinates some quantities whose higher powers can be rejected. It 
will be convenient to choose them so that they vanish in the 
initial position. Just as in Art. 454! we have 

2r= A^,e^ + 2^,/f + ^„f « + &c. 

where A^^ &c. are functions of 0, <f>, &c. Since the system starts 
from rest, 0\ <f>y &c. will all be small quantities in the beginning of 
the motion. If we reject all powers of 0', <f>\ &c. except the 
lowest which occur, we may regard A^^ &c. as constants whose 
values are found by substituting for 0, (f>y &c. their initial valuea 

Since the initial position of the system is not a position of 
equilibrium, the first differential coefficients of U with regard to 
0, <f), &c. will not be zero. Let the initial values of these diffe- 
rential coefficients be B^, B^, &c. Then proceeding exactly as in 
Art. 454 the equations of motion are 

AJ' + A^it>" + ...=^BA (1). 

&c. =&c.) 

From these equations we may determine the initial values of ff\ 
<f>\ &c. 

If X, y, z be the Cartesian co-ordinates of any point P of the 
system we may, by the geometry of the question, express these as 
functions of 0y (f>, &c.. Art. 396. Thus suppose x =f (^, <f>. Sec), 
then we have initially since ff, <f> are zero 

with similar expressions for y and z. The quantities a/', y\ z" are 
evidently proportional to the direction cosines of the initial direc- 
tion of motion of the point P. In this way the initial direction of 
motion of every part of the system may be found. 




INITIAL MOTIONS. 
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Initial Badlns of Onmtnr*. As csplnined in Art. 900, 1 
9 thftn the iuitiul direction of motioii of any point P o{ the BTstetn, 
Suppose we want the initial radius of carralure ot tha path ol tome point P. We 
mnst find the valiiss of j"". i'", i.c., and then subBtitote in any of the formula 
giten b Art. 300. If, aa before, x=f{fi. #, ita.) we mid by diileientiatiou that 
iftilially 

=^ =/^' +/♦*"■*■ ... 

j:""^9(/«('" + 2/##ff'>" + . ..)+/»«"" +/♦*"■' + ... 
«hwe BQffliea aa nstiiJ indicate partial differential ooelfloients with reBpect to 
B. (p, &B. IIy = F{9, #, ^.) there are of courBe similar eipressiaaa toty". Ao., ud 
in three diloenBions for t", Aa. also. 

If the point P be BO litaated that for svory poBBible motion of the system it 
can only begin to move in eoma one direction, ws take the axis ot i perpeiidicalar 
to that direction. Wa then have ^-0 for all initial TsriationB of S, #, *«. It 
follows that /» = 0, fi-0, Ac. =n. H(jnoei"' = 0, and the valae ot k*"' depends only 
on f, I/,". Ae., and not on S"". <p"', &a. It will therefore be nnneoeesoi? to diHeren- 
(iate the djnainioal eiiuations (I) to find these higher difTercntial coefficients. The 
aiis of fi being parallel to the initial direction of the motion of P. the lalno 
ot y" will be finite. Hence, taking the furmtiU at the end ot Art. 300, we find that 
the initial Tadina of cwature p of the path of P is given by 
_ (y )(r4^>»" + ...)' 

465. Id order to God the higher diOerential coefficients of 0, ^, Aa. when they 
are required, il may be neceaBsry to form the equations ol motion (1} to a higher 
degree of approximation. There con of course be no difficulty in retaining t)ie first 
tew powers uf 8, #. Ac. which occur on either side of the eqaation. After difleieD- 
tiation we put zero for each of the qoantitiea 9. p. Ao., 9, •p', ito. 

But it will often bo more convenient to use LeibnitE' theorem. We bava 
to subBtilute 

ar=JiiS''*2,i ,/>' + ... 

in the Lagrangian equations, diflercnllate the remltB, and put 9=0, ^=0, Aa. = 
attar the diSereutiationB have been performed. Taking the first differential oo- 
efficient with TB^iard to 1 we find ^" = 0, #"' = 0, Sk. Taking the second diSerentiai 
eoeffieient ot the tf-equation we find 






= B„»" + Bl;^"4 



where for the sake of brevity we have written 

tPAdA dji „ 

W de "*■ rf# * ■''"■■ 

which is efidenlly tme initially. The other equations are formed in the u 

166. nzanplM of Initial acottan. Ei. 1. A smouUi plane of mass Jl 
moveable about a horiaontal aiie lying within il and passing through its 

iTilj, the radius ot gyration of the plane about the axiB being i. The pUae being 

23—2 



istrMly 
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indined at an angle a to the horizon, a sphere of mass m is placed gently on it. If 
initially the centre of the sphere be in a vertical through the axis of the plane, and 
fc be its initial height above that axis, show that the angle ^ which the initial 
direction of motion of the centre makes with the vertical is given by 

{Mi^ f mh^ tan ^ = M1^ cot a. Math. Tripos, 1879. 

Ex. 2. n rods of lengths o^, a, ... a^ are jointed together in one straight line 
and have initial angular accelerations in one plane (tf^, co, ... w,|. If one end be 
fixed, prove that the initial radius of curvature of the path of the free end is 

St John's CoEL 



(Zow)' 



Ex. 8. BC is a diameter of a sphere, and rods AB, CD are jointed at B and C 
each equal in length to BC. A being fixed the system is held so that ABCD is a 
horizontal straight line and then let fall. If the mass of each rod be equal to 
that of the sphere the initial radius of curvature of the path of 2> is )ff AB. 

St John's OoU. 



The Energy test of Stability, 

4t67. Stability of equilibrium. The principle of the Con- 
servation of Energy may be conveniently used in some cases to 
determine whether a system of bodies at rest is in stable or 
unstable equilibrium. 

Let the system be in equilibrium in any position and let V^ be 
the potential energy of the forces in this position. Let the system 
be displaced into any initial position very near the position of 
equilibrium and be started with any very small initial kinetic 
energy Tj, and let V be the potential energy of the forces in this 
position. At any subsequent time let T and V be the kinetic and 
potential energies. Then by the principle of energy 

T+V=T^+V, (1). 

Let V be an absolute minimum in the position of equilibrium, 
so that V is greater than V^ for all neighbouring positions. The 
initial disturbed position being included amongst these, it follows 
that Fj — FJ, is a small positive quantity. Now the kinetic energy 
T is necessarily a positive quantity, and since F is > V^^ the 
equation (1) shows that 1' is < T, + K^ — F^. Thus throughout the 
subsequent motion the vis viva is restricted between zero and a 
small positive quantity, and therefore the motion of the system 
can never be great. 

Also, since T is necessarily positive, the system can never 
deviate so far from the position of equilibrium that V should 
become greater than T^+ V^, These two results may be stated 
thus. 

If a system he in equilibrium in a position in which the patenHal 
energy of the forces is a minimum or the work a mcudmum for oB 
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' 'displacements, thett, the system if slightly displaced will never acquire 
any large amount of vis viva, and will never deviate far from the 
position of equilibrium. The equilibrium is then said to be stable. 

It will be tihavm thai this reasoning maj in oertain cosee bo citanded to de- 
tennine wlietLer a iiictn itate of motion ai well as a given sMte of tijiiUibrium ii 
■table. See alw> tLe Stabilitf ot Motion, Chap, vi. 

468. If the potputial energy be an absolute maximum io the 
position of equilibrium, V is less than V^ for all neighbouring 
positions. By the same reasoning we see that T is always greater 
than 7*,+ F, — K„, and the system cannot approach so near the 
position of equilibrium that F should become greater than 1",+ V. 
So far therefore as the equation of via viva is concerned there is 
nothing to prevent the system from departing widely from the 
position of equilibrium. To determine this point we must examine 
the other equations of motion*. 

K any principal oscillation could exist, let the system be placed 
at rest in an extreme position of that oscillation, then the system 
will describe that principal oscillation and will therefore pass 
through the position of equilibrium. But if 7*1 be zero, V can 
never exceed V,, and can therefore never become equal to F,. 
Hence the system cannot pass through the position of equiUbrium. 

It is unnecessary to pursue this line of reasoning further, for 
the argument will be made clearer in the next article. 

469. We may also deduce the test of stability from the equa- 
tions which determine the small oscillations of a system about a 
position of equilibrium. Let the system be referred to its prin- 
cipal co-ordinates, and let these be 6, ^, &c. Then we have 

2T=ff^ + <f>'+ 

2{U-U,) = b^0'+bJ>* + 

where b„ , &„, &c. are all constants, and U, is the value of U in the 
position of equilibrium. Taking as a type any one of Lagrange's 
equations 

ddTdT^dC 

dtdff dO dff • 



we bars 



r - bj = n. 



* Thi* dett)onetntioQ ia twice given hy Lagrange in Ua Slreaniqtu dnal^Hqut. 
In the totm in which it appear* in the Qnt part of that work, t' i« expanded in 
powers of the oo-ordinat«a. which are supposed very Hmall; bnt in Section vi. of 
the second part, tbia expanalon ia no lon^r uied. and the proof appears olmott 
eiBCtl; aa it is given in this Ircatiaa np to (he asteriak. The dcmanstratiiin in 
the next article is simplified from Ihat ot Lagrange hy the ni« ot principal co- 
onUnatea. 
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with similar equations for 6, '^y &c. If b^^ is positive, this equation 
will give in terms of real exponentials^ and the equilibrium will 
be unstable for all disturbances which affect 0, except such as 
make the coefficient of the term containing the positive exponent 
zero. If 6^ is negative, will be expressed by a trigonometrical 
term, and the equilibrium will be stable for all disturbances which 
affect only. In this demonstration the values of 6^^, 6^,, &c. are 
supposed not to be zero. 

If in the position of equilibrium {7 is a maximum for all 
possible displacements of the system, we must have 6^^, 6„, &c. all 
negative. Whatever disturbance is given to the system, it will 
oscillate about the position of equilibrium, and that position is 
then stable. If Z7 is a maximum for some displacements and a 
minimum for others, some of the coeflScients J^, 6„, &c. will be 
negative and some positive. In this case if the system be dis- 
turbed in some directions, it will oscillate about the position of 
equilibrium ; if disturbed in other directions, it may deviate more 
and more from the position of equilibrium. The equilibrium is 
therefore stable for all disturbances in certain directions, and un- 
stable for disturbances in other directions. If Z7 is a minimum 
in the position of equilibrium for all displacements, the coefficients 
6^1 , 6j|«, &c. are all positive, the equilibrium will then be unstable 
for displacements in all directions. Briefly, we may sum up the 
results thus, 

The system will oscillate about the position of equilibrium for 
all disturbances if the potential energy is a minimum for all dis- 
placements. It will oscillate for some disturbances and not for 
others if the potential energy is neither a maximum nor a minimum. 
It will not oscillate for any disturbance if the potential energy is a 
maximwmfor all displacements. 

It appears from this theorem that the stability or instability of 
a position of equilibrium does not depend on the inertia of the 
system hU only on the force function. The rule is, give the 
system a sufficient number of small arbitrary displacements, so 
that all possible displacements may be compounded of these. By 
examining the work done by the forces in these displacements we 
can determine whether the potential energy is a maximum or 
minimum or neither. 

Ex. 1. A perfectly free partide is in equilibrium under the attraction of any 
nomber of fixed bodies. Show that if the law of attraction be the inverse square, 
the eqoilibriam is unstable. [Earmhaw'i TheoremJ] 

Let be the position of eqoilibriam, Ox, Oy, Oz any three rectangular axes, 

then if K be the potential of the bodies, 6„=^, 6u = fT» ^ = ^- But since 

the sum of these is zero, bm 5^, h^ cannot all have the same sign. 



THE CAVEKDTSH EXPEBIHIUTT, 



359 



^V Ex. 3. Hence ibow tbal if ui; nambeT of parti^^Ies. mntuall; repelling each 
N^Otller, be uontBiDed in ■ veswl, tuid be in equUibrium, the eqnilihriain nil! be 
^ nnMublc unlpxa tbey all lis on the coDteining surfaoe. [Sir W, Thomson, Camb. 
u Math. Jounuit, 1845.] 



The Cavendinh Eieperiment. 

470, As an example of the mode in which ihe theory of small 
oscillations may be used as a means of discovery we have selected 
the Cavendish Experiment, The object of this experiment is to 
compare the mass of the earth with that of some given body. The 
plan of effecting this by means of a torsion-rod was first su^ested 
by the Rev. John Michell. As be died before he had time to 
enter on the experiments, his plan was taken up by Mr Cavendish, 
who published the result of his kbom-a in the PhU. Trans, for 
1798. His experiments being few in number, it was thought 
proper to have a new determination. Accordingly in 1837, a 
gmnt of £500 was obtained from the Government to defray the 
expenses of the experiments. The theory and the analytical 
formula! were supplied by Sir G. Airy, while the arrangement of 
the plan of operation and the task of making the experiments 
were undertaken by Mr Baily. Mr Baily made upwards of two 
thousand experiments with balls of different weights and sizes, 
and suspended in a variety of ways, a full account of which is 
given in the Memoirs of the Aatronomtcal Society, Vol IIV. 
The experiments were, in general, conducted in the following 
manner. 

471. Two small equal balls were attached tq the extremities 
of a fine rod called the torsion-rod, and the rod itself was sus- 
pended by a siring fixed to its middle point ('. Two large 
spherical masses A, B were fastened on the ends of a plank 
which could turn fJreely about its middle point 0. The point 



^^-. 




"^ 
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was vertically under G and so placed that the four cenlxes of 
gravity of the four balls were in one horizontal plane. 

First, suppose the plank to be placed at ri^ht angles to the 
torsion-rod, then the rod will take up some position of equilibrium 
called the neutral position, in which the string has no torsion. 
Let this be represented in the figure by Ca. Now let the masses 
A and B be moved round into some position B.A^, making a 
not very large angle with the neutral position of the torsion-rod. 
The attractions of the masses A and B on the balls will draw the 
torsion-rod out of its neutral position into a new position of equi- 
librium, in which the attraction is balanced by the torsion of the 
string. Let this be represented in the figure by CE^, The angle 
of deviation E^Cx and the time of oscillation of the rod about this 
position of equilibrium might be observed. 

Secondly, replace the plank AB at right angles to the neu- 
tral position of the rod, and move it in the opposite direction until 
the masses A and B come into some position A^B^ near the rod 
but on the side opposite to B A^, Then the torsion-rod will 
perform oscillations about another position of equilibrium CE^ 
under the influence of the attraction of the masses and the torsion 
of the string. As before, the time of oscillation and the deviation 
EJOa might be observed. 

In order to eliminate the errors of observation, this process 
was repeated over and over again, and the mean results taken. 
The positions B^A^ and -4,/^,, into which the masses were alter- 
nately put, were as nearly as possible the same throughout all the 
experiments. Tlie neutral position Ca of the rod very nearly 
bisected the angle between B^A^ and AJB^, but as this neutral 
position, possibly owing to changes in the torsion of the string, 
was found to undergo slight changes of position, it is not to hQ 
considered in any one experiment coincident with the bisector 
of the angle A^CB^, 

Let Gx be any line fixed in space from which the angles may 
be measured. Let b be the angle xCol^ which the neutral position 
of the rod makes with Cx ; A and B the angles which the alter- 
nate positions, B^A^ and A^B^^ of the straight line joining the 
centres of the masses, make with Cx ; and let a = J (^ + B), Also 
let X be the angle which the torsion-rod makes with Gx at the 
time t 

Supposing the masses to be in the position A^^, the moment 
about CO of their attractions on the two balls ana on the rod will 
be a function only of the angle between the rod and the line Afi^\ 
let this moment be represented hy <^{A — x), The whole apparatus 
was enclosed in a wooden casing to protect it from any currents 
of air. The attraction of this casing cannot be neglected. As it 
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^inay be ditferent in different positions of the rod, let the moment 
of its attraction about CO be ^ («), Also t!ie torsion of the string 
will be very nearly proportional to the angle through which it has 
been twisted. Let its moment about 00 be E{x — b). 

If then / be the moment of inertia of the balls and rod about 
(he axis CO, the equation of motion will be 






^{A-x)-\-^{x)-E{x-h 



Now a — « is 
liSnbstituting for a 
I of f, we get 



a small quantity, let it be represented by f. 
and expanding by Taylor's theorem in powers 



-/ 



= 4,(A- 



._0'U-°)- 






7}-f'(a) + £lf. 



\ and 



fl = + 



\>{A-a) 



I 



E{a~ h) 



In* 

Then x = e + L sin{n( + i'), 

where Z and L' are two arbitrary constants. We see therefore 
that in the position of equilibrium the angle the torsion-rod 
makes with the axis of x is e, and the time of oscillation about 

the position of equilibrium is — . 

Let us now suppose the masses to be moved into their alternate 

position A^B \ the moment of their attraction on the balls and 

. lod will now be —i^{x—B). The equation of motion is therefore 

Let a = x—^, then substituting for B its value 2o - A, we find 
\ hy the same reasoning as before 

x = e JrKs\a{nt + N'), 
I where n has the same value as before and 

-^ (A-a) + ^{a)~E{a-b) 
e _ o + - - ^^. 

In these expressions, the attraction i^ (o) of the casing, the 
rcoefficient of torsion E and the angle 6 are all unfenowu. But 
J they all disappear together, if we take the difference between 
I e and e. We then find 



I ~ J -[tj 



..(A), 
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where T is the time of a complete oscillation of the torsion-rod 
about either of the distwrbed positions of equilibrium. Thus the 
attraction ^(^ — a) can be found if the angle e — e' between the 
two positions of equilibrium and also the time of oscillation about 
either can be observed. 

472. It is sometimes wrongly objected to the Cavendish Ex- 
periment that the attractions of the balls A and B are supposed 
to be great enough to be measured, while the much greater 
attractions of surrounding objects, such as the house, &c., are 
neglected. But this is not the case. The attractions of dl\ fixed 
boaies are included in that of the casing. These are therefore 
not neglected but eliminated from the result It is to effect this 
elimination that we have to observe both e' — e and the time of 
oscillation. We thus really form two equations and from these 
we eliminate those attractions which we do not want to find. 

473. The function <f>{A—a) is the moment of the attraction 
of the masses and the plank on the balls and rod, when the rod 
has been placed in a position Cf, bisecting the angle A^CB^ be- 
tween the alternate positions of the masses. Let M be the mass 
of either of the masses A and B, m that of one of the small baUs, 
m that of the rod. Let the attraction of if on m be represented 

by fi -j^ y where D is the distance between their centres. If 

(p, q) be the co-ordinates of the centre of A^ referred lo Cf b& 
the axis of x, the moment about C of the attraction of both the 
masses on both the balls is 

= 2Mifm| ^ J ^^ -.1. 

where c is the distance of the centre of either small ball from the 
centre C of motion. Let this be represented by fiMmP, The 
moments of the attraction of the masses on the rod may by 
integration be found = fiMm'Q, where Q is a known function of 
the linear dimensions of the apparatus. The attraction of the 
plank might also be taken account of. Thus we find 

(f>{A-a)= fiM(mP + wf Q). 

If r be the radius of either ball, we have 

/=. 2m |c' + ? r«Ut^'^i^', 

which may be represented by /= mF + rnQ\ where P' and Qf are 
known functions of the linear dimensions of the rod and balls. 
Hence we find by substituting in equation (A) 

^ mP '\-rnQ ^ e-e' /2iry 
^ 'mF+m'Qf' 2 '\T)' 



\ 
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Let E be the mass of the earth. It its radius and g the force 
gravity, then g = fi.-^. Substituting for /t, we find 



'^R* 



E~ 2" \T)'gh 



%F+q 



gR'' 



The ratio — ; was taken equal to the ratio of the weights of 

the ball and rod weigJied in viicuo. but it would clearly have been 
more accurate to have taken it equal to the ratio weighed in air. 
For since the masses attract the air as well as the halls, the pres- 
sure of the air on the side of a ball nearest the attracting mass is 
greater than that on the furthest Bide. The difference of these 
ressures is equal to the attraction of the mass on the air displaced 
jby the ball 

47*. By this theory the discovery of the mass of the earth 
l^fcaa been reduced to the deterraination of two elements, (1) the 
""me of oscillation of the torsion-rod, and (2) the angle e — e 
between its two positions of equilibrium when under the influence 
of the masses in their alternate positions. To observe these, 
a small mirror was attached to tlie rod at C with its plane 
nearly perpendicular to the rod. A scale was engraved on a ver- 
tical plate at a dbtance of 108 inches from the mirror, and the 
image of the scale formed by reflection on the mirror was viewed 
in a telescope placed just over the scale. The telescope was 
furnished with three vertical wires in its focus. As the torsion-rod 
turned on its axis, the image of the scale was seen in the telescope 
to move horizontally across the wires and at any instant the 
number of the scale coincident with the middle wire constituted 
the reading. The scale was divided by vertical lines one- thirteenth 
of an inch apart and numbered from 20 to 180 to avoid negative 
readings. The angle turned through by the rod when the image 
of the scale moved through a space corresponding to the interval 

of two divisions was therefore ys . -rr-j . ^ = 73"'46. But the 

division lines were cut diagonally and subdivided decimally by 
horizontal lines; so that not only could the tenth of a division 
be clearly distinguished, but, after some HttJe practice, the frac- 
tional parts of these tenths. The arc of oscillation of the torsion- 
rod was so small that the .^uare of its circidar measure could be 



* Id Bail;' 
elliptidtj of the c&rtb, 



9 aecurote valne of g was Qsed. It e b« the 
anUifngal force at the Kjaator to eqnatorekl 



gnvitj. and \ ihe latitade of the place, we haye 3 - /i ^^ Jl-3<+Nfii-(J oob^xI , 
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neglected; but as it extended over several divisions it is clear 
that it could be observed with accuracy. A minute description 
of the mode in which the observations were made would not find 
a fit place in a treatise on Dynamics, we must therefore refer the 
reader to Baily's Memoir. 

In this investigation no notice has been taken of the effect 
of the resistance of the air on the arc of vibration. This was, to 
some extent at least, eliminated by a peculiar mode of taking the 
means of the observations. In this way also some allowance was 
made for the motion of the neutral position of the torsion-rod. 

475. The density of water in which the weight of a cubic 
inch is 252*725 grains (7000 grains being equal to one pound 
avoirdupois) was taken as the unit of density. The final result 
of all the experiments was that the mean density of the earth 
is 6-6747. 

476. Two other methods of finding the mean density have 
been employed. In 1772 Dr Maskelyne, then Astronomer Royal, 
suggested that the mass of the earth might be compared with 
that of a mountain by observing the deviation produced in a 
plumb-line by the attraction of the latter. The mountain chosen 
was SchehalUen, and the density of the earth was found to be 
a little less than five times that of water. See Phil. TVans, 
1778 and 1811. From some observations near Arthur's Seat, the 
mean density of the earth is given by Lieut.-Col. James, of the 
Ordnance Survey, as 5'316. See PhiL Titans. 1856. 

The other method, used by Sir G. Airy, is to compare the 
force of gravity at the bottom of a mine with that at the surface, 
by observing the times of vibration of a pendulum. In this way 
the mean density of the earth was found to be 6*566. See Phu. 
Trans. 1856. 

EXAMPLES*. 

1. A nniform rod of length 2€ rests in stable eqailibriom with its lower end 
at the vertex of a cycloid whose plane is vertical and vertex downwards, and passes 
through a small smooth fixed ring situated in the axis at a distance h from the 
vertex. Show that if the equilibrium be slightly disturbed, the rod will perform 
small oscillations with its lower end on the arc of the cycloid in the time 

ir A / ^ a (h9 A \ * where 2a is the length of the axis of the cycloid. 

2. A small smooth ring slides on a circular wire of radius a which is oon- 
Btrained to revolve about a vertical axis in its own plane, at a distance e from the 

centre of the wire, with a uniform angular velocity a/ Z. — ; show that the ring 

^ e ^2 + a 

* These examples are taken from the Examination Papers which have been set 
in the University and in the CoUeges. 
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will be in a pOBition of Htable relative eqtillibriain when the rndioB of the oinnilar 
wire puaing thronRh it u inclined at ui angle 45' to Ibe boiizon ; and thai if the 
ring be nlightly displaced, [I will pertonn a sroall oB«illatioD in the time 

I 9 ■ c^a + ai ' 
8, k imiform bar of length 2a, suspended hy two nqaal parallel stiinga eaoh of 
length b from two points in the same borizoutal Udp, is turued Ihmugh a unall 
angle about the vertical tine through the middle paint, ahow that the time of tk 

i. Two equal huavj rods conneoted by a hinge which ftllowB them to move 
in a vertii^al plane rotate about a verticAl axis thnragh the hinge, and a string 
whose length is twice that of either rod is tantened to their extremities and 
bears a weight at ita middle point. If M, SI' be the masses o[ a rod and thn 
particle, and 2a the length of the rod, prove that the angular velocity about the 

rertioal aiis whan the rods and string form a square is . / — "^^ . — t— — and 

if the weight be slightly depressed in a vertical direction the time of n small 



small oscillation is Sr . 



/iaj2 31 + 31 



^ G, A ring of weight W which sUdes on a rod inclined to the vertical at an angle 
a is attached by means of an elastic string to a point in the plane of the rod so 
hituated lliat its least distance fiont the tx)d le equal to the natural length of the 
string. Prove that if be the inclination of the string to the rod when in 

equilibrium, oot0 - oostf = ~ ooas, where w is the modulus of elasticity of the 

siring. And it the ring be slightly displaced the time of a small oscillation will 

be 2r , / — . :— =- , whore 1 is the natural length of the string. 

V wj l-s"i'9 " '^ 

6. A eicoulor tahe of radios a contains an elastic string fastened at ita higbect 
point equal in length to ~ of its circamference, and having attached to its other 
vxtremity a heavy particle which banging vertically would double its length. The 
^tem revolves about the vertical diameter with an angular Teludly /- . Find 
the position of relative eqnilibrium and prove that if the particle bu slightly dis- 
turbed the time of a small o^icilUtion ,= .. 

7. A heavy uniforin rod AH has its lower extremity A filed to a verlioal 
axis and an elastiu string connects B to another point C in the axis such that 

JC='— , = a: the whole is made to revolve round AC with such angnUr velocity 

that the string is double its natural length, aud horizontal when the system is in 
relative equililiriom and then left to itself. If thi: rod be slightly diettubed in a 

vertical plane, prove that the time of a small oscillatiaD is 3* ^/ nj- • the weight 

of the rod bting aniHoieut to stretch the utring to twice its leuglh. 



I 



IitVt /a 
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8. Three equal elastio strings AB, BC, CA sonomid a dzeolar are, the end A 
being fixed. At B and C two equal partioles of mass m are fastened. If I be die 
natural length of each string supposed always stretched and X the modulus <A 
elasticity, show that if the equilibrium be disturbed the partioles will be at equal 



from A after intervals r 






9. A particle of mass Af is placed near the oentre of a smooth 
horizontal table of radius a, strings are attached to the particle and pass over a 
smooth pullies which are placed at equal intervals round the droumferenoe of the 
drole ; to the other end of each of these strings a particle of mass M is attached ; 

(2+a a\i 
j . 

10. In a circular tube of unifonn bore containing air, slide two discs exactly 
fitting the tube. The two discs are placed initially so that the line joining their 
centres passes through the oentre of the tube, and the air in the tube is initial]^ of 
its natural density. One disc is projected so that the initial velocity of its centre 
is a small quantity. If the inertia of the air be neglected, prove that the point 
on the axis of the tube equidistant from the centre of the discs moves uniformly 

and that the time of an oscillation of each disc is 2r /~^ , where Jf is the 



/Maw 
\/ IT' 



mass of each disc, a the radius of the axis of tube, P the pressure of air on the 
disc in its natural state. 

11. A uniform beam of mass M and length 2a can turn round a fixed hoiisontsl 
axis at one end ; to the other end of the beam a string of length I is attached and 
at the other end of the string a particle of mass m. If, during a small oscillation 
of the system, the inclination of the string to the vertical is always twice that of 
the beam, then M (SI -a) = 6m{l + a). 

12. A conical surface of semivertical angle a is fixed with its axis inclined at 
an angle $ to the vertical, and a smooth cone of semivertical angle /3 is placed 
within it so that the vertices coincide. Show that time of a smaU oedllation 

=s 2r ^ / .Z • where a is the distance of the oentre of gravity of the cone 

V 9 Bin^ ' 

from the vertex. 

18. A number of bodies, the particles of which attract each other with forces 
varying as the distance, are capable of motion on certain curves and sur&oes. 
Prove that if ^, P, C be the moments of inertia of the system about three axes 
mutually at right angles through its oentre of gravity, the positions of stable 
equilibrium will be found by making A+B + C a minimnm. 
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OsciUatimis of a rocking body in three dimen»ior\8. 

477. A heavy body oscillates in three diinensiona witli one 
degree of freedom on a JUvd rough surface of any foitn in such a 
manner that there is 710 rotation about the common nonnal. Find 
(Ae motion. 

47s, The Relative Indlcatiix. Let be the point of 

contact when the heavy bixly is In equilibrium. Let the commou 
normal be the axis of z and let the other two axes be at right 
in the common tangent plane. The equations to the 
portioDS of the surfaces in the neighbourhood of may be written 
m the fonns 

2 = i (aar" + 2hxg -t cf) + &c. 
z' = i (aV + ib'xy + c'f) + &c. 
Let an oHinate move round the origin bo that the portion t — s 
between the surfaces is constant and equal to any indefinitel; 
small quantity A. This ordinate traces out an evanescent conic 
on the plane of xy whose equation is 

(o-a>' + 2(6-fc-)a.y + (c-c')/ = 2A. 
Any conic similar aud similarly situated to this, lying in the 
tongent plane and Lavlug its centre at is called the Relative 
Itidicatric of the two surfaces. 

Let OR be any radius vector of thia indicatiix, then the 
difference of the curvatures (or the sum, if the curvatures are 
measured in opposite directions) of the two sections made by a 
normal plane 2OR varies inversely as the square of OR. This of 
course follows from the definition of the conic by a well-known 
argument in solid geometry. Thus let (r, x) (r, z) be the co- 
ordinates of two points on the two circles of curvature at the 
same distance from the axis of z. We have ultimately 2pz = 1* 
and 2p'z' = t'. Also z- z =A, hence eliminating z and z' we see 
that the difference of the curvatures varies as i-*. 
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Let OR be a tangent to the arc of rolling determined, by the 
geometrical conditions of the question. Let o, p be the radii of 
curvature of the normal sections through OR taken poaitiyely 

111 

when the curvatures are in opposite directions, and let - = - + -^ . 

Then s may be called the radius of relative curvature. 

We have the three following propositions which are of use in 
Dynamics. 

479. Prop. The Instantaneoui Axis. Let 01 and Oy 

be two conjugate diameters of the relative indicatriz, then if Chf 
be a tangent to the arc of rolling, 01 is the instantaneous axis, 
and if ^ be the indefinitely small angle turned round the in- 
stantaneous axis, the arc <r of rolling is given hy a-^Os sin yOL 

To prore this, measure in the plane yf along the Bor&oes two lengths OP and 
OP each equal to a. Then in the limit P^P is parallel to the normal Om, Let it 
oat the plane otxyinM, Draw another ordinate Q'QN indefinitely near to PTif 
BO that PP'^QQ', then MN is an elementaiy arc of that relative indieatrix whiefa 
passes through if, and is therefore parallel to 01 the conjugate diameter of OJf. 
Also PQPQ' is a parallelogram. 

The planes OPQ, OFQ' are ultimately tangent planes at P and P* and mnst in- 
tersect in a straight line OJ parallel to PQ or PQ*, If then we turn the body round 
OJ the tangent planes at P and P will be brought into coincidence and the one body 
will roll on the other. Thus OJ is the instantaneous axis. 

Now since MN is the projection of PQ or PQ' on the plane of xy, it foUows that 
01, a parallel to MN, is the projection of OJ, a parallel to PQ or PQ', Also the 
paraUels PQ and PQ', being tangents to the surfaces, make indefinitely small 
angles with the plane of xy, hence OJ makes an equal indefinitely smaU angle 
with 01. If be this small angle and $ the angle of rotation about OJ, ttie 
motion of the body is represented by a rotation ^ sin about Oz and $ cos ^ about 
OL Since is indefinitely small, the former is of the second order and is to be 
neglected. The latter reduces to 6. 

To prove the last part of the proposition, we may again resolve this latter 
rotation into a rotation $ cob yOI about Oy and a rotation ^ sin yOI about Ox. 
The former does not affect the arc of rolling along Oy, the latter obviously gives 
ff =8$ sin yOI. 

480. Prop. The Cylinder of Stability. Measure a length 
s sin' yOI along the common normal Oz and describe a cylinder on 
it as diameter^ the axis being parallel to 01. If the centre of 
gravity of the body be inside, tne equilibrium is stable : if outside 
and above the plane of an/, the equilibrium is unstable. This 
cylinder may therefore be called the cylinder of stability. 

These results follow from the second expression for the moment 
of gravity about 01 found in the next proposition. 
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481. Prop. The time of Oscillation. Let G be the 

'^''Cwjtre of gravity and K be the radius of gyration of tbe body- 
about 01, then the length L of the simple equivalent pendulum is 
given by 

-j- = scoB60z.sm^yOI- 0€f. sm* 001. 

J! 00 produced cut the cylinder of BtabUity in V, then 

^-=GV. sin' 001. 

We deduce from this, that the time of oscillation of the body 
is the same as if the fixed surface were plane and the cun-atures 
of the upper body at the point of contact altered so that the 
Relative Indicatrix remains the same as before. 



483. These rcantts may be obtained by taking momeDta about the id 
alia, sea Art. 148. The g^iicml course ot reasoning may be indicated as follows. 
Id eqoiHbriitm is tbe point of eontact and 00 ia vertical ; at the body rolls 
on the surface, say. in tbe direction ^P, let P be the point of contact at the 
time ( and let ff, G' be the positions In Kp&ce occupied by the points Rnd O 
of the body. These points are not marked in tbe figure but and O' will obviously 
lie indefinitely close to each other between y' and P, so that 00' is pcrpcndicnlaT 
lo jy. wliile C has moved from Q a little to tho right, as seen from any point 
in PV. Draw FW vertical, and PF paraUel and equal to O'G'. U PV be tho 
instiuitaneons siis at tbe time I, S is tbe angle between the planes WPV and 
FPV. 

To find the moment of tbe weight abont PV we reaolve gmvity parallel and per- 
pendicular to Pr, The former component has no moment about PV. the latter ia 
g^aWPV. Let this Utter act parallel to some slraJght line AT. The moment 
reqniied is tbe product of reiolved gravity into tho Bhortcst distance between the 
line of action ol this foree and tbe straight line PI'. Tliia shortest distance is 
equal to the sum (with their proper signs) of tbe projections of Pff, OfG' on a 
straight lino perpendicular to both KP and PP. Let this straight line be FH, 
To And these projeotions we shall u?e a little Bpherical Trigonometry. Let tbe 
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figure repreeent the spherioaL trian^^ formed by the aiei on a sphere soblendiiig 
the TAriooB anglee at the centre P. Alao jy is a tangent to P(/ the aio of rolling, 
and Pm* ie normal to the enrfaoe at P. The projection of PC on PHIs ceosjr'PH 
= <roosy'PNoo8 NPH=<r Bia^PP cosKP/. The projection of CG' is the same as 
the projection of PF^PF cos HPF = - PF sin TrPP= - OG . 9 sin WPP. 

The differential equation is therefore 

K*r= -eg{t. BinyPr . sin WPr . COS KPz'-OO . 8in« ITPP J. 

We now replace sin WPP . cos KPz' by its equivalent cos fFP/. In the small 
terms containing the factor $ we may remove the accents, and replace P and W by 
and O, We immediately obtain one of the resolts. 

To obtain the other, we write the equation of moments in the form 

jnr =- ^^ sin« rPr |« sinVl'i' ^^^^ - OG I . 

Bnt if 2> be the diameter of the cylinder of stability drawn with its axis parallel to 
PP, and if PW cut the cylinder in F, we have PV . ooa KPW-D cob KP^^. 
Substituting in the equation the expression in brackets takes the form PV- 00, 
which is ultimately equal to GV. We thus obtain the second result. 
We might also find these oscillations by the method of vis viva. 



Oscillations of Cones in three dimensions. 

483. Oscillations of Cones to the first order. A heavij 
cone of any form oscillates on a fixed rough conical surface, the 
vertices being coincident It is required to find the time of a small 
oscillation. 

The motion of a cone about its vertex regarded as a fixed p6int 
is conveniently discussed by the help of Spherical Trigonometry. 

Let be the common vertex, the centre of gravity of the 
moving cone, OG = A. With centre and a radius equal to OG, 
describe a sphere ; it is on this sphere that we -shall suppose our 
spherical triangles to be constructed. Let 01 be the instantaneous 
axis of the moving cone, i.e. the common generator along which 
the two cones touch and let it cut the sphere in /. Let TT be a 
vertical drawn upwards to cut the same sphere in TT. Let the 
arcs WI = Zy 01 = r. In the position of equilibrium the three 
straight lines W, OG, 01 are in the same vertical plane, and 
they are so represented in the figure. 




OSdLLiLTIOXS OF COKIS. 

Lot n be the inclination of the vertical plane GOI to the 
normal plaoe to the two cones alone 01. Let p, p be the semi- 
an^Ies of the two right circular osculating conea of contact along 
0/ taken positively when the curvatures are in opposite directions. 
In the figure their asea cut the sphere in and D. 

If K be the radius of gyration of the moving cone about 07, 
the length L of the simple equivalent pendulum is given by 

A-" . , , Bin p sin p' . . 

k-.-r =sm(z — r)coBn--.—: 9, — smrsm^. 
<61. Aa the heavj cone rollB oa the surfaoe the point on the Bphece which is at 
la eqnilibriom tnkes the position T, and F ie the new point of oontact. Let the 
ue 10 wsnme the poaition FG'. and let the centre C ot the osonlnting cone move 
to C I«t ff = IP be the aro rolled oTei, and let S bo the BDgle taroed round b; 




the cone. Since this angle ia ullimatety the same ai CPC, we have CL~ = e tin p. 
Also CC eoeec ip + p'), and aeo»eep' ara each pqnal to the aogle WP. We thus 

findr = fl ""^''°!'' 
eutip-tp) 

te.7. The vertical Oir cuts the sphere in »'. To find the moment of the wciyht 

aboM OP WB mnst resolvo paritj parallel and perpendicular to OP, The former 

eompoaent has no moment, and the latter h ri sin WP. Let tliin latter act parallel 

to Mme etiught line KO. The moment required ia the product of reiwlTed gravity 

into tha projection of OG' on a Etraight line OH which is perpendicular to both OK 

and OP. Thus the ephcrical triangle IlKP has all its ddea right anglea. In 

eqoilibrium G lies iu the verticai plane WOT, and as the cone rolls G moves lo ff, 

so that the arc CG' ia perpcirficnlar to WI, and e(|Tial to 8 ain r. Let this arc cut 

HTin U. The projection required is AeosJfG'= -h . ilG' since IIM is a right 

angle. Since PI makoa with PH an angle which ia iiltimatel; equal to n. we hove 



ail 



nWG 



n(i- 



nltimately. ITic mnmpnt required, orfiing the cone 
backtoit^poxition of equilibrium, in glimnr{G 31-00'), substitaliug, this becomes 

24—2 



372 ON SOME SPECIAL PROBLEM& 

yfc{<rob8n8in(i-r)-98inrsixiz}. Equating this moment with the sign changed 
to K*6^, the result to be proTed follows immediately. 

If this figure be thought complicated we may obtain this equation by the 
method given in Art. 511. We there replace the geometry here used by a process of 
differentiation, which may be extended to any higher degree of approximation. 

486. Bzami^lM. Ex. 1. If the upper body be a right cone of semi angle p, 
and if it be on Uie top of any conical surface, we have n=0 and r=p. The pre- 
ceding expression then takes the form 

K*_ sin (« + p') sin'p 
hL^ sin(/)+p') 

Ex. 2. A right cone of angle 2p and altitude a oscillates on a perfectly rough 
plane inclined to the vertical at an angle z which is greater than a right angle, the 

length of the equivalent pendulum is "rl^^l * 

Ex. 8. A right cone of angle 2/> and altitude a, suspended by its vertex from 
a fixed point in a rough vertical wall, makes small oscillations, prove that the 

length of the equivalent pendulum is - , 

Ex. 4. A right cone of angle 2p and altitude a is divided by a plane through the 
axis. One of the halves rests in equilibrium with its axis along a generator of a 
fixed right cone of angle 2p\ the vertices being coincident, prove that the length L 
of the equivalent pendulum is given by 

■ |9T» + 16tanV>* — *'^^=3r Bin.tan/,'-4tanp ^i^ , 

oL r r COS/) 

where z is the inclination of the line of contact to the vertical measured upwards. 

487. Oondition of Stability of Cones to the first order. 

To determine the condition of stability when a heavy cone rests in 
equilibrium on a perfectly rough cone fixed in space. 

It is evident that we must have the length L of the equivalent 
pendulum found in Art. 483 equal to a positive quantity. This 
leads to the following constniction, which is represented in the 
figure of Art. 483. Measure along the common normal CI to the 
cones a length IS = s such that cot 5 = cot p + cot p\ From S 
draw an arc SR perpendicular to IG W, then 

cos n = cot 5 . tan IR, 

Then L is positive and the equilibrium is stable if the centre of 
gravity of the moving cone be either below the common generator 
of the two cones or above the generator at an angle r such that 

cot r > cot 2 + cot IE, 

When the vertex is very distant the cones become cylinders. 
In this case if the arc z become a quadrant, the condition of 
stability is reduced to r<IR. This agrees with the condition 
given in Art. 442. 
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Large Tautochronoua Motions. 

488. When the oscillations of a system are not small the 
equation of motion cannot always be reduceil to a linear form 
and no general rule can be given for the solution. But the oscil- 
lation may still be tautochronoua and it is sometimea important 
to ascertain if this he the case. Various rules to determine this 
are given in the following Articles. 

»483, Show that if the equaiion o/vwtion be 
T-j = fa homogeneous function of -j- and x of Hie first degree) , 

then, in whatever position the system is placed at rest, the time of 
arriving at the position determined 6y x = is the same. 

Let the homogeneous function be written ^f {~ ~jj] • Let x 

and f be the co-ordinates of two systems starting from rest in two 
different positions, aud let x = a, ^=Ka initially. It is easy to 
see that the differential equation of one system is changed into 
that of the other by writing ^ = kx. If therefore the motion of 
one system ia given by x = <f> {t. A, B), that of the other is given 
by f = «ii((, A , B"), To determine the arbitrary constants, A, B 
aud A', B\ we Lave exactly the same conditions, viz. when ( =0, 



b = a and 



0. Since only one motion can follow from the 

same initial conditions we have A' = A, and B' = B. Hence 

throughout the motion ^ — kit. aud therefore x and f vanish to- 
gether. It follows that the motions of the two systems are 
perfectly similar. 

This result may also be obtained by integrating the differential 

equation. If we put - j; =p, wo find x = Aif>{t + B). When ( = 0, 

dr '" 

jT = 0, and therefore <f>' (B) = 0. Thus B is known and x vanishes 

when tf)(t + B) = whatever be the value of A. 

490. It must be noticed that if the force bo a homogeneous 
function of the velocity and t, the motion is tautochronoua only 
in a certain sense. It may happen that the system arrives at the 
position determined by j; = only after an infinite time, or the 
time of arrival may be imaginaiy. Thus suppose the homo- 
geneous function to be mV, where wi' is positive, then the system 
starting from rest moves continually away from the position a: = 0. 
The value of x is well known to be represented by an exponential 
function of j: which never ceases to increase with the time. It m 
therefore necessary in applying the rule to ascertain whether the 
time given by the equation <}> (( + 5) = is real or not. 
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We may in general detennine this from the known circum- 
stances of each particular case. The two following general con- 
ditions will guide us in our decision. If the time of arriyal at 
the position :r =? is to be real and finite and the same from all 
initial positions, it is clear that the position a; = must be one of 
equilibrium. For if not place the system at rest indefinitely dose 
to that position, then the time of arrival would be zero, unless 
the acceleration be also zero. Further the position of arrival 
must be a position of stable equilibrium for all displacements ; or 
at least for all displacements on that side of the position of equi- 
librium on which the motion is to take place. 

491. laagrange'i rale. If the equation of motion of ^ 
sj/stem be 



d? - Idt J Too "^ Idt • ^<^>} 



where F is a homogeneous function of the first degree, and f (x) is 
any function of z, show thcU in whatever position the system is 
placed, the time of arriving at the position determined by f (x) = 
is the same. 

This is Lagrange*s general expression for a force which makes 
a tautochronous motion. The formula was given by him in the 
Berlin Memoirs for 1765 and 1770. Another very complicated 
demonstration was given in the same volume by D'Alembert, 
which required variations as well as differentiations. Lagrange 
seems to nave believed that his expression for a tautochronous 
force was both necessary and sufficient. But it has been pointed 
out by M. Fontaine and M. Bertraud that though sufficient it is 
not necessary. At the same time the latter reduced the demon- 
stration to a few simple principles. A more general expression 
than Lagrange's has been lately given by Brioschi, but it does not 
appear to contain any cases of tautochronous motion not already 
given by Lagrange's formula. 

Lagrange's result may be arrived at by the following reasoning. 

The motion from rest is tautochronous with regard to the point 

d^x /I daf\ 

x = 0, if the equation of motion be -i-, = ocF ( 7 ;ii ) • Put x = ^{y) 

we easily find 

♦■g-*"(S)'=*''(fS). 

where ^ stands for ^(y) and accents as usual denote differential 
coefficients. Let |, =/(y), substituting we have 

iw - f \dt) "7 [dV ^J^ [fdlj ' 
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wliereyhaa been written for /{i/). The last two terms of tbia 
expression form a homogeneous function ofy and -y of the first 

ciegree, and therefore Lagrauge's formula haa been proved, This 
demonstration is due to Bertrand. 

The motion begins from rest with any initial value of x and 
ends when fl: = 0. Hence writing x = ^{y) we see that in the 

second equation the motion begins with -^ = and with any 



not in general vanish when a; = 0, since the system arrives with 
some velocity at the position of equilibrium. But ji =^'(y) ^ • 
hence ^'{y) does not vanish when x=Q. It follows therefore, since 
= ^' . f(.>j)< lliat the motion terminates when f(y) = 0, 

492. EOiect of a resisting medium. Ex. If the motion of 
any system is tautocbrouoiis according to Lagrange's formula in 
vacuo, it will also be tautochronous in a resisting medium, if the 
effect of the resistance is to add on to the ditferential equation of 
motion a term proportional to the velocity. This theorem is due 
to Lagrange. 

493. Motion on a rough cycloid. A heavy particle slides 
from rest on h rouffk cycloid placed with its axis vertical, show that 
the motion is isochronous. 

Let be the lowest point of the cycloid, P the particle. 0P= s, 
so that the arc is measured from in the direction opjwsite to 
that of the motion. Let the normal at P make an angle ^ with 
the vertical, let p be the radius of curvature, and a the diameter 
of the generating circle. Then by known properties of the cycloid 
a = 2« sin ^, p = 2(i cos ■\^. Let fj. bo the coefficient of friction, g 
the accelerating force of gravity, and let the mass be unity. Then 
if fl be the pressure on the particle measured iuwards when posi- 
tive and V the velocity, we have 



d'e 

de'' 



fili -g sin f^ 



Eli 



laling It the equation of motion becomes 
iTs _fL fds\' 
df'pXdt) 
Substituting for p and s their values in terms of i^, thi^ becomes 



y (sin ^ — /* cos ijr}. 



i 



-C03'i/r-^+ (sill ^-i-f*COS i/f) [~^] =^- (sini^ -/iCOB^). 



^ 



5-C08f 
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Writiug ft 3= tan 6 this is identical with 

g{e-*8in(>,r-e)} + 2^ {e-'^8in(^-e)l =0. 

Since -^ is initially zero, the solution of this equation is 

where >1 is a constant depending on the initial value of '^. 

The motion is therefore tautochronous. At whatever point of the 
cycloid the particle is placed at rest, it arrives at a point A deter- 
mined by 6"*** sin (-^ - e) = in the same time, and this time is 

/2a 
A / — . The point A at which the tautochronous motion 

terminates is clearly an extreme position of equilibrium in which 
the limiting friction just balances gravity. 

494. That cycloidal oscillations in a medium in which the 
resistance varies as the velocity are tautochronous has been proved 
by Newton in the second book of the Principia, Prop. xxvi. That 
the oscillations are tautochronous when the cycloid is rough has 
been deduced by M. Bertrand from Lagrange's formula given in 
Art. 491, see Liouville'a Journal^ Vol. xiiL M. Bertrand ascribes 
the proposition to M. Necker, who published it in the fourth 
volume of the Memoirea pr^sent^s d VAcadenxie des Sciences par 
des savants etrangef's. It follows of course from Lagrange's pro- 
position (Art. 492) that the cycloid is tautochronous when both 
the medium resists as the velocity, and the cycloid is rough. 

405. Motton on any rongli cnrva. A particle starts from rest and U eon- 
strained to move along a rough curve under the action of any forces, find the 
conditions of tautochronous motion. 

Let A be the point at which the tautochronous motion terminates, P the position 
of the particle at any time f, ^P=«, so that s is measured from A in the direction 
opposite to that of motion. Let the tangent at P make an angle ^ with the axis 
of X, and let ^ and s increase together. Let the tangential and normal components 
of the force on P be (r and II ; the tangential component O acting on P to urge 
the particle towards A and the normal component II acting outwards, Le. opposite 
to the direction in which p is measured. Let the letters J?, r, fi have the same 
meaning as before. We shall suppose p to be positive throughout the arc 

The equations of motion are therefore 

-=R-H, v^^=-fiR'G (1). 

p ds 

Since the particle starts from rest we see that R and H are initially equal and thus 

have the same sign. We shall suppose that H is positive throughout the motion, 

so that the impressed force urges the particle outwards. It follows that R also is 

positive throughout the motion. The friction will therefore continue to bo repre- 



I 
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senUd by ^B, without any diacontinnoae changes in the sign of n, auvh ».b noold 
bappcu if R were to change aign wilhont n corcesponding change in the diiection 
of Ihe friction. (See Art. 159.) Eliminiitiiig i? we find 



do 



-la-^E) 



Let F=G-nll, BO that F is the whole impresaod (orco urging tho particle 
ftloDg the tangent towards the point A. We maj proTe (hat J"' muat be positiTo 
throughout the motiojl until the particle reaches A. It F were zero at any point B, 
then placing the particle at B at reat, the particle would remain there in equilibrit 
and therefore the times of reaching A From all points could not be the si 
we also by the same reasaning that the point A must be one at which t' u zi 
See Art. 490. Writing j-: for p, equation (2) heeomes 

I'Vliere a is the ongte tho tangent at A molics with the axis of z. As ^ is greater 
Ji a throughout the motion, the constant of integration, vis. <?, must be poaitive. 
|V*epDt 

a I pF€-'«^*d<j/=i'', t-i'*as=^(!)dt, 

I Qila equation reduces to the form 

-fS%- '* 

The lower limit is determbcd fay the value of i at the point where tho n 
begins. Bcferting to equation (4) we ace that, aince t' = 0, wo have i = c. The 
upper limit is determined by the vnlue of i at the point nhere all the tautochronous 
motions are to eud. This has been deSned by ^ = b, and therefore by ; -0. 

I If the force F be snch that ip (t) is constant, the integration of ifi) presents no 
ffifficolty. Writing - for f (i) we then hare ' = 5— • Since tliis result is indepen- 
dent of e the motion is tautochronous. Wherever the partiole be placed at rest on 
Ibe ourre, it will reach the position A in the same time, and this time will bo — . 
The supposition we hnTe made regarding the value of i gives 
BUerentiating and reducing we find 
F=m*a^\ e-i^t-pd^ (6). 

This expression will Rive the tangential force which will make motion on a given 
curve tautochronous. When the force ii given and the curve is required, ws may 
mite the equation in the form 

'•"%'" I"- 

locAroHom— To prove this v 
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integral (5) independent of e. Pat sse|, and let ^ (j;) be expended in a eeiiei of 
some powen of £ not neoeeearily integral, eaj let ^(«)«2iVi^. Then we have 

2.Vc* / -^= = t. 



;o^/l-? 



Now since ( is less than nnity, the integrals in all the terms are less than the 
integral in the term defined by a=0, and therefore th^ are finite. Sinoe e^ery 
element in each integral is positive, none of the integrals can yanish* Henoe this 
series of powers of c cannot be independent of e unless it contain only the one term 
determined by n=0. But this makes ^ {i) a constant and leads to the solution we 
have already discussed. 

497. Ex. Show that this law of force coincides with that given by Lagrange's 
formula. 

We have here to determine when equation (2) coincides with Lagrange's formula. 
We therefore take as his form 



dF d}lf 

^_, , ^^A=iiF-J. 

required form for F, 



Comparing this with (2) term for term, we find -7-^A=iiF Jj which leads to the 



498. Motion on a rongti epioydoid. A particls acted on by a repulsive force 
varying a§ the distance and tending from a fixed point i$ eonttrained to move along a 
rough curve, find the curve that tlu motion may be tautochronoue. 

Let r be the radius vector of the particle, Xr the repulsive force acting along it. 
Let p be the perpendicular on the tangent from the origin, then the projection 

of the radius vector on the tangent is kno;^ to be ~. We have therefore 
F= - X s-£ - fiXp, Substituting in equation (7) of Art. 495 we find 

therefore P=nj — P (^)- 

The equation to an epicycloid generated by the rolling of a circle whose radius is 
6 on a fixed circle whose radius is a is known to be 

, .r^-a^ c*-a* ... 

^=' c'--a" •■• "= c*-' ^^^' 

where c=a + 2&. We find therefore that the epicycloid is a tautochronous curve for 
a central repulsive force varying as the distance. The time of arriving at the 

position of equilibrium is r— , where m is given by ^ = a _ « • 

Ex. Show that the equiangular spiral is not included in the formula (1). 

For if we write psin' a=p, we have (m'+ ^) sii^' a greater than unity, which may 
be shown to be impossible if the particle is to move at aU. 

499. Bfltet of a Bedstfnc Millnm on the time. We know by Lagrange's 
theorem that if the motion on a rough curve be tautochronous in a vacuum, it wiH 
be also tautochronous if the motion occur in a medium resisting as the velocity. 
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Let M noa Jetemiiu lioa tht time of aniral at the potitiua of ejuitlbrima is ofected 
kg thtpreatace oftuch a muting medium. 

Hefurring lo irt. OS tlia eqafttion ol motion, thcM marked <3), will nom take the 

at' p \dlj itt 

where Sc is the ooeffioient of Ibe resiatftnec duu to the meJiom. This i>c|UBtioa 
Buj be pnt into the form 



sHS)*='('-4;)- -'■'-"• 



when 1 = 0. Tbia gives taxxB = 



» 



Let us pot t~i"ydi = dir' anil suppose th&t w yanishes when ^ — n. SubstitutinK 
fiw F its value given b; eqnalioa (G) oi Art. 495 we find 

The solution of this by Art. 43i is 

I ^ <!->■ Vf = » = J ■'-" <=os (nA?^ 1 + ^). 
To find the constunta of integration we notice that -^ and thereforo -- is zero 
':^= . To find the time of arriving at the 

in of eqnilihriom vreput ^=b, thia gives Vm'-<*(+B = ^, The time 1 of the 

tontocbronons motion ifl therefore given by the equation 



e depends onlj on m and jc and not on the ttxem of ths 



Ex. If the resistance of the medium be so great that n is equal to or greater 
than HI, the wlutloa by Art. 134 takes another form. Bhov Ihat in both these cases 
the time of uriviog at tlie position of rest is made inSnite bj the rcsistonoe of the 
mediom. 



Oscillations of Cylinders and Cones to the second order. 

£00. OondlUon of fltabUltr of OyUndara to thm UgHar «>d«n. When 
K heavy cylindvr rests in equilibrium on one aide of a Gxed lougb cyliader as 
in Art. 411, the condition of stability ia, that the ocntiQ of gravity sboold lie 
within a certain circle called the oirele of stability. If the oentre of gravity lie on 
the bonndary of this circle the equilibrium a called neutral, but it is generally 
wther stable or Dnstable, only it require* a higher degree of npproiimation to 
distingniib the two. Wa may effect this to auy degree of approiimation by the 
following eoay process, which amounts to the oontinaal diiferenliatioD of a certain 
qnantity until we arrive at a result which is not zero. The sua of this result will 
diBtingnish between the etability and iuatability of the cylinder. The magnittido 
of the result, joined to some other elcmEntf. will enable ne to form the equation 
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501. In equilibrium the centre of graTity Is in the Tertieal through the point 
of contact. Let the body be tamed round through any angle 9, so that G in the 
figure is the position of the centre of gravity and / the point of contact. Let IV 




be vertical. Let CID be tho common normal to the two cylinders, C and 2> being 
the centres of curvature of their transverse sections. Let p=Cl^ p'=DI, and let 

- s= - + -; t 80 that X is the radius of relative cur\'ature. 
« P P 

Let IO=r, the angles GIC=n, GIV=<t>, and let IP=ds. Then we have the 
four following subsidiary equations 



dr . 
-5- = sin n, 
ds 


dn cosn 1 
d«" r p* 


<f^_l cosn 
dt~ z r • 


ds 



Since GI is the radius vector of the upper curve referred to an origin G fixed 

relatively to it, and ^ - ii is the angle this radius vector makes with the tangent at J, 

the first of these subsidiary equations is evident. To obtain the second we notice 
that C is the centre of curvature so that tbe distance GC is constant as well as 
the radius of curs-atarc, when / moves a short distance di (^long the arc. Now 

GC'2 = r« + /)=-2/)rcosw, 
therefore = (r - p cos ji ) Jr + pr sin n dn . 

Substituting for dr its value from the first subsidiary eqaation, this immediately 
gives the second. To obtain the third equation wc notice that + n is the angle 
the normal Dl to tbe lower curve which is fixed in space makes with a straight 

line also fixed in space. Hence tj + 75" = ~ » whence the third equation follows 

from the second. The fourth equation has been proved in Art. 411; the proof 
may be summed up as follows. If CF^ DP' be tbe two normals which will be in a 
straight line when the body has turned through an angle dO, then d0=PCI-^FDI, 



which IB dsl - + -,]= — , 
\P pJ « 



502. In eqailibrium the centre of gravity of the body must be vertically over 

the point of support. Hence ^=0. In any other position of the body the value 

of is given by the series 

dA (Pa «* 

ds <2tf' 1.2 

If in this series the first coefficient which does not vanish be positive and ot 
an odd order, it is clear that the line IG will move to the same side of the vertical 



OSCILLATIONS TO THE SECOND ORDER. 

fta thftt to which Ihe body is moved. The equilibrium will therefotB be iniRtAbla 
Tor ilistiUooments on either Hide of the position of equihbnnin. If the cooBicient 
be negative the equilibrium will be stable. On Ibe other baud if the term be of an 
oven order, it nil! not change xign with i, the equilibrium will therefore be stable 
tor a diBplncement on one side anJ unstable for one on the otiier side. 

The first differential coefficient is given by the third subudiar; equation. The 
second differential codEcient is found by diflerentiating this subsidiary equation 
and fiubHtitoting for -r- and -5- from the others. The third differential coefficient 
maf be found b; repeating the proceaa. In this way we may find any differentia] 
coefficient which may be required. 



If the Erst differential coeflident 1 






1, the eqnilibrit 



iwiH 



be stable or unstable a<^cording as its sign is negative or positive. This leads to the 
condition that r is respectively less or greater than ;cosn which agrees with the 
rule given in Art. HI, 

It-T^O we have r^icosn, so that the centre of gravity hea on the ctrcumfvience 

of the circle of stability. Differentiating we have 



Substituting for r and t v 



""(-/?) (M)- 



U tbia be not eero, the equilibrium is stable for displacements on one side of the 
MJtion of eqoilibrinm and unstable for displacements on the other. 



^=0 also, we differentiate (1) again. After 1 
a eqailibriam b stable or onitable aesording as 



ome redaotion we find 
this expression is negative 



I straight line these expressions admit of 



If the traoBVOise section be % airels 01 
Lt aimplifioation. 

S04. Ex. 1. A heavy body rests in nentiBl equilibrium on a rough plane inclined 
to the horizon at an angle n. Show that unless -^ = tan n. the cqoilibriam ia stable 
for di)>p!acemeiits on one side and unstable for displacements on the other, Bat if 
this cijuatity hold, the equilibrium is stable or nnstabio aocording oa -^ is positive 
or negative. Hero St is measured along the arc in the direction down the plane. 

Show also that these conditions imply that the equilibrium is stable or nnstabio 
according as the centre of the conic ot closest contact to the opper body is without 
ot within the circle of stability. 

Ex. 2. U a convex spherical surface rest on the sommit of a fixed convex 
spherical surface in neutral ecinilibrium, tlic equilibrium is really unstable. Bnt 
if the lower surface have its concavity upwards the equilibrium is stable or unstablo 



I 



382 ON BOMS SPECIAL FBOBLEMS. 

Moording m Hi ndini ii grealar or leai tluui twioe tbat of Um upper sniiaoe and 
is tetJlj neatnl if its ndivs is eqi»l to twice UiAt of the q^per ■orfMe. 

The moiredble q^iherioal surfaoe in this ezAmpIe moet of ooone be wei^^ited 
■o that its centre of graTity is at aooh an altitude above the point of sapport thai 
the equilibrium is neutral to a first approximation* Thus when the radius of the 
lower Burfaoe is twice its radius, its centre of grayity lies on its surface, i.e. at a 
^igtunQft twice its radius from the point of contact. The centre of grayity is outside 
or within the surfkce according as the radius of the lower surface is lees or greater 
than twice its radius, and when the lower surface is plane the centre of gravity lies 
at the centre. In this last case also the equilibrium is really neutral. 



506. OacttllaHiwia of OyUadMna to tbm hlsber ovdara. To form the §meral 
equation of wuttion of a qflinder oicillating about a potition of equilihrium to atqf 
degree of approximation. 

Following the same notation as before and taking the figure of Art. 501, the 
equation of Vis Viva is 

(ik'+r»)(5i)*=c+2rr, 

where CT is the force function and k the radius of gyration of the body about its 
eentre of gravity. Differentiating this with regard to 9, as in Art. 448, we have 



/Li •v<'*^. dr fde\^ dU 



The right-hand side of this equation is by Art 940 the moment of the forces about 
the instantaneous axis, and is therefore in our case equal to j^r sin ^ Substituting 

for -j^ from the subsidiary equations of Art. 501 the equation of motion is therefore 
do 






The method of proceeding is the same as tbat in Art. 502. We expand each 
coefficient by Taylor's theorem in powers of ^, which is to be so chosen as to vanish 
in the position of equilibrium. To do this we require the successive differentials of 
these coefficients to any order expressed in terms of the initial values only of 0, n, 
and r. The first differentials are given in the subsidiary equations of Art. 501. To 
find the others we continually differentiate these subsidiary equations, until we have 
obtained as many differential coefficients as we require. 

506. To form the equation to the first order. Let the initial or equilibrium 
values of n and r be a and k. The equation is therefore 

{h* +k*)^^^ or Bin 4>. 

We have to find r sin ^ to the first power of $, Now 

d , i ^. dr , ^ , di^ ^ . ^ . ^ /I co«n\ 
j^ (rain^)=^ sm0+r ^ oos0 =jrsm nsin^ + rxcos^ I j, 

by fubstituting from the subsidiary equations. This by reduction becomes 

TjT (rsin0)=rcos0-zco8(0-n). 



OSCILUTIOSS TO THE SKCOND ORDEB. 

In cqnilibriam g lica in the vertical Ibrongh tlia point of contact, henca tLe initial 
Vftlue of ^ is Koro. The eqnatioo ot motion is therefore 

ibich is the same as that given in Art. 441. 

Tofvrm the tquatipn to Ihriteond order. 
We have already found tha first differontial coefficient of r 
entiate this again and rettun onl; the terms which do not vanish mhen ^=^0. 

■P / .-- -.1 1 ) ™ -* ^ ' ' 



The equation of motion to the second order 


is therefore 


(*M 


- ft* + 2h.- ain a . fl) ~ + 7l! Bin Q f ^* 


'.) 








= -{ico8a- 


■h]g6 


+ fft' 


\,m. 


Thif 


1 mn; bo reduced to the form 










S--.. 


= -t' 


m 


+ efl'. 



pposlng a not to be zero, wc find as the solntion 
-Jtai 



= ^Bi 



(«( + fl) + 



-^'+ ^.i--*'' 



j( and i? are two undetermined constanta, and the first term repmscnta the 
■pproiimation. Thus it appears that the first approxiroation is subHlantially 
correct unless a be email, that is. onless the equilibriam is nearly nentral. The 
effeet of the small terms is to make the eitont uf the oscillatioD on the lower side of 
the position of equilibrium sligUtlj greater than that on the upper side. 

608. Oaelllatlona of Oonaa to Hi* Uslisr onion. To form the general eqtia. 
tUm of motion of a heavy eon/ rolling on a per/re lly rough filed COTU. 

Let us follow the same line of argument with the same notation as in Art. 483. 
Wo have however one point of difference. Since the moving cone is not in equili- 
brium its centre of gravity is not in the vertical plane IVOI. As before let the ares 
iG = r./H'=r, and bt the angles GlC^n, WIC^^. 

Let a be the angular velocity of the moving oone abont it« instantan«0U8 axis 
01. Then by Art. 448, 



,da 1 _ dK' 



^0- 



where £ is the moment of gravity about 01. 



- = L .. 



.- (1). 



As the oone rolls, the point 1 moves along the intersection of the fixed oone 
frith the sphere. Let IP^dt be the are described in a time dl. It will bo eon' 
venient to lake « as the co-ordinate by which the position ot the cone is determined. 



384 ON SOME 8PECUL PBOBLElCa 

By the same reasoning aa in Art. 484 we find 

dt anp.ianp' 



(2). 



,y 




We haTe now to find the moment of gravity, about 01. We again use the same 
argument as in Art. 485. We resolve grayity along and perpendicular to 01, the 
former component has no moment, and the latter is ^ sins. Let this latter com- 
ponent act parallel to some straight line KO, then KTVI is an aro in a vertical 
plane. The moment required is then the product of resolved gravity into the 
projection of 00 on Oil, where H is the pole of the aro KWL Thus the moment 
is gh slnx cobHG. To find cos J/G produce HG to cut KWI in M. Then in the 
right-angled triangle GlJf, we have sin GA/ = sin GI sin GJ3/. The moment L is 

therefore 

L= -ghsinr einz Bin(yi-^) (3). 

When the forms of the cones are known we can express A', r, z, n and ^ in terms 
of » or any other co-ordinate we may choose. The equation of motion wUl then 
be known. This process may be effected by the help of the four following sub- 
sidiary equations 

dr , dz , , 

- sm n, -r- = sm ^ 



(4). 



dt 

-- =cotr coBw - cotp 

-,- = cot z cos 1^ + cot p* 
dt ^ '^ 

The proof of these is left to the reader. They may be shown by the same reasoning 
as in the case of the cylinder i^ith only such modifications as are made necessaiy 
by using spherical instead of plane triangles. 

509. To find the equation of motion of a right eone oscillating about a position 
of equilibrium to any degree of approximation. 

Since the cone is a right cone, we have K^ constant. The equation of motion is 

therefore A^ -37=^ where O and L have the values given in equations (2) and (3) 
of Art. 508. 
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We notice that L = 0, and therefore n=^ in the position of eqnilibriam. Let 

the co-ordinate « be so chosen that it also vanishes in this position. We have 

therefore now to expand Q and L in powers of s. To effect this we use Taylor's 

theorem, thus 

, /dL\ f€PL\ »» 

where the bracket implies that s is to be equal to zero after each differentiation 
has been performed. Now these differentiations may all be performed without any 
difficulty, by differentiating the expression for L and continually substituting for 

-f t -f y <^c. their values given in the subsidiary equations. We may treat Q in 

the same way. 

The formation of the equation of motion is therefore reduced to the differentia- 
tion of a known expression and the substitution of known functions. 

We may use this method to obtain the equation of motion to the first power. 
Thus we have 

A'^ -r: ■— - fl'^ T { sin r sinz sin {n-4/)\ t. 

(it ^ (is \ r/i 

Substituting for U and retaining on the right-hand side only those terms which 

do not vanish when ^=71 we obtain 

K* (i*s ( . , , sinp sino' . . ) 

- T ;a = - S8m(z-r) cosn .-, — 7. - smr smzrs, 
gh (U^ I ^ ' 8m(p + p') > 

which gives the same result as in Art. 483. 

If the cone be not a right cone, we may express A'' in terms of r and n and 
proceed in the same way. 

610. Ex. A heavy right cone rests in neutral equilibrium on another right 
cone which is fixed in space, the vertices being coincident. Show that the equation 
of motion, including the squares of small quantities, is 

IP (Vs sinp sinp' . , . . ... « * \ * . •' 

- -=- - - ^ = - - — \ 7- sm (r - z) Pin n { (cotr + 2 cot r) cos « - cotp } - . 

tjh dt* 8in(p + p) V / '^ '-'2 
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Examples and Hints for their Solution. By G. Hale Puckle, 
M.A. Fouth Edition, enlarged. Crown 8vo. 7j. 6d. 

Rayleigh. — THE THEORY OF SOUND. By Lord Rayt.eigh, 
F.R.S., formerly Fellow of Trinity College, Cambridge. 8vo. 
Vol. 1. 12S. 6d. ; Vol. II. I2s. 6d. [Vol. III. in preparation. 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and edited by A. B. W. Kennedy, C.E., Professor of 
Civil and Mechanical Engineering, University College, London. 
With 450 Illusti^tions. Royal 8vo. 20s. 

Routh. — Works by Edward John Routh, M.A., F.R.S., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge ; 
Examiner in the University of London : — 
AN ELEMENTARY TREATISE ON THE DYNAMICS OF 
THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third Edition, enlarged. 8vo. 21/. ^ 
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Routh— fpw,„«fl/. 
STABILITY OF A GIVEN STATE OF MOTION. PARTI- 
CULARLY STEADY MOTION. The Adams' Prire Essay for 



Tait and Steele.— DYNAMICS OF A PARTICLE. With 
numerous Examples, By Professor Tait and Mr. Stsele. Fourth 
Edition, reviled. Crown Svo. lis, 

Thomson.— PAPERS ON electrostatics and MAG- 
NETISM. By Professor SIk WilliAh THOMSON, F.R.S. 

Svo. IS;. 

Todhunter.— Works by l. Todhunter, M.A., F.B.S., of 

Si. John's Collie, Cnmbtid^ : — 

"Afr. Todhunter u chitjiy imnim la studerdj of malhionttUt ai tit 
aiitkar et a series of admirahli malhemaliciil Itxt-booki, lekkk 
fossns ihe rare qiia/ilies ef i^/n; clear in ilyle ami aitolul^y fret 
from mislaket, lypogmfikieal or eiAer." — SaturJay Review. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Edition, enlirged. Crotra Svo. cioth. 4^. bJ. 

PLANE CO-ORDINATE GEOMETRY, n« applied to the Slraighl 
Line and the Conic Sections. With numerous Examples. Ne» 

Edition. Crown Svo. 71. (td. 



A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 

revised and enlarged. Crown Svo. cloth, las. td. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown Svo. cloth. 4/. 

A TREATISE ON ANALYTICAL STATICS. With nomcron* 
Examples. New Edition, revised and enlarged. Crown Svo. 
cloth, lai. fkl. 



RESEARCHES IN THE CALCULUS OF VARIATIONS, 

Principally on the Theory of Discontinuous Solutions ; An Essay 
to which the Adams' Priie was awarded in Uic University o( 
Cambridge in 1B71. 8™. 61. 
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Todhunter — coniinuctl 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, and ilic Figure of the Earth, from the time of 
Newton to that of Laplace. Two vols. 8vo. 24r. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown Svo. lOf. (id. 

Wilson fW. P.).— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M. A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8va 

Wolstenholmc— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule 
of Subjects for the Cambridge Mathematical Tripos Examinatioo. 
Devised and arranged by Joseph VVolstkn holms, late Fellow 
of Christ's Collq;e, sometime Fellow of St. John's CoDege, and 
Professor of Mathematics in the Royal Indian En^neering College. 
Kew Edition, greatly enlarged. Svo. i&f. 



Young.— SIMPLE PRACTICAL METHODS OF CALCU 




I^ndon, and Meml>cr of the Institution of i.As\\ Enghieers. 8vo« 
7x. 6r/. 
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Airy{G. B.).— ropuLAit astkonomv. with lilusimiiom. 

llySirG. a AiKY, K.C.l!..A»roi>oii.ci Koyil. Nov EdiiioD. 
fcnp. Svo. 41. bJ. 

Balfour.— A TREATISE ON COMPARATIVE EMBRY- 
OLOUY. By F. M. Ualfour, I.ii.S. Utiutmcd. Svo. 

\JiAiully. 

Bastian.— Works l,y ll, Charlton Bastian, M.D., K.R.S., 
Prufessor of Paihologiol Aiiitiotny in Univeniljr College, Loudon, 

THE BEGINNINGS OF UFE;Iteing.oiwe Account of the Nrture, 

Modc« of Origin, anil Tnmsfbnnstions of Lower Organisms. In 

TwoVolumei. With upward) of too llluxtrsliont. Crown Svo. iSi. 

"// h a iotik that caanel be ignertd, and mnil inevittiily lead la 

mieitioi diseuisions and n^raltd oiiertijlioni, and /liniif* l&ru la 

Ike atablishiHeitl of tnthy—K. R. Walbce 01 Nature. 

EVOLUTION AND THE ORIGIN OF LIFE. Crown Bto. 

&>. fid. 

' ' Abqumh ill iitfarmaliun ij inltral lo Iht student cf ihlagical 
iciaut"- -Daily NeHs. 

BUke. — ASTRONOMICAL MVTHS, B»«d on Flunnwrioi.^ 
"The lldvena." By Jobn F. Ulake. With uunKmiu lUuslra- 
tions. Cru'.m Svo. ^. 

Blanford (H. P.).— rudiments of physical geo- 

GRAPHV FOK THE USE UK INDIAN .SCHOOLS, lly 
H. F. Ulanford, F.G.S. With numerooB Illudritiuni ami 
Glmsary of Technical Termi cmployot. New Kdilion. Globe 

8vo. ti. 6a. 

Blanford (W. T.).— GEOLOGY AND ZOOLOGY OF 
.MJVSSINIA. By W. T. Bi-^NFORD. Svo. au. 

Bosanquet.— AN ELEMENTARVTREATI.SEON MUSICAL 
INTERVALS AND TEMPERAMENT. With an Account of 
an Enharmonic IIinnODium exhibited in Ihe Loon Collection of 
ScientLfic lnitrum<»ti, South Kensinclon, 1S76 ; aisoDrRn Enbni- 

monic Cr^^ exhibited to the Musical Aisociation of London, 
M»y, 1S75, Ry R. H. Bosaoquel, Fellow of St. John's College, 
Oxford. Svo. 61. 

Clifford.— SEEING AND THINKING. Bythe late Ptofcuor W. 
K. CuFFomi, K.R.S. With Dingr«ni.<. Crown 810. Jj. 6d. 

[ffa'Hrt Striit. 
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Coal : ITS HISTORY AND ITS USES. By Professors Green, 
Mi ALL, Thorpe, Rucker, and Marshall, of the Yorkshire 
College, Leeds. With Illustrations. 8vo. 12/. 6</. 

* * It furnishes a very comprehensive treatise on the whole subject of CoeU 
from the geological, chemical, mechanical, and industrial points of 
view, concluding ivith a chapter on the important topic known as 
the * Coal Question: "— Daily News. 

Cooke (Josiah P., Jun.).— FIRST PRINCIPLES OF 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Tun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Third Edition, revised and corrected. Crown 8vo. iZf. 

Cooke (M. C.).— HANDBOOK OF BRITISH FUNGI, 
with full descriptions of all the Species, and Illustrations of the 
Genera. By M. C. Cooke, M.A. Two vols, crown 8vo. 241. 

*' iVill maintain its place as the standard English book, an the 
subject of which it trecUs^ for many years to come." — Standard. 

CrOSSley.— HANDBOOK OF DOUBLE STARS, WITH A 
CATALOGUE OF 1,200 DOUBLE STARS AND EXTEN- 
SIVE LISTS OF MEASURES FOR THE USE OF AMA- 
TEURS. By E. Crosslev,'F.R.A.S., T. Gledhill, F.R.A.S., 
and J. M. Wilson, F.R.A.S. With Illustnitions. 8vo. 2ix. 

Dawkins. — Works by W. BoYD Dawkins, F.R.S., &c, Pro* 

fessor of Geology at Owens College, Manchester. 

CAVK-HUNTING : Researches on the Evidence of Caves respect- 
ing the Early Inhabitants of Europe. With Coloured Plate and 
Woodcuts. 8vo. 21 J. 

" 7'he mass of information he has brought together, with the judicious 
use he has made of his materials, will be found to invest his book 
with much of new att J singular value.^* — Saturday Review. 

EARLY MAN IN BRITAIN, AND HIS PLACE IN THE 
TERTIARY rERIOD. With Illustrations. 8vo. [Shortly. 

Dawson (J. ^V.).— ACADIAN GEOLOGY. The Geologic 
Structure, Organic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
William Dawson, M.A., LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor of M'Gill College and University, Montreal, &c. 
With a Geological Map and numerous Illustrations. Third Edition, 
with Supplement 8vo. 21s. Supplement, separately, 2J.6</. 

Fiske. — DARWINISM; AND OTHER ESSAYS. By John 
FiSKE, M.A., LL.D., formerly Lecturer on Philosophy in Harvard 
University. Crown 8vo. 7/. 6d. 
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Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
By Dr. E. Fi.eischcr. Translated from Ihe Second German 
Edition by M. M. FalliMin Muir, with Notes uid Additioai, 
lllualralcd. CroHii 8vo, yj. W. 

Fiuckiger and Hanbury.— pharmacograpiiia. a 
History of ihi; ftincipiil Drue* of Vegelhb Origin met Willi in 
Ureal Britain and India. By F. A. FLlJCKir.EB, M.D., wid 
D. Hanbury, F.R.S. Second KdiUon, revised. Svo. au. 

Forbes.— THE transit of VENUS. By Geougb Fokbes. 
B.A., Profeuor of Natural Philosophy in the Andenoniaa Univer- 
sity of Glasgow. Willi numerous lilustralions. Crown Svo. 31. 6ii 

Foster and Balfour.- elements OF EMBRYOLOGV 
ByMiCHARi. FosTEk. M.D., F.R.S.,BndF. M. Balfovr. M.A.. 
Fellow of Trinity Colleee, Cambridge. With numeioua Iliustra- 
liona. PartL Crown Svo. Ji. (td. 

GaltOn.~Work5 by Fkancis Calton. F.R.S, :— 

METEOROGRAPH I C A, ot MclhoUs of ManpinE the Weather. 
Illustrated by upwaidsof Goo Piinted Uthographic Diagrams. 4(0. 91. 
HEREDITARY GENIUS: An Inquiry into iU U*( and Con- 
sequences. Demy Svo. lii, 

Tht Times calls it " a mail abli and mosl inltratiiig hft." 
ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. Svo. 8*. &/. 
" T/u itmi is cerUuHly entofvtrygrtatinUrat." — Nature 

Gamgce.— A TEXT BOOK, SYSTEMATIC and PRACTICAL. 
OF tup: PHY.SIOLOGICAL CHKMlSTkV OF THE AM- 
MAI, BODY. By ARTHnR Gamcek. M.D., F.R.S,, Professor 
of Physiology in Owens College, Mancbesler. With Illostiations. 
Svo. \inlht press. 

Geikie. — Works by Archibald Geikik, LL.D., F.R.S.. 

Murcbison rrofessor of Geology and Mineralogy al Edinburgh : — 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numerous lUustntions. Fcap. Svo. 4/. 6/ Questions, \i. bd. 

OUTLINES OF FIELD GEOLOGY. With Uluslrations. Crown 

.. W. 



Gordon.— AN elementary book on HEAT. By J. E. 
H. GoBiWN, B.A., Gonville and Caius College, Cambridge. 
Crowt) Svo. ai. 



lo SCIENTIFIC CATALOGUE. 



Gray.— STRUCTURAL BOTANY ON THE BASIS OF 
MORPHOLOGY. By Professor Asa Gray. WUk IU»traiion<:. 
8vo. \ln the press. 

Guillemin.— THE FORCES OF NATURE: A Popular Intro- 
daciion to the Study of Physical Phenomena. By AMluiiix 
Guillemin. Translated from the French by Mrs. Norman 
LocKYER ; and Edited, with Additions and Notes, by J. Norman 
LocKYER, F.R.S. Illustrated by Coloured Plates, and 455 Wood- 
cuts. Third and cheaper Edition. Royal 8vo. 2\s. 
" Translator ami Editor have done justUt to their task. The 
text has all the force and Jhw of original 7oritinZt combining 
faithfulness to the author^ s meaning with purity and independence 
in regard to idiom ; while the historical precision and ctccuracy 
pervading the work throughout^ speak of the watchfid editorial 
sHperviston which has been given to every seieniifie detail. Noikin* 
can wdl exceed the ckamess and deluacy of the illustrative wood' 
cuts. Altogether, the work may be said to have no faralldy either 
in point oj fulness or attraetion, as a popular mamsul of physical 
science. " — Saturday Review. 

THE APPLICATIONS OF PHYSICAL FORCES. By A. 
Guillemin. Translated from the French bv Mrs. Lockyer, and 
Edited with Notes and Additions by J. ^f. Lockyer, F.R.S. 
With Coloured Plates and numerous Illustrations. Cheaper 
Edition. Imperial 8vo. cloth, extra gilt 361. 
Also in Eighteen Monthly Parts, price \s. each. Part I. in November, 
1878. 

* ' A book luhich 7ve can heartily recommcttd, both on account of the 
iL*idth and soutuhiess of its contents, and also because cf the excel- 
I cine of its frint, its illustrations, and external appearance." — 
Westminster Review. 

Hanbury.— SCIENCE papers : chiefly Pharmacological and 
Ik>tanical. Bv Daniul IIanbuky, F.R^S. Edited, with 
Memoir, by J. Ince, F.L.S., and Portrait engraved by C. II. 
J KENS. 8vo. 14J. 

Henslow.— THE theory of evolution of LIVING 
THINGS, and Application of the Principles of Evolution to 
Religion considered as Illustrative of the Wisdom and Benefi- 
cence of the Almighty. By the Rev. George Henslow, 
M.A., F.L.S. Crown 8vo. 6j. 

Hooker. — Works by Sir J. D. HoOKER, K.C.S.I., C,B., 
F.R.S., M.D., D.C.L. :— 

THE STUDENTS FLORA OF THE BRITISH ISLANDS. 
Second Edition; revised and improved. Globe 8vo. iQr. 6d, 
** Certainly the fullest and most accurate manual of the kind that 
has yet appeared. Dr. Hooker has sltatvH his characteristic industry 
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Hooker— fo»/;.r„n/. 

ohJ BbUlly in Ike cart and tkill which At kal t^nnvn inle tkt 
eharaclaso/lhtfJaHti. TAtu an la a gnal txlent mglitat, and 
an really admiriMl /or fA/ir icmUnaliBn ef elenrnni, titvity, 
midc^nipltltHa>."-VM MiD CdkUc. 
PRIMER OF BOTANY. Wiih III mirations, i8ma It, New 
Ediiion, itviseil nti'l coirecied. 

Hooker and Ball.—JOUKNAI. OF ATOURINMAROCCO 
AiilD THE GREAT ATLAS. Bj Sir J. D. MixiKKft, K.C.S.I.. 
C,B„ F.R.S., &c., and J..HN Ball, F.R.S. With Appemlicea, 
jndu^iig a Sketch of Ibe Geoloinr of Mnroeco, By (i. Maw, 
F.L.S., F.G.S. With Map »nd IlWrnions. 8vo. ai/, 
" This is. tailhoul Joubl, ant i-/ lie most inlcrcsHng and valuaile 
doois of Iravd pMislird for mdiy j-iui-j."— SperfBlor. 

Huxley and Martin.— a COURSE of PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By T. U. 
HUXLRV. LI.D., Sec. R.S., BwidiNl by H. N. Martin. B.A., 
M.U., D.Sc., Fellow of Christ's College, Cambridge, Crown Svo. 
6/. 

" 7%is is tht iMfst ItrnvH^ify Ta/imilc Uei laftaeherl and slmJenls 
9/ iiafngy jiiAicA has tzvr affearai in Ihi Engliik Itngtic." — 
Ltindon Quarterly Review. 

Huxley (Professor).— LAV SERMONS. ADDRESSES, 
AND REVIEWS. By T. H. HliKLKV, LL.D., F.RS. New 
uid Cheaper Edition. Crown &ia. jt. 6d. 

FBuilan DiscoitnttotitluJeUmvaigtulijieU: — (i) On the AdvisaNe- 
neu of ImpiwiHg mMtral KnasiUds': — (2) EHianc^atian — 
Black and iVhUt ;— (3) A Ultral RitatalipH, and wktn to find 
lir.'— (4) Scit'ilificEJucatiem—ii) On the EdtKalifHol falm 0/ 
the Natural llalary iuVwro.— (6) 0» tht Study tf Ztali^gy:— 
(7) Oh the Fhyncai Baoi »f Ufi:—[t) Tht SH/nlific A^als ef 
PasitioUm:—M Oh a Pitct ef Chatt:~{\<i) Cealigiial Cfntfm- 
fortttuUyaHdPtnislait Typts ef lift .—(W) GialegicalJftfiimi :— 
(H) Tht Origin */" -SM-h-/:— 1 1^ CHUeunu en lit " Or^ ff 
S/^ms:"— {14) On iSetcBTiri '^DiscMiru toHtkimg tht Mttl.od af 
ming OiUt /itmtm rightly aa J af itetitti; SHaitific Tmtk." 
ESSAYS SELECTED FROM "LAV SERMONS, AD- 
DRESSES, AND REVIEWS." Secuiut F^ition. Cn>wii Svo. ii- 
CRITIQUES AND ADDRESSES. 8*0. los. &/. 

Centtnti: — l. AJmiHitlralitit NikUisia. 2, Thi Sciwl Boards: 
what Ikty tan da, and wkat Ihrv may da. 3. On Medical Edit- 
catioH. 4. Ytasi. 5. Oh Iht Etrmatiaa 9f Ctal. 6. On Ccial 
and Coral Kirft. 7. On fhl Metktdt and Ktmlfi ef Ethnology. 
8, On sunt Fired ppint/ in Urilith Elhaalogy. 9, I\tlirenlfltgy 
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Huxley (Professor)— f^»/j«i/^. 

and the Doctrine of EvoltUion, la Biogenesis and Abiogenesis, 
II. Mr, Darwin^ s Critics. 12. The Genealogy of Amnials, 
13. Bishop Berkeley on the Metaphysics of Sensation. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. New Edition. Fcap. 8vo. 4r. dd, 

** Pure gold throughout.''^ — Guardian. ** Unquestionably the clearest 
and most complete elementary treatise on this subject that we possess in 
any la9tguage." — Westminster Review. 

AMERICAN ADDRESSES: with a Lecture on the Study of 
Biology. 8vo. 6/. (>d. 

PHYSIOGRAPHY: An Introduction to the Study of Nature. With 
Coloured Plates and numerous Woodcuts. New Edition. Crown 
8vo. 7j. 6d. 

** // would be hardly possible to place a more useful or suggestive 
book in the hands of learmrs and teachers, or one that is better 
calculated to make physiography a favourite subject in the science 
schools. " — Academy. 

Jellet (John H., B.D.).— a treatise on the 

THEORY OF FRICTION. By John H. Jellkt, B.D., 
Senior Fellow of Trinity College, Dublin ; President of the Royal 
Irish Academy. 8vo. 8j. 6d. 

Jones. — Works by FRANCIS JONES, F.R.S.E., F.C.S., Chemical 

Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor RoscoE. 
New Edition. iSmo. With Illustrations. 2s. 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. iSmo. 31. 

Kingsley.— GLAUCUS : OR, THE WONDERS OF THE 
SHORE. By Charles Kingsley, Canon of Westminster. 
New Edition, with numerous Coloured Plates. Crown 8vo. dr. 

Landauer. — blowpipe analysis. By j. landauer. 

Authorised EDgli>h Edition, by James Taylor and W. E. Kay, of 
the Owens College, Manchester. With Illustrations. Extra fcap. 
8vo. 4J 6d. 

Langdon.— THE application of electricity to 

RAILWAY WORKING. By W. E. Langdon, Member of the 
Society of Telegraph Engineers. With numerous Illustrations. 
Extra fcap. Svo. 41. f)d. 

** There is no officer in the telegraph service who will not profit by 
the study oj this booky — Mining Journal. 



PHYSICAL SCIENCE. 



13 



Lockyer (J. N.).— Work»byJ. Normam LocKveit. F.R.S.— 
ELEMENTARY LESSONS IN ASTRONOMY. With nu- 
merous lUustralians. New Edition. Fcaii. Svd. jj. 6d. 
" T/it booi is full, clear, loand, and twrtiy ff atttntiim, mil mly at 
a popular expoHHon, hut ai a scitntific 'IndaJ " — Atbaueum. 
THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 
Norman Lockver, F.R.S. With Coloured Plate uid numeroiu 
lllustralioni. Second Edition. Ciown Svo. 31. bd. 
CONTRIBUTIONS TO SOLAR PHYSICS. By J. Nokmaw 
LocKVEH, F.R.S. I. A Popular Account of Inquiriei inln the 
Physics! Constitution of the Sun, with especial reference to Recent 
SpeclroKopic Researches. II. Communications to (he Royal 
Society of London and the French Academy of Science!, with 
Notes. Illustrated by 7 Coloured Lithoeraphic Plates and 175 
Woodcut*. Royal 8va cloth, CKtra gill, price 3IJ. bd. 
"Til boot may bt iaiun as an authentic expaaium of the fftntU 
stall vf KtfHci in roHna/itm with thi imporlant mlijicl of sfKtro- 
Kopic analysis. . . . Eitn tki UHscienlific public may dcrior mtlch 
iH/armalion from it." — Daily News. 
PRIMER OF ASTRONOMY. With IllustratioiM. i8mo. i/. 

Lockyer and Scabroke.— stargazing : PAST AND 
PRESENT. An Inlroduction to Inttrumental Astionnmy. By 
J. N. LocKYBR, F.R.S. Eipondcd from Shorthand Notes of a 
Course of Royal Institution Lectures with the ashislancc of G. M. 
Seabroke,F.R.A.S. With numerous lllustntioiu. Royal Sto.jia 
"A took aj grealinterist and tttUilY It t)it ailivnamical iludmi." 
~ Ath«iwum. 
Lubbock.— Works bySiR John Lcihiock,M.P.,F,R.S.,D.C.L.: 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With Numerous lUiuintiaas. Second Edliioo. Crown 8vo. ^. &J. 
"As a summary of lie fhenemena of initct in/famorfiAosti An lifllt 
toot is of great value, and will he read wilM intertsl and pmfit 
iy ail studen/s of natural Hilary. The wkeli thapttr on tht 
origin of insects is most intrratiag and valuaile. The Slmilra- 
tOms art numertmt andgnod." — Westminster Review. 
ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. With Numerous lUusttatioiu. Second 
Edition. Crown 8vo. *i. 6d. 
SCIENTIFIC LECTURES. With III attritions. 8vn. 8/. W. 
CoNTEKTs: — Flmars and /niitl!— Plants and tnseifs—Ttt 
Habits pf AHts^Intrvductian to the Study of Prekiltorie 
Archialogy, ^"f. 
Macmillail (Rev. Hugh) — For other Woilu by the same 
Author, seeTHKOLOGicAL Catauot.ue. 
HOLIDAY'S ON HIGH LANDS ; or, Ramlilcs and IncidenU in 
search of Alpine Plants. Globe 8vo. cinth. 6*. . 




14 SCIENTIFIC CATALOGUE. 



Mftcmillan (Rev. Yi^s^)—amHimtd, 

FIRST FORMS OF VEGETATION. S<!cond Edition, corrected 
aiid enlarged, with Coloured Frontispiece and numeroits Ilk^tra- 
tions. Globe 8vo. 6r. 

Tke first etfUhn of this book toas published uttder iJU name of 
**Fl9otfufes fmn the Pajiy of Nature; or, Ftrsi F&rms of y^gOU' 
twH. Frobabfy the best popular guide to the s^ufy of mosses, 
lichens, and ptnfi ever written. Its pracHeai value as a help to 
the student and eoUector cannot be exaggerated.** — ^Manchester 
Examiner. 

Mansfield (C. B.).— Works by the Ute C B. Mansfield :— 

A THEORY OF SALTS. A Treatise on the Constitution of 
Bipofaur (two-membered) Chemical Compounds. Crown 8va I4r. 

AERIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by R. B. Mansfield. With a Preface by J. 
M. Ludlow. With Illustrations. Crown 8va tor. 6d. 

Mayer. — sound : a Series of Simple, Entertaining, and In- 
expensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. B^ A. M. Maybe, Professor of Physics 
in the Stevens Institute of feclraology, &c. With nmneroos Illus- 
trations. Crown 8vo. 3^. 6d, 

Mayer and Barnard. — light, a Series of Simple, Enter- 

tatning, and Useful Experiments in the Phenomena of Light, for 
the use of Students of every age. By A. M. Mayer and C. 
Barnard. With Illustrations. Crown 8vo. 2s, 6d. 

Miall.— STUDIES IN COMPARATIVE ANATOMY. No. I, 
The Skull of the Crocodile. A Manual for Students. By L. C. 
Ml all, Professor of Biology in Yorkshire College. 8vo. 2t. 6d, 
No. 2, The Anatomy of the Indian Elephant. By L. C. MiALL 
and F. Greenwood. With Platen. 5/. 

Miller.— THE ROMANCE OF ASTRONOMY. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St. Peter's Col- 
lege, Cambridge. Second Edition, revised and enlai||[ed. Crown 
8vo. 4J. (>d, 

Mivart (St. George). — Works by St. George Mivart,F.R.S. 

&c., Lecturer in Comparative Anatomy at St. Mary's Hospital: — 

ON THE GENESIS OF SPECIES. Second Edition, to which 

notes luive been added in reference and reply to Darwin's "Descent 

of Man." With numerous Illustrations. Crown 8vo. ^. 

•* /// no work in the English language has this great controversy 

been treated at once with the sante broad and vigorous grasf of 

facts, and the same liberal and candid /iw//Vr."— Satnrday Review. 



PHYSICAL SCIENCE. 



Mivart (St. George)— ro««m 
IHE COMMON FROG. Wiih 



— (Btilinudi. 
Wiih NutneT 
Bvo. ji. 6rf. (Nature Scries.) 



% Illiis 






it an able monaip-am 0/ Ikt J-'reg, 4tHd lemttiitts mtr/. fl 

thrmi-s valuable (roiil^kts aver umlr ptrliofit of animated lalHrr. 

Weald that suth vMrh were M»re /i'iWiliW."—QimrtcrIy Journal 

of Science. 

Moseley.— NOTES DV a naturalist on the "CHAT,- 

LENGER," beincnn accannt of variotis abMrvalion>: nuule during 

the voyage of H.M.S. "Cliallenger" roumi the world in ihc years 

1873—76. By H.N. MosHLKV. M.A.. F.k.S., Membcrof the 

■ Sdenlilic Sinff of Ihe " Challenger." With Map. Coloured 

■ rifttes, and Woodcuts. Svo. an, 

" This is terlaiuly the moil inUratUif and susff stive Ivei, deierif- 
live ef a naturaKsft travels, w/iieA hat tifit ptiUhktd sinte Mr- 
Dttnvin'i 'ysumal of Kestareliei' afftmtd, new mart than forty 
years ajv. That H b worthy a it placed altngtide that detiglitfHt 
rtroni of tht impressions, sfttitlations, and refleitinis ef a master 
m/Mi/, I', we do Hol denH, the htghat fraitt ■aikiek Mr. Mtseley 
vmuld desire far his botk, and cv de aal ieiilalc to lay thai lueh 
f raise is Us desert."— Vguae. 
Muir. — rRACTICAL CUEMKSTRY for MEftlCAL STU- 
DENTS. .Specially ammBed for Uie first M. B. Coarse. Uy 
M. M. rATTIiON MOIH, F.R.S.E. Fcip. »to. 1/. td. 
Murphy.— .HABIT AND INTELLIGENCE: a Serie* of 
Essays on the Laws uf Life and Mind. Ujr JoserH John 
MURPHV. Stcond Edition, Ihoroughly revised and mostly rc- 
ivrillen. With IllnstrBlions. 8vo. 16/. 
Nature.— A WEEKLY ILLUSTRATED JOURNAL OF 
SCIENCE. Published every Thursday. Price 6d. Monthly 
Parts, ts, and 2s. 6d. ; Half-yearly Vol umei, 151. Casesfor binding 
Voli. ts. 6d. 

" TJUs able and w^l-eJiteil Journal, whieh potts up iTie srlrnee of 

the Jay promptly, and promises to be of stptal serviet to sMdcnls 

and strntitli. .... Seartely any eipreisiont IkM we can employ- 

would ncameratt our sense ef Ike moral and IJuoto^ieol value ej 

the t*or*."— British Quarterly Review. 

Newcomb.— POPULAR astronomy. By Simon New. 

COMB, LL.P., rrofessor U.S. Naval Ol«ervato«. With 111 

Enuravings and Five Maj'suf the Slan. Svo, i& 

"As aSirding a thtrougtily r^iaile foundation for 

reading, Prafasor /fttucamlfi ' Ptpalar Aslronom} -3 

of strong reeommcndation." — Nature. 
Oliver.— Works by DanirL Otivtii, F.B.S., F.L.S., I^feuor ol 
Boluiy in Univenily College. London, and Keeper of ibe Herba- 
rium an'l Library nf the Royal Gaidens, Kciv ;— 
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LESSONS IN ELEMENTARY BOTANY. With nearly Two 
Hundred Illustrations. New Edition. Fcap. 8vo. 4r. td. 

FIRST BOOK OF INDIAN BOTANY. With numerous 
Illustrations. Extra fcap. Sva 65, 6J. 

** // coft/aifu a wdl^d^ested summary of all asential knowledge 
pertaining to Indian BotanVy wrought out in accordance with the 
best principles of scientific arrangement "—AWcrCs Indian Mail. 

Pasteur.— STUDIES on fermentation. The Diseafses 
of Beer ; their Causes and Means of Preventing them. By L. 

Pasteur. A Translation of ** Etudes sur la Biire," With Notes 
Illustrations, &c By F. Faulkner and D. C. Robb, B.A. 
8vo. 2is, 

Pennington.— NOTES ON the barrows and bone 

CAVES OF DERBYSHIRE. With an account of a Descent 
into Elden Hole. By Rooks Pennington, B.A., wL.B., 
F.G.S. 8vo. dr. 

Penrose (F. C.)— on a method of predicting by 

GRAPHICAL construction, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous method* 
for the Accurate Calculation of Longitude. By F. C. Penrose, 
F.R.A.S. With Charts, Tables, &c. 4to. lu. 

Perry.— AN elementary treatise on steam. By 

John Perry, B.E., Professor of Engineering, Imperial College of 
Engineering, Yedo. With numerous Woodcuts, Numerical Ex- 
amples, and Exercises. i8mo. 4s. 6d. 

**Mr. Perry has in this compact lit tic voiume brought together an 
immense amount of information^ new told, regarding steam and 
its application^ not the least of its merits being that it is suited to 
the capacities alike of the tyio in tngineering science or the better 
grade of artisan." — Iron. 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. Pickering, Thaver Professor of Physics in the Massa- 
chusetts Institute of Technology. Part I., medium 8vo. lor. 6</. 
Part II., lOf. dd. 

** When finished * Physical Manipulation* will no doubt be con- 
sidered the best and most complete text-book on the subject oj 
which it treats.** — Nature. 

PreStwich.— THE past and future OF GEOLOGY. 
An Inaugural Lecture, by T. Prestwich, M.A., F.R.S., &c.. 
Professor of Geology, Oxford. 8vo. 2s. 

Radcliffe.— PROTEUS : OR UNITY IN NATURE. By. C. 
B. Radcliffe, M.D., Author of "Vital Motion as a mode of 
Physical Motion. Second Edition. 8vo. ^s, 6d, 
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Rendu.— THE tiieorv of the glaciers of savoy. 
By M. LE CHA.VOINE Rendu. TransUled by A. Wells, Q.C, 

late President of the Alpine Ciub. To which arc added, the Originnl 
Memoir and Supplementary Arliclts by Professors Tait and Rus- 
KIN. Edited with Introductory remnrks byGEoRcE Foftties, B.A., 
Professor of Natural Philosophy in the Andetsonian University, 
Glasgow. 8vo. ^s. 6J. 

Roscoe.— Works by HtSRY E. RoscoE. F.R.S., Professor of 

Chemistry in Owens ColIsE«i Manchester ; — 
LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 

AND ORGANIC. With numerous lUustralions and Cli.omo- 

litho of the Solar Spectiuni, and of the Alkalis and Alkaline 

Earths. New Edition. Fcsp. 8vq. 4J. 6J. 
CHEMICAL PROBLEMS, adapted to the above by Professor 

Thorpe, Fifth Etiitlon, with Key. at. 

" iVi unhaitattHgly froitounct il lAe 6nl oj all our ilenuHlary 
IrcaHsa on Ctcwtu/fj'."— Medical Times. 
PRIMER OF CHEMISTRY. Illustrated. iSmo. 11. 

Roscoe and Schorlemmer. — a treatise on IN- 
ORGANIC CHEMISTRY. With mimerous Illttstrations, By 
Professors Roscoe and Schorlemmkb. 
Vol. 1., The Non-metallic Elements. Svo. lu. 
Vol. II., Part I. Metals. Svo. i8j. 
Vol. IL, Part n. MeUU. Svo. i&r. 
" RtganUd as a trtaliif on tJU Non-jnitallic Eltments, tktre can if 
HQ doubt Ihal Ihit wtunuis incBmparably tfumsst talii/acfotv cue 
cf %uhich vn art in feiteiHoH," — Spectator. 
■ ■ II ivauU lii difficua la praiie tkt viork too hishly. AH fht merils 
wAiti Tilt nolictd in tht first volumt are censfiicueus in Ihi sfcunj. 
l%t arrongtiHrni is cltar and leientifie ; Ike fiscls gained ty modern 
raeanh art /airly rtprrsfnted and Judieiensfy stlecled ; and the 
style tkroughimt it siHgularty huid. "—Lancet. 

Rumford (Count).— the life and complete wori^s 

OF BENJAMIN THOMPSON. COUNT RUMFORD. With 
Notices of bis Daughter. By GeORCz Ems. With Portrait. 
Five Voli. Svo. 4/. 141. 6d. 

Schorlemmer.— A MANUAL OF THE CHEM'STRV OF 
THECARBON COMPOUNDS OR ORGANICCHEMISTRV. 
By C. Schorlemurr, F.R.S., Lsdurer in Organic Chemistry in 
Owens College, Manchester. Svo. 141. 

"It appears lo ns to bt as eemftiU a manual of the mHamorf hoses of 
earioH as eotdd Be at frtseni froduced, and it mutt prove emineniy 
use/ut IB the chtmiea! student." — Alhenicum. 
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Shan D.— AM ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM ENGINE. 
By G. Shann, M.A. With Illustiations. Crown 8vo. 41. 6^. 

Smith.— HISTORIA FILICUM : An Exposition of the Nature, 
Number, and Organography of Ferns, and Review of the Prin- 
ciples upon which Genem are founded, and the S]rsteros of Classifi- 
cation of the principal Authors, with a new General Arrangement, 
&c By I. Smith. A.L.S., ex-Curator of the Royal Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. Fitch, 
F.L.S. Crown 8vo. 12s, (>d, 

•• No one anxious to work up a thorough knowledge of/ems can 
ajffctrd to do without it,'** — Gardener's Chronicle. 

South Kensington Science Lectures. 

Vol. I. — Containing Lectures by Captain Abnky, F.RS., rrofess?r 
Stokes. Professor Kennedy, F. J. Bramwell, F.R.S., Pro- 
fessor G. Forbes, H. C. Sorby, F.R.S., J. T. Bottomley, 
F.R.S.E., S. H. Vines, B.Sc, and Professor Carey Foster. 
Crown 8vo. dr. [Vol. II. nearly ready. 

Vol. II.— Containing Lectures by W. Spottiswoode, P.R.S., ProC 
Forbes, H. W. Chisholm, Prof. T. F. Pigot, W. Froude, 
F.R.S., Dr. Siemens, Prof. Barrett, Dr. Burden-Sander- 
son, Dr. Lauder Brunton, F.R.S., Prof. McLeod, Prof. 
Roscoe, F.R.S., &c Crown 8vo. &s, 

Spottiswoode.— POLARIZATION OF LIGHT. By W. 

Spottiswoode, President of the Royal Society. With numerous 
Illustrations. Second Edition. Cr. 8vo. 3/. 6d, (Nature Series.) 
** The illustrations are exceedingly well adapted to assist in making 

the text cofHprehensibley — Athenxum. **^ clear^ trustworthy 

manual. " — Standard. 

Stewart (B.).— Works by Balfour Stewart, F.R.S.,iProfessor 
of Natural Philosophy in Owens College, Manchester : — 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolithos of the Spectra of the Sun, Stars» 
and Nebulx. New Edition. Fcap. 8'vo. 41. 6</. 
The Educational Times calls this the bcau-id^al of a sciefttific text- 
book y clear y accurate ^ and thorough." 

PRIMER OF PHYSICS. With Illustrations. New Edition, with 
Questions. i8mo. \s, 

Stewart and Tait. — the unseen universe: or, 

Physical Speculations on a Future State. By Balfour Stewart, 
F.R.S., and P. G. Tait, M.A. Sixth Edition. Crown 8vo. 6j. 
** The book is one which well deserves the attention 0/ thoughtful and 
religious readers, . , . It is a perfectly sober inquiry^ on scientific 
grounds ^ into the possibilities of a future existence." — Guardian. 
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Stone. —ELEMENTARY LESSONS ON SOUND. By Dr. 

W. H. Stone, Lecturer on Physics at SI, Thomas' Ho5pils!. 
With lllustrationi. Fcap. Svo. 3/. &/. 

TaiL— LECTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A,, Professor ot 

Philosophy in the Uoiversity of Edinburgh. Second ediiion, 
revised and enlarged, with the Lecture on Force delivered before 
the British Assodaiion. Crown Svo. g/. 

Tanner.— FIRST principles of agriculture. By 

Henrv Tanner, F.C.S., Professor of Agricaltural Science, 
University College, Aberystwith, Examiner in ihe Principles of 
Agriculture under the Government Depnrtnienl ot Sdencc iSmo. 

Taylor. — sound and MUSIC : A Non-Mathemntical Tien* 
Use on the Physical Constitution of Musical Sounds and llannony, 
including Ihe Cliief Acoustical Discoveries of Professor Kclro- 
holtt. By Sedlet Tavlob, M.A„ kte Fellow of Trinity Col. 
ledge^ Cambridge. Large crown Svo. Si. hJ. 
" In m> praiiota scimtific Irtatlie Jo av remanhrr so ahauilivt and 
■iihly illHslralai a descriftien of Jormi of vHixilKm ami 0/ 
..,. = ,,„ "--•-ii^tan:*- -' 



i> fiaUi" 



-Musical Standard. 



Thomson. — Works by Sir Wyville Thomson, K.C.B., F.R.S. 
THE DEPTHS OF THE SEA : An Account of the General 
Results of the Dredging Cruises of H.M.SS. "Porcupine" nml 
"LightninE" during the Summers of 1868*69 and 70, under the 
gcientific direction of Dr. Carpenter, F.R.S., J. Gwyn Jeffreys, 
F.R.S., and Sir Wyville Thomson, F.R.S. With ncarir 100 
ntoslrations and 8 coloured Maps and Plans. Second Edition. 
> Royal Svo. cloth, gill. V- 6d. 

I The M^eoKatB rays :" Tlu book ii fidl 0/ iHltrtslmg malttr, ond 
it jvrilttn by a mailer oj the art aj fcpttlar ixpoiitien. It it 
exceflmlfy Uliulral/d, both caloiirrd mafs and womicMit possaiing 
high mtrit. 7%ae who havt alnad^ iffomt inlerated ht drawing 
tfB-aliens taill ef cotu-st mate a pmni ef rtaiing thU mri ; those 
wAj wiih to it plfosantly intriductd to t\e lih/ett, and rightly 
to afiprtciatc the ntwi which anwei /rom lime to linn from the 
' ChalleHger,' shoidd not /ail ta sitk instnutian from U." 
"the voyage OF THE " CHALLENGER."-TIIE ATLAN- 
TIC. A Pieiiminary account of the EiplorinE Voyages of H. M.S. 
"Challenger," during the year 1873 and the early part of 1S76. 
With numerous lUustiationa, Coloured Maps & Charts, & Portrait 
oflhe Author, engraved!byC. H.JEENS, i\ols. Medium Svo. 42J. 
Tht Timci sayi: — " // is right that the fuUie should havt same 
anthvritolivt aetount ef the grtifral retulli of the cxpedHien, ana 
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Thomson — continued, 

that as many of the ascertained dcUa as may be accepted with con- 
fidence should speedily find their place in the general body of 
scientifie kmnvledge. No one can be more competent than the 
accomplished scientific chief of the expedition to satisfy the public in 
this respect, . . . T7u paper ^ printings and especially the numerous 
illustrations y are of the highest quality, , . . We have rarely ^ if 
ever, seen more beautiful specimens oftuood engraving than abound 
in this work. , , , Sir IVyvilU Thomson^ s style ts particularly 
attractive ; heis easy and gracefuly but vigorous and exceedingly 
happy in the choice of language, and throughout the work there are 
touches which shorjo that science has not banished senHment from 
his botom,** 

Thudichum and Dupr6. — a TREATISE ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Maniial of Viticulture and CEnology. By J. L. 
W. Thudichum, M.D., and August DuprA, Ph.D., Lecturer on 
Chemistry at Westminster Hospital. Medium 8vo. cloth gilt. 25^. 

**A treatise almost unique for its usefulness either to the wine-grower, 
the vendor, or the consumer of wine. The analyses of wine are 
the most complete we have yet seen, exhibiting at a glance the 
constituefit principles oj nearly all the wines known in this country." 
— Wine Trade Review. 

Wallace (A. R.). — Works by Alfred Russel Wallace. 
CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. New Edition, with 
Corrections and Additions. Crown 8vo. %s. 6d, 

The Saturday Review says : ^^ lie has combified an abundance of 
fresh atid original facts with a liveliness and sagacity of reasoning 
which are not often displayed so effectively on so smalt a scale.** 

THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Earth's Surface. 2 vols. 8vo. 
with Maps, and numerous Illustrations by Zweckcr, 42J. 

The Times says: ^* Altogether it is a wottderful and fascinating 
story, wliatever objections may be taken to theories founded upott 
it. Mr. Wallace has not attempted to add to its interest by any 
adornments oj style ; he has given a simple and clear statement oJ 
intrinsically interesting facts, and what he considers to be legiti- 
mate inductions from them. Naturalists ought to be grateful to 
him for having uftdertaken so toilsome a task. The work, indeed, 
is a credit to all concerned — the author, the publishers, the artist — 
unfortunately now no more — of the cUtractiw illustrations — Icut 
but by no means leasts Mr, Stanford's map-designer,*^ 
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Wallace (A. R.)— «, 
TROPICAL NATURE : wiih other Essays. 8»o. lai. 

" NaaihiTi omid Ikt many dtirriptieni of Iht trefvt! that hatii Ian 
ghtn is Ib bt Jmmd a summary 0/ tit fail history and actual 
fhttiomemt of Iki frefks vkUh gh'ti that vihkk it diitinrlivt of 
tht phases of nature in theiu more dearlf, shortly, and impris- 
shtly." — Sttturda)' Review. 

Warington.— THE WEEK OF CREATION; OR, THE 
COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By Gkorge Wail- 
ISGTON, Amhor of ■' The Historic Chatactcr of the Pentaieuch 
VindicnteJ." Ciown 8»o. 4/. W. 

Wilson.— RELIGIO CHEMICr. By the kle Georgk W:lsos, 
M.D.. F.K.S.E., Regius Profcsmr of Technology in Hie Uiiivei^ity 
of Eclmburch. Willi a Vignette liMuttfully engraved after a 
desipi by Sir Noel Paton. Crovm 8vo. %t. 6d. 

Wilson (Daniel).— CALIBAN: a Critique on Shakespeare's 

"Tenipcsl" and "Midsummet Night's Dream." By Daniel 

WrLSON, LL.D., Professor of History and English Litemture in 

University College, Toronto. 8vo, 101, 6d. 

" Tie loiole votume is most ruh in Ih* eloqutnte of thought and 

imagiiiatioH al tcoV as of words. It is a choice contriiulioit at 

eHce to sdencf, Ihiolepf, rdi^on, and /nVriVWrr."— British 

Quarterly Review. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Aldkr Wrioht. D.Sc, Ac, Lcc- 
lurei on Chcmisiry in St. Mary's Hospital School. Extra fcap. 
8vo. y.U. 

Wurtz.— A HISTORY OF CHEMICAL THEORY, from the 

Age of Lavoisier down to the present time. By Ad. Wdbt£. 

Translated by Uenkv Watts, F.R.S. Crown 8vo. 6r, 

" The disceursf, as a risuioe of chemical theory and research, unilts 

linguiar laminotunaj andgrasf. A feic psdisiiMs nota are added 

by the translator."— Vam Mall Guetle. " The Irealmtnt of the 

snijecl it admiraiU, and tht Iranslater hat etndfntly dene his duly 

hmsI eficiiHlly." — Westminster Revien-. 
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SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors HuxLEY, ROSCOE, and 

Balfour Stewart. 

Introductory. By Professor Huxley, F.R.S. {Ntarly ready. 

Chemistry — By H. E. Roscoe, F.R,S., Professor of Chemistry 
in Owens College, Manchester. With numerous Illustrations. 
i8mo. I/. New Edition. With Questions. 

Physics.— By Balfour Stewart, F.R.S., Professor of 
Natural Philosophy in Owens College, Manchester. With numer- 
ous Illustrations. i8mo. ix. New Edition. With Questions. 

Physical Geography .— By Archibald Geikie. F.R.S., 
Murchison Professor of Geology and Mineralogy at Edinburgh. 
With numerous Illustrations. New Edition with Questions. 
i8mo. I J. 

Geology — By Professor Geikie, F.R.S. With numerous Illus- 
trationjt. New Edition. i8mo. cloth. \s. 

Physiology — By Michael Foster, M.D., F.R.S. Wit 
numerous Illustrations. New Edition. i8mo. \s. 

Astronomy.— By J. Norman Lockyer, F.R.S. With numerous 
Illustrations. New Edition. i8mo. u. 

Botany — By Sir J. D. Hooker, K.C.S.L, C.B., F.R.S. With 
numerous Illustrations. New Edition. i8mo. u. 

LfOgic — By Professor Stanley Jevons, F.R.S. New Edition. 
iSmo. ij. 

Political Economy — By Professor Stanley J EVONS, F.R.S. 
i8mo. \5, 

Others in preparation, 

ELEMENTARY SCIENCE CLASS-BOOKS. 

Astronomy — By the Astronomer Royal. POPULAR AS- 
TRONOMY. With Illustrations. By Sir G. B. Airy, K.C.B., 
Astronomer Royal. New Edition. i8mo. 4J. td, 

Astronomy.—ELEMENTARY LESSONS IN ASTRONOMY. 

With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By T. NoRMAN LoCKYER, 
F.R.S. New Edition. Fcap. 8vo. 5/. id. 



SCIENCE CLASS-HOOKS. aj 

Elementary Science Class-books — contmueJ. 
QUESTIONS ON LOCKYEK'S ELEMENTARY LESSONS 
IN ASTRONOMV. For ihe Use of Schools. By Johk 
Forbes Kodektson. tSmo, cloth limp. u. 6J. 

Physiology — lessons in elementary PHYSIOLOGV. 
With numerous lllustratioiLs, By T. H. HdxLev, F.R.S., Pro- 
fessor of Natural Hittory m Ihc Royal School of Mlne^ New 
Edition. Fcap. 8vo, 4J. 6d. 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. ByT. Alcock, M.D. tSaio. ix. &/. 

Botany.-LESSONS IN ELEMENTARY BOTANY. By D. 
Olivkr, F.K.S., F.L.S., Professor of Botany in Univer:ity 
College, London. With nearly Two Hundred Illustrations. New 
Edition. Fcap, 8yo. 41. W. 

Chemistry.—LESSONS IN ELEMENTARY CHEMISTRY, 
INORGANIC AND ORGANIC. By Hekky E. Roscoe. 
F.U.S., Professor of Chemistry in Owens College, Mnache^ler. 
With numerous lUostrations and Chromo-Litho of llie Solar 
Spectrum, and of Ihe Alkalies and Alkaline Earths. New Edition. 
Fcap. 8to. 4r. 6d, 

A SERIES OF CHEMICAL PROBLEMS. prer""<J «'lli 
Special Reference to the aboTC, by. T. E, Thorpe, Ph.!',, 
Professor of Chemistry in the Yorkshire CoUezc of Science, Lcedh 
Adapted for the prq>iration of Students for Ihe Govemiceiit, 
Science, and Society of Arts Eiaminationi. With a t'tcfxc by 
Pri<fe.sor Roscoe. New Edition, with Key. iSmo. =/, 

Practical Chemistry.— the OWENS college JUNIOR 
COURSE OF PRACTICAL CHEMISTRY. By FitA,tcis 
Jones, F.R.S. E., F.C.S., Chemical Muster in the Grammar Suhuol, 
Mancbesler. With Prebce by Profeuior Roscoe, and lllm,tiaiioa». 
New Edition. iSmo. u. 6t/. 

Chemistry. — questions on. a Scna cf Problems and 
Exercises in Inorganic and Organic Chemislty, By F. Jones, 
F,R,S.E., F.C.S, iSmo, y. 

Political Economy— POLITICAL economy for ue- 

GINNERS. By Millicent G. Fawcett. New Edition. 
iSmo, 2J. &/, 
Logic. -ELEMENTARY LESSONS IN LOGIC ; Deductive and 
Inductive, with co|Mous Questioni and Examples, and a Vocabulary 
of LogicJ Terms. By W. STANLEY Jevos% M.A., Profeist.t of 
Politiol Economy in Univenity College, London. New Edition. 
Fcap. 8vo. y. id. 
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Elementary Science Class-books — ccfUimud. 

Physics — LESSONS IN ELEMENTARY PHYSICS. By 
Balfour Stewart, F.R.S., Professor of Natural Philosophy in 
Owens College, Manchester. With numerous Illustrations and 
Chromo-Litho of the Spectra of the Sun, Stars, and Nebulae. New 
Edition. Fcap. 8vo. 4/. 6d, 

Anatomy — LESSONS IN elementary anatomy. By 

St. George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital. With upwards of 400 Illustrations. Fcap. 
8vo. 6s, od. 

Mechanics — an ELEMENTARY treatise. By A. B. 
W. Kennedy, C.E., Professor of Applied Mechanics in University 
College, London. With Illustrations. \ln preparation. 

Steam — an elementary treatise. By John Perry, 
Professor of Engineering, Imperial College of Engineering, Yedo. 
Wiih numerous Woodcuts ana Numerical Examples and I^ercises. 
l8mo. 4r. (id. 

Physical Geography. — elementary LESSONS IN 

PHYSICAL GEOGRAPHY. By A. Geikie, F.R.S., Murchi- 
son Professor of Geology, &c., Edinburgh. With numerous 
Illustrations. Fcap. 8vo. 4r. (id, 

QUESTIONS ON THE SAME. ix. dd. 

Geography.— CLASS BOOK OF GEOGRAPHY. By C. B. 
Clarke, M. A.. F.R.G.S. Fcap. 8vo. 25, dd. 

Natural Philosophy.- natural PHILOSOPHY FOR 

BEGINNERS. By I. Todhunter, M.A., F.R.S. Part I. 
The Properties of Solid and Fluid Bodies. i8mo. 3J. 6</. Part 
II. Sound, Light, and Heat. l8mo. 31. dd, 

Sound— AN ELEMENTARY TREATISE. By Dr. W. H. 
Stone. With Illustrations. i8mo. y, 6d, 

Others in Preparation, 



MANUALS FOR STUDENTS. 

Crown 8vo. 

Dyer and Vines — the structure OF plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and lecturer of Christ's College, Cambridge. 
With numerous Illustrations. \Inpreparaiicn. 
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Manuals for Students — continued, 

FawCCtt A MANUAL OF POLITICAL ECONOMY. By 

Professor Fawcett, M.P. New Edition, revised and enlarged. 
CroA^n Svo. izr. (id, 

Fleischer.— A system OF volumetric analysis. 

Translated, with Notes and Additions, from the second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustra- 
tions. Crown Svo. 7/. 61/. 

Flower (W. H.).— an introduction to the oste- 
ology OF THE MAMMALIA. Being the Substance of the 
Course of Lectures delivered at the Rojral Colle?e of Surgeons of 
England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown Svo. lox. (>d, 

Foster and Balfour the elements of embry- 

OLOGY. By Michael Foster, M.D., F.R.S., and F. M. 
Balfour, M.A, Part I. crown 8va 7j. 6t/. 

Foster and Langley.— a COURSE OF ELEMENTARY 

practical PHYSIOLOGY. By Michael F"oster, M.D., 
F.R.S., and J. N. Laxgley, B.A. New Edition. Crown Svo. 6j. 

Hooker (Dr.)_THE students flora of the British 

ISLANDS. By Sir J. D. Hooker, K.C.S.L, C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe Svo. loj. 61/. 

Huxley — PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous 
Illustrations, and Coloured Plates. New Edition. Crown Svo. 
7^.6*/. 

Huxley and Martin — a COURSE OF PRACTICAL IN- 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, F.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown Svo. (iS, 

Huxley and Parker — elementary biology, part 

II. By Professor Huxley, F.R.S., assisted by — Parker. 
With Illustrations. \In preparation, 

Jevons— THE PRINCIPLES OF SCIENCE. A Treatise on 
Logic and Scientific Method. By Professor \V. Stanley Jevon?, 
LL.D., F.R.S., New and Revised Edition. Crown Svo. 12/. dd. 
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Manuals for Students — tontinutd. 

Oliver (Professor) first book of Indian botany. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of the 
Herbarium and Library of the Royal Gardens, Kew. With 
numerous Illustrations. Extra fcap. 8vo. 6j. 6^/1 

Parker and Bettany.— the MORPHOLOGY OF THE 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. lox. dd, 

Tait — AN ELEMENTARY TREATISE ON HEAT. By Pro- 
fessor Tait, F.R.S.E. Illustrated. [/« the Press, 

Thomson — zoology. By Sir C. Wyville Thomson, 
F. R. S . Illustrated . [/» preparation . 

Tyler and Lankestcr.— anthropology. By e. b. 

Tylor, M.A., F.R.S., and Professor E. Ray Lankester, M.A., 
F.R.S. Illustrated. [In preparation. 

Other volumes of these Manuals will follow. 
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WORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

AriBtOtlc — AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Aoalysij. Notes, and Appendices. By E. 
M. Cope, Trinity College, Cambridge. 8vo. 14J. 
ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Ttniukiioti uid Niilcs by Eqwakd Poste, 
M.A., FeUow orOriel Collie, Oxiard. livo. Si. f>J. 

Balfour-— A DEFENCE OF PHILOfaorillC UOUBT: being 
an Essay oa the Foundatioiu of Belief. By A. I. Balfouk, 
M.P. 8vo. IZ>. 

ii aatJingfy hriltiani and tu^aUvt," — 



rimce and /i«A^."— Aiheweum. 

Birks.— Works by the Rev. T. R. BimKs, ProTeBor of Mortl PWlo- 
sophy, Combridee ! — 

FtRST PRINCIPLES OF MORAL SCIENCE ; or, a First 
Courae of Lectures delivered, in (he Uoiversiqt of Cambridge. 
Crown 8*0, 8j. (td. 

This tBork treats of tkra topict all prdimiKary la tht dinct expoti- 
rtfld sf Moral FAUotopAy. T%ae art tht Ctrlainly and Dignity 
ef Moral Scifnee. ill Spiritual Gcogrofky, or rtlatitm to at/Ur 
main tubjitli of human Ikoughl, and itt Formalivi Prinnfia, fr 
Kmt tltmntlary Irulhs en whuh its wholt develepmml muil 



MODERN PHYSICAL FATALISM, AND THE DOCTRINE 
OF EVOLUTION ; bcluding an Eimnioition of Herbert Spen- 
cer's First Principles. Crown 8vo. 61. 
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Boole. — AN INVESTIGATION OF THE LAWS OF 
THOUGHT, ON WHICH ARE FOUNDED THE 
MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By George Boole, LL.D., Professor of 
Mathematics in the Queen's University, Ireland, &c. 8vo. I4r. 

Butler.— LECTURES ON THE HISTORY OF ANCIENT 
PHILOSOPHY. By W. Archer Butler, late Professor of 
Moral Philosophy in the University of Dublin. Edited from the 
Author's MSS., with Notes, by William Hepworth Thomp- 
son, M.A., Master of Trinity College, and Regius Professor of 
Greek in the University of Cambridge. New and Cheaper Edition, 
revised by the Editor. 8vo. \zs, 

Caird. — a critical account of the philosophy 

OF KANT. With an Historical Introduction. By E. Caird, 
M. A., Professor of Moral Philosophy in the University of Glasgow. 
8vo. i&r. 

CalderwOOd. — Works by the Rev. Henry Calderwood, M. A., 
LL.D., Professor of Moral Philosophy in the University of Edin- 
burgh ; — 

PHILOSOPHY OF THE INFINITE : A Treatise on Man's 
Knowledge of the Infinite Being, in answer to Sir W. Hamilton 
and Dr. Mansel. Cheaper Edition. 8vo. 1$. 6d. 
**A book of great ability .... written in a clear stUy and may 

be easily understood by even those who are not versed in such 

discussions "-^Bntish Quarterly Review. 

A HANDBOOK OF MORAL PHILOSOPHY. Sixth Edition. 
Crown 8vo. 6s. 
**ItiSf we feel convinced^ the best handbook on the subject j intdlectually 

and morally ^ and does infinite credit to its author.^ — Standard. 

**A compact and useful work, going over a great deal of ground 

in a manner adapted to suggest and facilitate further study. . . . 

His book will be an assistance to many students outside his awn 

University of Edinburgh, — Guardian. 

THE RELATIONS OF MIND AND BRAIN. 8vo. I2J. 

" // should be of real service as a clear exposition and a searching 
criticism of cerebral pyschology ." — Westminster Review. 

•* Altogether hu work is probably the best combination to be found 
at present in England of exposition and criticism on the subject 
of physiological psychology." — The Academy. 

Clifford.— LECTURES AND ESSAYS. By the late Professor 
W. K. Clifford, F.R.S. Edited by Leslie Stephen and 
Frederick Pollock, with Introduction by F. Pollock. Two 
Portraits. 2 vols. 8vo, 251. 
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Clifford-vtf«/.).«rt/. 

" ThiT\\a^of Oclt^zzHdsayi:--" Many a frimdaf thi author 
en first taking uf thnt volffna and rt^toiibtriis his vtriatilt 
giHiHt and his inn mj^mriU efaU rtalms of mttutttusil activity 
mmt httvt IremUrd, lot lAty shiuld it fffund UtoHsiit t/fragmtn- 
lory fittti of -work, loo disianntaed to d» puttee to his fmert ^ 
tomecntitu rtading, and too varitd la hatii any iffkl at A whole. 
ForiumalHy that fmrt art gremtdltrs. . . . It is not Mfy in 
ttii/tti that the various fapas are tlosdy rdaled. 7%tre is also a 
lismdar ttHsisftney cf I'inv and of mtthod throughotit. . . . II 
it m Ihi satial and mttapkyskal mhJKit that ifu rkinai of kit 
intdlect shtws itself, melt foreil>lj> in tht rarity and originaiily of 
" " - - " ' ' I preietds lo m. Tb affnaatt this varittyila 
thi iooi ilsdf for it treats in some form or other 
pf all the snlyteU of Jetfett inltrtil in ihii agitfqueslioHing." 

Fiske. — OUTLINES OF COSMIC PHILOSOPHY. BASED 
ON THE DOCTRINE OF EVOLUTION. WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By Jokk 
Fiske, M.A., LL.B., formcrlf LecCurci an Ptuloui^hy at 
Harvard Univeisitf. 3 vols. Svo. 151. 

" ITte work eonsHlutes a very ej^tivf enrfthfutdia of Ike etvltOion- 
ary philosophy, and is Tedl worth the sindy of all viha visk to set 
at ante the entire seope and purpart of the tritntifit dogmatism of 
the dov." — Sikturdar Review. 

Harper.— THE METAPHYSICS OF THE SCHOOL. By Ihe 
Rev. Thoiiaj IlAKfEU (S.J,). In 5 vqIs. Svo. 

[Vol /. in J^ovemder. 

Herbert.— THE realistic assumptions of modern 

SCIKNCE FJCAMINED. By T. M. Hekbert, M.A., kte 
Professor of PhiloEophy, &c.. in the Luicuhire Indqieodeat 
College, MoDchetler. Svo. 141. 

■' Mr. Nertert'i worA appears to us one of real ahility and import- 
Tktaulher has shatan himself vitU trained in fhilosBphieat 
Hire, ami possessed ff high rriHeal and tpeenlatireptneirs." — 
Mind. 

Jardine.— THE ELEMENTS OF THE PSYCHOLOGY OF 
COGNITION. By Rubert Jardinb, B.D., D.St, Ptindpd ot 
Ihe General Aisembly's College, CalcuUi, uid FcUcnr of the Uni- 
vcrsitj of Calculto. Crown Svo. fts. 6d. 

Jevons.— WorVs by W. Sf ANUtY Uvons, LL.D., M.A., F.R.S., 
ProIcisoT oi Political Eroaomy, Universty Collie, Loixloai 
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Jevons — cofUinued, 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Cheaper Edition, revised. Crown 
8vo. I2J. 6</. 

^^ No one in future can be said to have any true knowledge of what 
has been done in the way of logical and scientific method in 
England without having careptlly studied Professor Jevoni 
^<w/6. "—*'■• ectator. 

THE SUBSTITUTION OF SIMILARS, the True Principle of 
Reasoning. Derived from a Modification of Aristotle's Dictum. 
Fcap. 8vo. 2j. 6d. 

ELOIENTARY LESSONS IN LOGIC, DEDUCTIVE AND 
INDUCTIVE. With Questions, Examples, and Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. 31. 6d, 

PRIMER OF LOGIC. New Edition. i8mo. is, 

MaCCOll. — THE GREEK SCEPTICS, from Pyrrho to Sextus. 
An Elssay which obtained the Hare Prize in the year 1868. By 
Norman Maccoll, B.A., Scholar of Downing College, Cam- 
bridge. Crown 8vo. y. 6d, 

M'Cosh— Works by James M'Cosh, LL.D., President of Princeton 

College, New Jersey, U.S. 

** He certainly shows himself skilful in that application of logic to 

psychology f in that inductive science of the human mind ivhich is 

the fine side of English philosophy. His philosophy as a whole is 

worthy of attention," — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 

and Moral. Tenth Edition. 8vo. los, 6d. 

** This work is distinguished from other similar ones by its being 
based upon a thorough study of physical science^ a fid an accurate 
knowledge of its present condition, and by its entering in a 
deeper and more unfettered manner than its predecessors upon thedis' 
cussion of the appropriate psychological^ ethical, and theological ques' 
tions. The author keeps aloof at once from the k priori idealism and 
dreaminess of German speculation since Schelling, and from the 
onesidedness and narrowness of the empiricism and positivism 
which have so prevailed in England." — Dr. Ulrici, in "Zeitschrift 
fiir Philosophic." 

THE INTUITIONS OF THE MIND. A New Edition. 8vo. 

cloth. \os. 6d, 

*^The undertaking to adjust the claims of the sensational and in- 
tuitional philosophies, and of the h. posteriori andk priori methods^ 
is accomplished in this work with a great amount of success." — 
Westminster Review. **/ value it for its large acquaintance 
with English Philosophy, which has not led him to neglect the 
great German works. I admire the moderation and clearness, as 
well as comprehensiveness, of the author^ s views." — Dr. Domer, of 
. Berlin. 




M ' C OSh — continutd. 
AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 
Being a. Def:tice ol FuadnincnliiJ Truth. Second etliliou. with 
oddilioos. loi. S/. 

"Sttch a work greatly naiitd to it doni. and tfu atdher mu the mrm 
todoii. ThisveiHUtiiiiiiporlant. not mrrdv in rtfrrtna to Iht 
views of Mr. Milt, but of thi loAi^t irbeo! of wril/n, Mit and 
firtseni, Sritiikatid ConriMtHlal, he so ably rtfratnts," — Princeton 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Fonna] Logic. Crown Svo. 5(. 

" The atnounl of snmmariud imfitrmation tvhiek it cenlaini ii rtry 

gnat; and it ii the only loari of the very imfiarianS slbj/rl with 

which it dtols. A'ever leas smeh a work so mueh lutdtd at in 

the frestHt day." — London Quarterly Review. 

CHRISTIANITY AND POSITIVISM : A Serie* of Lectareslo 

the Times on Natural Theulogy and Apologetics. Crown 8*a. 

7/. 6J. 

THE SCOTTISH FHILOSOPHV FROM HUTCHESON TO 

HAMILTON, Biognphical, Crilienl. Eiposiwry. Royal Bvo, ifij. 

Masson.— RECENT BRITISH PHILOSOrHY : A Review 

with Crllicism* 1 Including some Cornmi.-nl9 on Mr. Milfi Answci 

to Sir William Hamilinn. By DAViti Masson, M.A., Profettor 

of Rhetoric and En{;li«li Liieriiute in the Univcraiiy of Edlnbui^. 

Third Edition, with an Ailditlonal Chapter. Crown Svo, 6/ 

"rtV can Hmokirt foinl to a uwh whi^i gkrtt^tlmr on txfosi- 

lion of the tanrit 0/ fhibiofhicol sftmlalion in BriUiit dimng 

the fail •.nlHey, or ivMeh indkalet 10 imtrttOktly the mutual in- 

Alienees of fhilasofhu and sdefiti^lkeught'' — Fortnightly Review. 

Maudsley. — Works by H. Maitdslev, M.D., Profowr of Medical 

Jurisprudence in Untvenily College, l^ndon. 
THE PHYSIOLOGY OF MIND; being ihc First Part of a Third 

Edition, Revised, Enlarged, and in jncal part Rewttlten, of "The 

Phyaolofiy and Failioloey of MiniL Crown Svo. iw. &/. 
THE PATHOLOGY OF MIND. Rovi;wI, Enlarged, »nd in grcit 

part Ke-wHtlen. Svo. iSi. 
BODY AND MINI) : an Inquiry into iheir Conncaion and Mutual 

Influence, suecially uitit refercDCc to Mental DiionUn. An 

Enlaif^ and Revised edition. To which ate aJded, Psychological 

Essays. Crown Svo. 6j. W. 
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Maurice. — Works by the Rev, Frederick Denison Maurice, 
M. A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For other Works by the same Author, see Theological 
Catalogue.) 

SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo. 
IQf. 6^. 



«< 



Whilst reading U we are charmed by the freedom Jrom exclusweness 
and prejudice^ the large chariiy^ t/ie loftiness of thought^ thi eager* 
ness to recognize and appreciate whatever there is of real zuorth 
extant in the world, which animates it from one end to the other. 

We gain new thoughts and new ways of viewing things ^ even more, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind, - — Athenaeum. 

THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown 8vo. 5J. 

The Saturday Review says: **We rise from than with detestcUion 
of all that is selfish and mean, and with a living impression that 
there is such a thing as goodness after all.^^ 

MORAL AND METAPHYSICAL PHILOSOPHY. VoL I. 
Ancient Philosophy from the First to the Thirteenth Centuries ; 
VoL II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Preface. 2 Vols. 8vo. 25J. 

Morgan.— ANCIENT society : or Researches in the Lines ot 
Human rrogrcss, from Savagery, through Barbarism to Civilisation. 
By Lewis II. Morgan, Member of the National Academy of 
Sciences. Svo. i6j. 

Murphy,— THE scientific bases of faith. Bv 

Joseph John Murphy, Author of '* Habit and Intelligence." 
Svo. 14J. 

** The book is not without substantial value; the writer continues the 
work of the best apologists of the last century, it may be with less 
force and clvartu'ss, but still icith commemlable persuasiveness and 
tact; and with an intelligent feeling for the changed conditions of 
the problem. " — Academy. 

Paradoxical Philosophy. — a Sequel to "The Unseen Uni- 
verse." Crown Svo. ys. 6d. 

Picton.— THE mystery of matter and other 

essays. By J. Allanson Picton, Author of " New Theories 
and the Old Faith." Cheaper issue with New Preface. Crown 
Svo. 6s, 
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Contents ;— ri^ Mnlfry of Malltr—Tht FkU.<sefhy of /gnt- 



Sidgwick.— THE METHODS OF ETHICS. By Henm 

SiDGwicK, M.A., Prelector in Moral uid Poliiical Philosophy ia 

Trinity College, Cambrid|;c. Second Edilion, revised throujjhoul 

with important additions. Svo. 14/. 

A SUPPLEMENT to tlie First Editiim, coniaining ill the iraportknt 

additions and alterations in the Second. Svo. u. 
" Thii eicillitil bhA vtry imlcsmt txitume. .... Lraving t9 maa- 
phynciam any fitrtktr dUcussien lAat may be nttdid rtifaH»g the 
already bver-ditetaied proiltm efOtt ttigm of Ike mtral hetilly, it 
taia it for granlrd as riadUy as lAt geemelrkian takes 3paa ftr 
granltd, w the piviirist the ixiittntt ^malftr. Bat he taka lUtU 
dse for granted, and dffining elhki ai ' fht scimee af cendutt,' be 
earefflly examines, net Iht various tthkal tystfms Ikal hove been 
frafoundtd by Arislalle and Arislolles filltnvcrs dra/irvsards, bul 
the frindplet w/cn v:ldck, so far as Ihey amfine themsdvti to tXt 
Strict prauma of ethics, Ihey are based." — AilieniEUin. 

Thornton.— OLD-FASHIONED ETHICS AND COMMON- 
SENSE METAPHYSICS, wilh some of llieir Applications, lly 
WtLLiAJit ThumajiTiiorni'uk, Authoi of "A Treat^e on LalMur- 
Svo. toi. 6^. 

The praeni velume arati with firatlrmi tokieA are agitating Ike 
minds af all Ihimghljul men. Ihr fidloaing are Ihe Contents: — 
1. Anie-Vlilitmrianiim. 11. Hiitor^a Sciatl^e Pretemttnt. llf. 
Dot-id Hnmeaia Alelapkyrieiim. JV. Htadeyism. V. Prt.nl 
PkaseefSeitHtific Atheism. VJ. LtmiU of Demonstrable J'heitm. 

Thring (E., M.A.),— THOUGHTS ON LIKE-SCIENCE, 
liy Edward Tkrim:, M.A. (Dcnjamin Place), Head Muierof 
Lppingliam SchooL New Edition, enlarged and revised. Crown 
8vo. V- 6rf. 

Venn. — THE LOGIC OF CHANCE : An Essay on the Founda- 

lions and Province of the Theory of Probability, with esnecial 

lelercni;e to its logical bearings, and its application to Monu and 

Social Scleuce. By John V«ns, M.A., Fellow and Lecturer of 

Gonville and Caius Colleee, Cambridge. Second Edilion, re- 

nrillen and greatly enlai^ed. Crown SvO- lOi. td. 

" One of the mesi lAffafAl/ul and fhHasafihieaJ Ireatisa on any tub- 

jetl eennetted with Upe and rjidente which has been frodneed in 

this or any other country for many years." — Mill's Lo];ie, f jL U. 

p. 77. Seventh Edition. 



NATURE SERIES. 



THE SPECTROSCOPE AND ITS APPLICATIONS. 

By J. N. LOCKYER, F.R.S. With IHostratioiu. Seamd Editum. Crown 
8vo. y. 6d, 

THE ORIGIN AND METAMORPHOSES OF IN- 

SECTS. By S.r JOHN LUBBdCK, M.P., F.R.S. With IllustntioDt. 
Cruwn 8vo. y. ()d. Second Edition. 

THE TRANSIT OF VENUS. By G. Forbes, B.A., 

Profe<tsor of Natural Philosophy in the AndcrsMniao Unipnlty, Glafgow 
Wiih numerous Illustrations. Crown 8vo. 3^. fid, 

THE COMMON FROG. By St. George Mivart, 

F.R.S. Illustrated. Crown 8vo. 3^. 6</. 

POLARISATION OF LIGHT. By W. Spottiswoode, 

LL.D., President of the Royal Society. Illustrated. Second Edition. Crown 
8vo. 3*. dd. 

ON BRITISH WILD FLOWERS CONSIDERED IN 

RELATION TO INSECTS. By Sir JOHN LUBBOCK, M.P., F.R.S. 
Illustrated. Second Edition. Crown 8vo. iS. 6d. 

THE SCIENCE OF WEIGMIXG AND MEASURING. 

I{y H. W. CHISHULM, Warden of the Standards. Illustrated. Crown 8vo. 
41. 6d. 

HOW TO DRAW A STRAIGHT LINE : A Lecture on 

Linkages. By A. B. KE.MPE, B.A. Illustrated. Crown 8vo. u. Sti. 

LIGHT : A Series of Simple, Entertaining and Useful 

Experiments in the I'licnomcnn of Li){ht for the Use of Students of even' Age. 
15y ALKRED M. MAYliR aud CHARLES BARNARD. With Illustrations. 
Crown Svo. 2s. 6d. 

SOUND : A Series of Simple, Entertaining and Inex- 
pensive Experimen:s in the Phen uncna of Sound, f jr the Use ( f Students « f 
every Age. By A. M. MAYER, Pr.»fe<yijr of Physics in the Stevens Institute 
of 'J cchuulogy, &c. With numerous Illustrations. Crown 8vo. 3s. 6d. 

SEEING AND THINKING. r>y Prof. W. K. Clifford, 

F.R.S. With Diagrams. Crown 8vo. jj. Od. 

( Others to foilmv, ) 



MACMILLAN AND CO., LONDON. 



Published n'ery Thursday^ price (yd, ; Monthly Parts 2S. and 
2s. 6d., Half-Yearly Volumes^ 15J. 

NATURE: 

AN ILLUSTRATED JOURNAL OF SCIENCE, 

Nature expounds in a popular and yet authentic manner, 
the Grand Results of Scientific Research, discussing 
the most recent scientific discoveries, and pointing out 
the bearing of Science upon civilisation and progress, and 
its claims to a more general recognition, as well as to a 
higher place in the educational system of the country. 

It contains original articles on all subjects within the 
domain of Science ; Reviews setting forth the nature and 
value of recent Scientific Works ; Correspondence Columns, 
forming a medium of Scientific discussion and of intercom- 
munication among the most distinguished men of Science, 
Serial Columns, giving the gist of the most important 
papers appearing in Scientific Journals, both Home and 
Foreign ; Transactions of the principal Scientific Societies 
and Academies of the World, Notes, &c. 

In Schools where Science is included in the regular 
course of studies, this paper will be most acceptable, as 
it tells what is doing in Science all over the world, is 
popular without lowering the standard of Science, and by 
it a vast amount of information is brought within a small 
compass, and students are directed to the best sources for 
what they need. The various questions connected with 
Science teaching in schools are also fully discussed, and the 
best methods of teaching are indicated 
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